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The test programme involves the analysis, using two and three-dimensional 
photoelastic model techniques, of an epicyclic gear assembly incorporating typical 
features of production gear units.
Two three-dimensional mo'dels are tested, one subjected to torque loading,
i.e. tooth forces, alone and tbe other to combined torque and inertia loading. 
Particular attention is devoted to the analysis of contact loads and load 
distribution, maximum sub-surface stresses, maximum root fillet bending stresses 
and the geometry of the lines of contact.
An extensive two-dimensional test programme is reported in which stress 
concentration factors in the root fillet radii due to shear, bending and radial 
loads are evaluated. It has been found convenient to express the stress 
distributions around the fillet boundaries in terms of the stress concentration 
factors and details are given x>f the various attempts which have been made 
to derive a simple analytical procedure for adequately defining the gear 
deformation behaviour, Evidence is produced of "proximity effects" associated 
with load positions near the fillets, particularly in the tensile fillet; 
efforts made to isolate and quantify the effect are reported.
A theoretical analysis has been carried out and a computer programme 
produced which enables the results of the stress concentration factor tests on 
the. two-dimensional models to be used as the basis for the prediction of the 
maximum root fillet stresses present in a three-dimensional helical gear 
configuration. Correlation with the results of the three-dimensional model 
tests is excellent. Proposals are made for the application of the programme to 
a new design procedure for the. prediction of bending strengths of helical gears.
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A(a) GENERAL INTRODUCTION TO HELICAL EPICYCLIC GEARING*
ALLEN->S TOSCKICHT EPICYCLIC GEARS
The use of epicyclic gearing has increased considerably during recent 
years and epicyclic units are now frequently adopted for many industrial and 
marine applications, e.g. turbo-generators and alternators, boiler feed-pump 
drives, mine hoists and main propulsion marine gear units.
The fundamental difference between parallel shaft gearing and epicyclic 
gearing is that, in the latter, the load is transmitted by more than one set 
of tooth contacts. In order to take advantage of this, however, it is 
imperative that the- load is shared equally between the planets. Even though 
components are manufactured to the highest practicable standards of accuracy, 
the minute within-'bolerance errors which remain give rise to small variations 
in tooth forces that in the Allen-Stoeckicht design are accommodated by the 
sun wheel, which is free to move within limits imposed by the tooth backlash, 
and an annulus system which is radially flexible. Figures Al, A2 and A3 
illustrate the three types of Allen-Stoeckicht double-helical gears, i.e. the. 
planetary gear, the star gear and the solar gear, whilst figure Alj. shows a 
typical cross-section of the planetary arrangement.
In any type of gearing the advantages to be gained from the use of 
helical teeth compared with spur teeth for the transmission of large powers 
are well known. One of the most important advantages, particularly in high 
speed applications, is that of noise; invariably helical tooth designs are 
considerably quieter than spur gear units.
Initially epicyclic gears were of the spur or single-helical design, 
but loday the double-helical gear offers distinct advantages and is now a 
highly developed unit. The double-helical configuration provides better 
support for the floating sun wheel which characterises the Stceckicht design 
used by the sponsor company.
-  2 -
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equal and opposite axial forces on the sun wheel teeth have a steadying
influence and there is no tipping moment to be resisted by the planet wheel 
bearings as there would be with a single-helical gear. A highly efficient? 
compact and co-axial arrangement is thus produced which can be applied to a 
wide range of powers and speed ratios and has the added advantages of quietne 
and smooth running? long life and low weight.
The absence of transverse forces on the input and output shafts achieved
by the double--helical configuration eliminates the need for high speed pinion 
bearings. Additionally? if the driven member has two bearings of its own? 
e.g. a pump or generator? the planet carrier may be over-hung with no 
additional low-speed bearing. Bearing losses are considerably reduced and 
erection and alignment greatly facilitated.
The r a d ia l  com ponen ts  o f  th e  t o o t h  fo r c e s  a c t  i n  tw o  s e p a ra te  p la n e s ?  th e
Rotating 
planet carrier
Planet wheels 
rotating about own 
spindles
Fixed annulus
Rotating 
sun wheel ’
Figure AI
P LA N E TA R Y  
GEAR 
FIXED A N N U L U S  
A P G  SERIES
In this type of gear the annulus is fixed to the casing and tho planet 
carrier rotates in the same direction as the sun wheel. The 
sun wheel is connected to the high-speed shaft and the planet 
carrier to the low-speed shaft. This type is suitable for 
gear ratios between 3:1 and 12:1.
Figure A2
. _ _  .. ■ (y|j * In this type of gear the star carrier is fixed,to the casing and the
S T A R  G E A R  I j  annulus rotates in the opposite direction to'the sun wheel. The sun
|Y n  wheel is connected to the high-speed shaft and the annulus to the
FIXED . r f  |ow-spoed shaft. This type is suitable for gear ratios between 2:1 and 
S T A R  CA R R IER  [■ :] 11:1. (According to the definition given earlier, this is not a true
A S G  SERIES ( j  epicyclic gear, although it is oi the same general form.)
tL«iI
^  osuresrcui a*VJ?S£S>vtfkttai* ‘
Rotating 
rpianet .carrier . > Fixed 
sun wheel
Rotating
annulus
Planet wheels 
rotating about own 
spindles
Norm ally used as one train of a double-reduction gear 
for special applications
In this type of gear the sun wheel is fixed to the casing and the 
annulus rotates in the same direction as the planet carrier.
The annulus is connected to the high-speed shaft and the planet 
carrier to the low-speed shaft. This type is suitable for gear 
ratios between 1-1:1 and 1-7:1.
StSHE®.
Sectional Arrangement Of A Typical 
Double-Helical ‘Epicyclic Gear?, 
Indicating Die Lubrication System
This thesis is concerned with the stresses occurring in the toothed 
elements of epicyclic gear units? the surfaces of which have been nitrided. 
The successful performance of an epicyclic gear? or indeed any gear unit, 
is largely determined by the ability of the gear material to withstand the 
stress intensities induced at critical locations by the working loads. 
Insofaras the individual gear wheels are concerned? it appears that the 
nitriding process results in the development of an initial stress 
distribution on which will be superimposed a more significant alternating 
stress state which arises by virtue of the time dependent variations in 
■tooth and inertia loads. The load spectrum associated with the alternating 
stress will not necessarily be a regularly repeated sequence since the gear 
may be subjected to occasional abnormal overloads. Indeed? a number of 
reported failures at the sponsor.company appear to be associated albeit 
Indirectly? with the occurrence of this extreme form of loading? e.g. in 
turbo-alternator set applications.
In such sets where there is a requirement to operate in parallel 
with another supply? synchronisation of the two supplies has to be achieved 
before the electrical connections are made. If the two are out of phase? 
one alternating current has to be accelerated rapidly to meet the other 
and the machinery is subjected to a considerable shock load. The magnitude 
of this load could be as much as twenty times the design load at the 
alternator air gap which may attenuate? in a geared system? to about ten 
times overload at the gear. The value may be greater at the gear if the 
system is running near to torsional resonance, As a result a few teeth 
are subjected to a 5>0 Herts vibrational overload of an initially very 
high value which rapidly decreases in magnitude. Where excessive shock 
loading of the gear1 has taken place? this may result in the breaking 
away of portions of the teeth some time after the application.
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A (b )  REASONS FOR THE INVESTIGATION
In one case where excessive shock loading had taken place, close examin­
ation of the teeth immediately after its occurrence failed to reveal any 
surface defects, yet tooth failure resulted a short time after the gear 
was put back into service.
A possible reason for this type of failure is the presence, under 
contact conditions, of very high compressive and shear stresses which 
may well take the material, at least locally, into the plastic region.
When load is removed, a residual tensile stress region is produced.
See page 46.
A fracture mechanics approach suggests that provided this pocket 
of plasticity does not exceed a certain critical size, it will not 
produce crack propagation.
Thus, on application of the overload, a small region of plasticity 
is formed which is not discernable under normal non-destructive test 
methods and the gear continues to run normally for a considerable number 
of cycles. During this time, however, normal loading or small overloads 
may well extend the plastic region which will reach the size necessary to 
cause crack propagation, failure then occurring within a short period.
Alternatively, the grain in the polycrystalline material may involve 
substantial stress concentration on a microscopic scale sufficient to 
produce local plastic deformation of the material under even normal stress 
levels. Overload extends the plastically deformed zones to exceed the 
critical size for crack initiation. Propagation then continues on 
subsequent cycles.
A more detailed discussion of these effects and a suggestion programme 
of work to evaluate this hypothesis is given on page 377  under "proposed t 
extensions to the work of this thesis".
Meanwhile, it would seem advisable to check fractured gears at points 
other than the positions of actual failure, (but where load is expected 
to have been high also), to obtain evidence of plastic flow initiation, 
not necessarily cracks, as previously attempted.
In order to investigate fully failures resulting from overloads, 
the following questions must be answered;
(a) What happens electrically?
(b) How is this converted to mechanical shock
and what magnitude of load results?
(c) How are the resulting stresses distributed
through the gear?
(d) How is the material used suited to the stress
conditions thus evaluated?
This thesis attempts to answer (c), the other queries being 
considered by departments within the sponsor company.
Some twelve months after the investigation was initiated, the sponso 
company requested that examination be made of the load distribution acros 
the facewidth of the helices. This was because some gears which were 
believed to have been subjected to severe misalignment when running had 
exhibited damage to the ends of the teeth. It was considered that the 
hard end load on the teeth might be aleviated by the provision of further 
tip and end relief to the teeth. The thesis attempts to consider these 
effects.
The overloading of the gears either as a result of short duration 
shock or severe misalignment appear to result in failures of broadly two 
types:
(a) Sub-surface crack initiations at, or near, the case core 
junction, with crack propagation through to the other 
flank of the tooth, a large portion of the tooth then 
becoming detatched (Figure A.* 5)*
(b) Surface crack initiation associated with a change in 
direction of the crack at, or near, the case/core 
junction, figure A*6.
The nitriding alloy steel used by the sponsor company produces a 
case with no well defined case/core junction and typical figures of the 
total case depth vary between 0*025" and 0*030" depending on the nitriding 
time.
Examination of ■*. micro-sections indicate a change in direction of 
the crack, and in the case shown in figure A *6, the crack or cracks appear 
to have extended approximately parallel to the tooth flank and have resuite 
in flakes of material becoming detached.
Considerable speculation and diverse views still exist today even 
among leading workers in the field as to the point of origin of contact 
stress failures in gears. Evidence of both surface and sub-surface crack 
initjation has been produced by numerous workers and this, together with 
the above results, leads to the conclusion that both typos of initiation 
are possible depending cn the astare of the loading and the contact
A (c )  NATURE OF THE FAILURES
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*
Figure A.5. "Typical fa i lu re  of a h e l ic a l  
gear tooth".
*
Figure A.6. "Cross-section of another typ ica l 
form of gear fa i lu re " .
A(d) REASONS FOR THE CHOICE OF THE THREE-DIMENSIONAL 
PHOTOELASTIC MODEL APPROACH
A survey of the design procedures used to establish the strength of 
helical gears is given on page 16 . Briefly the usual procedure is to 
estimate by semi-empirical methods.
(a) the bending stress in the tooth root fillets, and
(b) a factor (fc) which gives an indication of the surface 
stress due to tooth contact.
Calculated figures are then compared with design limits based on operating 
experience and the physical properties of the materials used. Whereas root- 
bending stresses have long been a subject of research and much published 
data is available, the phenomena associated with surface stresses are much 
less fully understood. In addition, most of the published work refers to 
through hardened rather than surface hardened materials and has been 
concerned with failure by pitting, probably the most frequent defect in 
through hardened gear drives. With nitrided gears having a hard but 
relatively thin case, pitting is rarely experienced but a different type 
of failure occurs, particularly under conditions of overload as mentioned 
previously. It is not known how valid simple Hertzian contact stress 
formulae are when applied to this problem, nor do such formulae predict 
stress gradients into the body of the tooth.
During the passage of a single tooth through the contact region a 
combination of sliding and rolling takes place and, under satisfactory 
lubrication conditions, the gear face is loaded by a hydrodynamic pressure 
distribution which occurs over a limited area. Both the profile, and area 
of the effective ‘contact' surface will certainly change as the load is 
transferred from tooth, to tooth. The analytical representation of such a 
loading distribution is extremely difficult, and an idealised system 
involving considerable simplification would be necessary. A further and 
•potentially more intractable barrier to analytical progress is the problem
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of representing the tooth profile, which appears in the boundary conditions *
vof the governing differential equations. Although both the curvature and v 
position of the surface are important parameters in determining the maximum 1 
stresses there is? at present? no satisfactory mathematical technique for *
4'representing the surface of a body having the complexity of a double helical /’
%' i'gear. Even if recourse is made to numerical methods? the problem of storing •
,V
the requisite amount of information to obtain an adequate elastic analysis
* 'would exceed the capacity of the present generation of digital computers. ^
However? it is possible to undertake an elastic analysis of three- V
dimensional stress distributions by utilising photoelastic techniques. The
method relies on the property possessed by certain long chain organic polymer
‘ ' ' ! of undergoing a glass-rubber transistion. These materials are essentially <
elastic and exhibit strain induced optical anisotropy at room temperature. 1
On raising the temperature above a critical value the material suffers a
sudden decrease in elastic modulus but still continues to display an elastic
tresponse to applied loads, If a load is applied at elevated temperature? •.
*• 1
followed by cooling at a sufficiently slow rate to avoid the introduction of f
spurious thermal stresses? It is found on removal of the load at ambient
•4 {temperature that the deformation and the associated optical effect remain, 
provided that? during slicing? the critical temperature is not exceeded J
locally? it is also possible to cut thin slices from the deformed model
• t
without affecting the ’frozen" optical pattern. Examination of this pattern t
in a conventional polariscope yields the data from which it is possible to , 
deduce the magnitude and direction of the components which specify the state 
of stress at any selected point.
Provided that an acceptable simulation of the overall prototype loading a 
can be maintained throughout the stress freezing thermal cycle it follows * 
thaf the application of this technique would allow a complete evaluation of r
the stresses induced in the component parts of a geometrically scaled model f 
of tho prototype epicyclic gear train.
A(e) TEST OBJECTIVES; RESULTS HOPED FOR
The interaction between the loaded components of an epicyclic gear is 
complex and is likely to play an important part in determining the location 
of the most highly stressed section. In particular the distribution of the 
tangential and normal forces which are developed between mating teeth are 
not known. It was suggested, therefore, that an initial test should be under 
taken on a three-dimensional photoelastic model in which the correct relative 
stiffness of the various components were accurately represented. By this 
means it was hoped to establish the overall behaviour pattern and confirm 
the validity of simplifying assumptions which might be employed in the 
development of an approximate analytical treatment suitable for design 
purposes.
In the initial study, the intention would be to-'test an assembly which 
embodies typical features rather than attempting an analysis of the stresses 
in a particular design. The effects of both inertia and tooth loads would 
be investigated. To obtain the maximum amount of information, it was suggest 
that one model should be loaded by tooth forces alone and a second by a 
combination of inertia and tooth loads. The performance and analysis of two 
such tests would allow the stresses to be deduced for any chosen combination 
of inertia and tooth loads.
The second part of the investigation would be concerned with the more 
detailed aspects of tbe problem, and it was suggested that two-dimensional 
models should be utilised if this proved to offer an acceptable simulation.
The objectives of the test programme can therefore be summarised as 
follows:
Three-DimensIonaI Mode1s
1. To determine how load is transmitted through the toothed elements of
a d o u b le - h e l i c a l  e p i c y c l i c  g e a r  a s s e m b ly .
2. To investigate the- stress distributions set up in the toothed 
elements of the gear assembly.
3- To determine the effects of:
(i) tooth load only,
(ii) tooth load plus inertia loading, 
hence leading,by deduction, to inertia loading only effects.
J+. To investigate the real contact conditions present in helical
gears, i.e. to check the validity of contact length calculations.
5. To establish the validity of two-dimensional models for future 
tests.
6. To establish the validity of present design calculations for 
bending and surface loading strengths of the gear teeth.
?. To seek possible causes for the failure of production epicyclic 
gear units.
8. To investigate the effects of lifting ho3.es and radial lubricatin 
ho3.es.
Two-Dimensional Models
1, To obtain an understanding of the deformation behaviour of a
typical spur gear configuration. In particular, to assess the
re3.ationship between tooth bending and shearing deformations 
in determining the critical fillet stresses.
2, To examine the effect of varying the load position on the tooth 
f 3.ank.
3, To determine the influence of frictional force at the contact
point on the magnitude of the fillet stress concentrations.
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i;. To correlate the test observations with the prediction of a 
simple theoretical study.
To correlate the results with the values obtained in the three- 
dimensional tests.
6. To establish confidence limits on the accuracy and relevance 
of existing stress data.
?. To develop analytical methods for assessing gear performance.
I f
l\
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B* L L L ? i i i i i i  R_E V_I_E_W
B (a) THE BENDING STRENGTH OF GEAR. TEETH
With the continued increase in the loading and speed of the gears 
used in modern service conditions, the requirement for adequate design 
procedures to accurately assess the strength of gear teeth becomes more 
and more acute. Consideration of the strength of gear teeth is normally 
divided into two parts:
1. Bending strength.
2. Strength under contact load conditions.
The problem of determining the bending strength of a gear tooth is 
a highly complex one. Even for a relatively simple spur gear tooth of 
involute form the position, magnitude and inclination of the load on the 
tooth will vary throughout any loading cycle. This, together with the 
effects of the geometric stress concentrations associated with root fille 
radii, makes the development of a simple load - stress relationship 
particularly difficult. Add to this the other complications introduced 
by virtue of service loading conditions, e.g. tangential loads at contact 
misalignment effects, varying lubrication conditions, shock loads, effect 
of surface treatments, profile modifications, etc., it is not surprising 
that no universally accepted gear strength formula has yet been evolved.
Most of the early attempts at development of an acceptable design 
procedure involved considerable simplifications of both the tooth form 
and the nature of the loading. Even today, almost a century after these 
first attempts, the results of this work are still regarded by many as a 
valid working guide when suitable "safety" or "ignorance" factors have 
beep taken into consideration. This investigation will not consider in 
detail the effects of service loading conditions but seeks to establish 
a more realistic load - stress relationship for real gear configurations 
with a full consideration of stress concentration effects and extensions 
to thr e e - dimens ional epicyclic helical gear applications.
From an extensive literature survey carried out since the initiation 
of this investigation? numerous references have been obtained dealing 
exclusively with the bending strength of gears? (e.g. 23? 55> 73?
lh) 89, 90? 9hy 95? 12+? 129? 213? and 230)? and it is clear that 
considerable efforts have been made to understand fully their bending 
behaviour including the application of the photoelastic technique as a 
means of visualisation of the stress distribution throughout the teeth.
The te c h n iq u e  was s e l e c t e d  s in c e  i t  p r o v id e s  a  p i c t o r i a l  r e p r e s e n t a t i o n  
o f  t h e  s t r e s s  m a g n itu d e s  a t  a l l  p o i n t s  and? i n  p a r t i c u l a r ?  h i g h l i g h t s  
t h e  p r e s e n c e  o f  s t r e s s  c o n c e n t r a t i o n s  a t  r o o t  f i l l e t s ?  a  p o i n t  c o v e re d  
i n  some d e t a i l  i n  a  num ber o f  t h e  above r e f e r e n c e s .  I n  o r d e r  t o  c l a r i f y  
th e  e x t e n t  o f  p r e s e n t  know ledge an d  th e  l i m i t a t i o n s ?  i f  any? o f  su c h  
know ledge? th e s e  r e f e r e n c e s  h av e  b e e n  s t u d i e d  an d  th o s e  o f  a p p a r e n t ly  
g r e a t e s t  i n t e r e s t  a r e  re v ie w e d  i n  d e t a i l  b e lo w ..
(129)It is almost 80 years ago since Wilfred Lewis developed the
well-known Lewis formula based on the consideration of a gear_ tooth 
bending as a cantilever beam. Lewis assumed that the critically stressed 
region on the tooth is determined by the point of tangency of the tooth 
profile with a hypothetical constant stress beam represented by a parabola 
plotted on the centre-line of the tooth with its vertex at the point of 
intersection of the load line and the radial centre-line? see figure Bl, 
This formula? with various modifications remains in widespread use today 
despite the approximations involved and the. subsequent investigations of 
numerous workers whose criticisms of the Lewis procedure are noted later.
An im p o r ta n t  a p p ro x im a tio n  in v o lv e d  i n  t h e  Lew is a p p ro a c h  i s  th e  
v i o l a t i o n  o f  th e  S t .  V en an t p r i n c i p l e  w h ich  l i m i t s  s im p le  b e n d in g  th e o r y  
t o  s e c t i o n s  a t  d i s t a n c e s  from  b o th  s u p p o r t  an d  lo a d  a p p l i c a t i o n  w h ich  a.re 
l a r g e  i n  c o m p a riso n  w i th  th e  beam d e p th .
The a s s u m p tio n s  made b y  L ew is i n  d e r iv in g  an  e q u a t io n  f o r  maximum, 
f i l l e t  s t r e s s  w e re :  •
(a )  The lo a d  i s  c a r r i e d  by  one t o o t h  o n ly  an d  a c t s  a t  th e  t i p  o f  t h e  
t o o t h  n o rm a l to  t h e  t i p  p r o f i l e .
(b )  T h is  lo a d  may be  r e s o lv e d  i n t o  tw o com ponents a t  th e  i n t e r s e c t i o n  
o f  th e  lo a d  l i n e  an d  th e  r a d i a l  c e n t r e - l i n e  o f  t h e  t o o t h ,  one 
com ponent a c t i n g  r a d i a l l y  an d  th e  o th e r  t a n g e n t i a l l y .  The fo rm e r  
com ponent i s  th e n  ig n o r e d  b y  L ew is a s  p ro d u c in g  s t r e s s e s  s m a l l  i n  
r e l a t i o n  t o  th e  t a n g e n t i a l  com ponen t.
H ow ever, i g n o r in g  th e  r a d i a l  com ponent and  s h e a r  e f f e c t s ,  L ew is 
a p p l i e s  th e  t h e o r y  o f  b e n d in g  t o  t h e  "w eak e s t s e c t i o n "  o f  th e  u n ifo rm  
s t r e n g t h  p a r a b o la  beam s u b j e c t e d  to  a  b e n d in g  moment o f  WTh , s e e  
f i g u r e  B l.
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Thus b e n d in g  s t r e s s :
U p  — W rji
6h
b^f
W here Wj = t a n g e n t i a l  com ponent o f  lo a d
h  = h e i g h t  o f  c o n s t a n t  s t r e s s  p a r a b o la
b -- b r e a d th  o f  c o n s t a n t  s t r e s s  p a r a b o la  a t  w e a k e s t  s e c t i o n  
f  = f a c e - w id th
T h is  e q u a t io n  i s  th e n  m o d i f ie d  t o  g iv e  th e  a l lo w a b le  w o rk in g  lo a d  
i n  te rm s  o f  a  s t r e n g t h  f a c t o r  ' y 1 an d  th e  g e a r  p i t c h  ' p 1, i . e .
WT = op p f y
The s t r e n g t h  f a c t o r  ’y ' i s  d e f in e d  i n  te rm s  o f  b  an d  h , t h e i r  v a lu e s  
b e in g  d e te rm in e d  fro m  th e  g r a p h ic a l  c o n s t r u c t i o n  o f  f i g u r e  B l a n d  °p i s  
ta k e n  a s  th e  a l lo w a b le  w o rk in g  s t r e s s .

In his original work Lewis takes the application of load to be at 
the tip of the tooth as shown in figure Bl. This assumption was on the 
basis of manufacturing errors in gears at that time which meant that load 
could easily be carried by a single tooth instead of being shared by two 
teeth? the greatest stress thus being produced when the tooth tip carries 
the load. In these days of increased accuracy the construction is normally 
modified to consider the load applied at the greatest height above the root 
consistent with avoidance of contact on any other tooth of the same gear? 
i.e. at the highest point of single pair contact. Standard gearing text 
books give details of the method used to locate this position which is 
often termed the t! worst--load” position? see figure B2.
It should be noted that this may not produce the most adverse bending 
conditions since in practice? as evidenced by the results of this investig­
ation? the maximum load can occur further down the tooth flank and can be 
associated with higher bending moments and stresses. The normality of 
loading assumed by Lewis Is disturbed by friction effects at contact and 
the failure to consider the radial component of the normal load or? in any­
way? the shear loading on the tooth is a major source of error.
Subsequent workers? (23? 55? 90? 9h). using photoelastic tests in 
particular? have shorn both the magnitude and position- of the maximum 
stress as indicated by the Lewis method? to be inaccurate and several 
empirical methods have since been suggested to produce maximum stresses 
in agreement with the photoelastic data? some (55? 121) retaining the 
classical Levis construction with minor modifications and other (90? 230} 
using an entirely different approach. It is clear that since the theory 
of bending applies only to members of constant cross-section?, it is not 
directly applicable to the determination of stressea-v'in a gear tooth.
It ;is now well known that relatively large localised stresses are always 
developed at abrupt changes In section? but no account of the stress- 
concenbration effect at the root fillet radius is made in the Lewis formula,
_ 5This fact has been recognised by later workers and has led to the introduction
Jj>
of the "modified Lewis formula" which is widely used particularly in the USA. L
I
JacobsonN 7 makes the point that there is a good case for discarding J 
the Lewis formula since the discrepancies between experimental and calculated \
Ivalues are not only large but do not bear a simple relationship to changes in |
ftooth or gear geometry. In particular the formula is not readily applicable V 
to concave-sided projections such as internal gear teeth.
\
( 1 2 1 )Kelly and Pedersonv point out that the historical use of a method
V 5-
is a strong influence to retain it regardless of its errors, but add that v 
the discrepancies in this case cannot easily be ignored. 1
Ji
Heywood^^ points out that the Lewis construction fails completely for 1
* ;
extreme cases where the line of action of load crosses the tooth centre-line
at a point below the fillet and recommends the method therefore be abandoned, 6
*
It is thus evident that whilst the Lewis approach has provided a valuable
■i
design tool for a large number of years, (probably due largely to the low
working stresses employed throughout this period), it can no longer provide 3
a realistic design basis for the high load, high speed gears of the modern ;
\ '
world. . . j
if I
Consideration of the stress concentration effects at gear tooth fillets
( 2 1 3 )is given by Timoshenko and Baud' who also consider contact stresses and . 
deflection of gear teeth. Equations are suggested for the stress-concentratidr: 
factor k, which is shown to vary with fillet radius, and the corresponding 
factor 3 which it is suggested should be added to the Lewis formula. It is 
pointed, out that the maximum stress can be substantially diminished and the 
tooth strength increased by appropriate increases in fillet radius.
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R e c o g n is in g  t h e  work o f  L ew is an d  th e  m o d i f i c a t i o n s  s u g g e s te d  by  
T im oshenko an d  Baud { B la c k -  ' an d  o t h e r s ,  D o lan  an d  B rogham er set out,
u s in g  p h o t o e l a s t i c  t e s t s ,  t o  c o v e r  a  much w id e r  ra n g e  o f  v a r i a b l e s  a f f e c t i n g  
t o o t h  sh ap e  an d  lo a d in g  c o n d i t i o n s .
I t  seem s d o u b t f u l  i f  t h e  a n a l y s i s  o f  su ch  a  l a r g e  r a n g e  o f  p a r a m e te r s  
w i th  o n ly  e le v e n  m o d els  ca n  p r o v id e  a d e q u a te  t e s t  d a t a  f o r  co m p re h e n s iv e  
d e s ig n  c u r v e s .
H ow ever, r e a l i s i n g  t h e  l i m i t a t i o n  o f  th e  L ew is fo r m u la ,  D o lan  and  
B rogham er i n  t h e i r  fo rm u la  t a k e  i n t o  a c c o u n t  th e  r a d i a l  com ponent o f  lo a d  
w h ich  was p r e v io u s l y  n e g l e c t e d .  S o - c a l l e d  "com bined  s t r e s s e s "  a r e  th u s  
a c h ie v e d  when t h e  com bined  b e n d in g  an d  d i r e c t  s t r e s s  a c t i o n s  on th e  b a s e  
o f  t h e  t o o t h  a r e  th u s  c o n s id e r e d .
As b e f o r e ,  b e n d in g  s t r e s s  -  6Wph
e . g .  p r e s s u r e  a n g le
num ber o f  t e e t h
f i l l e t  r a d iu s
(114-2° an(i  20°) 
(2 0 , 1+0 an d  80)
( lV  *8* and 4 -i n )
l e n g t h  o f  addendum  an d  dedendum
Wt t arp (f>
b
- 23 -
Where in this case
Wq = tangential load per unit axial face width, and 
- angle of gear tooth flank at the point of contact 
(see figure B3 ).
The Dolan and Broghamer combined stress equation are thus:
6h tanTensile stress wT
Compressive stress = -Wq
b2
6h
b2
tan
b K2
where Kq and K2 are the proposed stress-concentration factors to account 
for fillet geometry. _ For involute spur gear teeth the values of Kq are 
given as:
K-] = 0*18
and
Kq = 0-22
r n 0 - 15 --t
; % h
0*20
t t
h
for 20° pressure angle
O'bO
for lijjf0 pressure angle
The stress concentration factors were measured experimentally but once J
4
again no consideration was given to the importance of shear loads. The , j
factors are defined on the basis of a simple nominal stress which may not j
be simply related to the real gear behaviour and thus might produce misleading)%
values. Tests on real gears indicate that the stress concentration factors . ■* 
are not necessarily the same as these produced by the photoelastic models, ; ^ 
their values being modified due to a number of variables.
0 He.g. the type, i.e. hardness, of steel,
the presence of surface residual stress layers, i
1
the type of loading, etc.
^oaiQMmtTOUwrjtt'KJM aro r.w gcayi.'.'ByJii-J.vCTwa '»i».-txaiK'xi3^ .'W4U>T»7«rerr;smM3^ tn?r=5==»=™3=i)*:C5s=i«aa.x ■j»* tx<& acnwKOTW-.' sst msrsswrwrsaax k sa^ r^aaaVRttSrir^ resssrsxttS
LOAD
MID-WORKING DEPTH
LEWIS PARABOLA
REG. Bh CONSTRUCTION-AND NOTATION EOR NAVGRA METHOD
As a result there is an increasing tendency for gear manufacturers to 
use photoelastic stress concentration factors which have been modified in 
the light of service experience.
It has been pointed out by Kelly and Pederson  ^' that the Dolan and 
Broghamer stress concentration factors are calculated using the minimum 
fillet radius which occurs at the bottom of the trochoidal fillet of a 
generated tooth? and this can be some distance away from the maximum stress 
area as indicated by photoelastic tests. On modern gears using a generating 
tool with a full tip radius? the difference between this radius and the 
instantaneous generated radius can be quite large. They therefore conclude 
that Dolan and Broghamer used an ineffective radius in attempting to correct 
the stresses in the wrong area.
Subsequent to the publication of the paper? Prof. Broghamer indicates 
that a model mounting influence, not previously suspected? could have entered 
into his work. This was suggested by the position of the neutral axis in 
the photoelastic fringe patterns which was located towards the unloaded? 
compression side of the tooth from centre. Other workers show it to lie 
toward the load or tension side of centre. This naturally casts considerable 
suspicion on the results quoted. Nevertheless the following results are 
significant;
(a) The stress concentration factors increase as the point of 
load application approaches the tooth fillet.
(b) A change of pressure angle from 20° to lltg,° increases the 
stress concentration factors by up to 10$.
(c) Increase in tooth fillet radius decreases the stress 
concentration factors.
(d) A decrease in tensile stress concentration factor is 
achieved as the tooth form is tapered inward to approach 
the Lewis ideal shape of parabola for uniform strength.
There is? however? no change in the compressive factor.
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A number of attempts have been made to extend the equations derived 
above on the basis of spur gear investigations to the design of modern 
helical gears. Unfortunately in so-doing, the problems encountered and 
the sources of error involved increase considerably and no satisfactory 
solution has yet been reached; indeed, it is the requirement for such a 
solution which initiated the programme of work of this investigation.
When considering helical gear applications the following additional 
factors must be taken into account:
(a) The helix angle, in order to obtain the normal component 
of the tangentially applied load. This may be calculated 
for any angular position of the gear, a mean load position 
at the mid-working depth of the gear then being used to 
assess performance from the- spur gear equations.
(b) Stress concentration factors for the fillet radius used.
Those quoted by Dolan and Broghamer are obtained from spur 
gear tests and need not be correct for helical gears despite 
the fact that they are normally assumed to be so.
(c) Variation of load intensity along the load lines and from 
tooth to tooth. Viewed in three dimensions ideal contact 
between helical teeth is represented by a straight line which 
extends diagonally from the root to the tip (see figure B5)*
At one end of the line a point near the base of the pinion 
tooth is in contact with the tip of the wheel tooth, part way 
along the line the teeth are in contact at their mid-depth 
and at the other end of the line the tip of the pinion tooth 
contacts a point near the root of the wheel. It is usually 
assumed in helical gear strength considerations that the 
loading along the line of contact does not fluctuate signifi­
cantly and that the total load is therefore divided by the 
total contact length to achieve a mean line-loading in lb/in 
units which is then taken as constant.
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Figure B.5. PATH & LINES OF CONTACT
FOR A HELICAL GEAR.
Lines of contact
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(c) The term "line-loading" will be used extensively in later
Cont
discussion of helical gear strength and particularly in the 
context of variations of load intensity with associated 
increases in contact stress and root bending stresses. Suffice 
it to say for the moment that some allowance must be given for 
the increase in maximum load over the mean, an average figure 
quoted being of the order of 1*5 times.
(d) Buttr essing effect of adjacent sections. No quantitative 
work seems to have been carried out on this aspect of gear 
strength despite numerous references to its existence. It 
is completely Ignored in standard gear calculations.
(e) Dynamic load effects. Again this effect, due to tooth 
errors going through mesh, will be discussed in detail 
later. There appears to be strong evidence to suggest 
that dynamic loads so introduced can be up tc six times 
the static load.
It can be shown that the mean tangential load per unit length on a 
helical gear is approximately Wm
factor of l*ff mentioned In (c) above, the resultant stress is approximately 
determined by substitution in the virtual spur tooth equation of Dolan and 
Broghamer.
where rQ  ^is the transverse contact ratio. Thus, taking into account the
I.e. Tensile stress 3. ’ 5 Wf 6h
and Compressive stress 1*5 Wm oha* . i.
Now these equations approximate to the formulae proposed by Buckingham 
and modified by Dolan and Broghamer except for the omission of rcq and a 
different load distribution factor of 1*33 instead of 1*5*
Additionally Buckingham includes a correction to take account of the
Wqfact that the normal tooth load i s  atcos X
where Wq is defined as the tangential load / in acting at mid-depth and X 
is the helix angle.
It should.be noted that this is only true if Wq is defined per unit 
length measured in the plane of the teeth rather than per unit axial
length as normally used in the spur gear formulae.
Buckingham's modified equations are thus:
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Tensile stress Wt0-75'cos x
6h tan (j) 
b
and Compressive stress = 0*75 cos x
r ,6h 
&  +
tan
_ K2
Certain industrial organisations and gear research bodies modify the 
proposed equations to suit their own situations, e.g. the Naval Gear Research 
Association (NAVGRA) ignore both the radial load component and the stress 
concentration factors, the single stress value obtained being assumed to 
apply equally to both tensile and compressive fillets. This is supported 
by the argument that the tensile stress figure so obtained is likely to be 
a safe one.
One report shows the load distribution to be 1*55 but it is noted that 
consideration is being given to an increase to 1*8. }
.The NAVGRA formula, (1967), is then:
Fillet stress = + -
r  n1*55 Wq oh
c t
W,,. being defined as the tangential tooth load per unit axial face width 
ao Ling st mid-working depth as defined in figure B# «
Comparing the available bending strength methods .for 20° helix gears? 
Jacobson^emphasises the very large differences in results obtained 
and the wide variation from experimentally obtained results. He concludes 
that a general formula to suit all gear forms had certainly not been 
achieved at the time of his work and this remains true to the present day.
In his own work? Jacobson limited his investigations to 20° pressure 
angle gears loaded by a single point load located at one arbitrary position. 
He did? however? test a large number of models with widely different tooth 
shapes.
Using the photoelastic technique with a non-linear photoelastic 
material (CR 39) which is no longer accepted as a suitable medium, for 
making accurate measurements? Jacobson attempted to extend the work of 
the previous investigators and in particular to demonstrate to the 
practising engineer that the cutter tip radius is one of the important 
factors which determine the load-carrying capacity of gears.
A construction which .perports to define the position of the maximum 
fillet stress is given. This implies that the positions of tensile and 
compressive stress maxima occur at corresponding points on the gear flank. 
Tills has been shown to be untrue by the author and by previous workers? 
e.g. Dolan and Broghamer. There indeed appears to be no justifiable reason 
for this assumption since the shear stress applied to the gear will induce 
an asymmetrical pattern and it thus seems unlikely that this - is a worthwhile 
suggestion. (Figure B6.)
The method used to measure the isochromatic fringe orders in the fillet 
is unsatisfactory in that the boundary position cannot be established with 
sufficient accuracy. Hie technique is known to yield'TrbsuIts which are 
consistently low by about 10$, No account has been taken of shear on the 
teeth and only the tensile fillet stress is recorded? values again being 
expressed in terms of an arbitrary nominal stress.
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The fo rm u la e  a v a i l a b l e  f o r  c a l c u l a t i n g  t o o t h  b e n d in g  s t r e s s e s  a r e  
shown t o  f a i l  f o r  g e a r s  h a v in g  a  l a r g e  num ber o f  t e e t h .  No e x p la n a t io n  
i s  g iv e n ,  b u t  i t  w ould  seem  r e a s o n a b le  t h a t  t h e  r e l a t i v e l y  s m a l l  t e e t h  on 
su c h  g e a r s  w ou ld  b e  s u b j e c t e d  t o  a  p r o p o r t i o n a t e  i n c r e a s e  i n  s h e a r  l o a d in g  
an d  t h i s  may w e l l  a c c o u n t  f o r  th e  f a i l u r e  o f  an y  fo rm u la  w h ich  n e g l e c t s  
s h e a r .  As J a c o b so n  u s e s  o n ly  one lo a d  p o s i t i o n  t h i s  f a c t  w ou ld  n o t  becom e 
o b v io u s  fro m  h i s  t e s t s .  i
L ik e  L e w is , J a c o b so n  i n d i c a t e s  t h a t  a  s u i t a b l e  c r i t e r i o n  f o r  b e n d in g  
s t r e n g t h  in v o lv e d  a p p ly in g  lo a d  a t  th e  h i g h e s t  p o i n t  on t h e  t o o t h  f l a n k  
d u r in g  s i n g l e  t o o t h  c o n t a c t .  T h is  h a s  b e e n  shown p r e v io u s l y  t o  b e  a  
s o u rc e  o f  p o s s i b l e  e r r o r .
D e s p i te  t h e s e  a d v e r s e  com m ents, J a c o b s o n ’s w ork  made a  s i g n i f i c a n t  
. c o n t r i b u t i o n  t o  th e  sum o f  know ledge  on g e a r  b e n d in g  b e h a v io u r . Of 1
p a r t i c u l a r  i n t e r e s t  i n  t h e  c o n c lu s io n  t h a t  t h e  b e n d in g  s t r e s s e s  a r e  
p r a c t i c a l l y  in d e p e n d e n t  o f  t h e  r a d i i  o f  c u r v a tu r e  o f  c o n t a c t .  S u b se q u e n t 
a n a l y s i s  o f  th e  s t r e s s  d i s t r i b u t i o n  b ey o n d  c o n ta c t  r e g io n s  show s t h a t  t h i s  
i s  t o  b e  e x p e c te d  b u t  e x p e r im e n ta l  v e r i f i c a t i o n  a t  t h a t  t im e  p ro v e d  v a lu a b le ,
J a c o b so n  p r e s e n t s ,  i n  g r a p h ic a l  fo rm , " s t r e n g t h  f a c t o r s " ,  s a i d  t o  b e  ; 
f r e e  fro m  a n y  g u essw o rk  on " s t r e s s  c o n c e n t r a t i o n  f a c t o r s " ,  f o r  an y  com bin­
a t i o n  o f  num bers o f  t e e t h  a n d  ad d e n d a  i n  a l l  g e a r s  t h a t  c a n  be g e n e r a te d  
w i th  s a t i s f a c t o r y  t o o t h  fo rm s  b y  B r i t i s h  S ta n d a rd  c u t t e r s .  The e f f e c t s  o f  
d e p a r t u r e s  from  B r i t i s h  S ta n d a rd  r a d i i  a r e  a l s o  i n d i c a t e d .
FIG. B6 JACOBSON CONSTRUCTION FOR LOCATING POINTS OF
MAXIMUM TENSILE AND COMPRESSIVE STRESS
i i
i
LOAD
MAXIMUM TENSILE 
STRESS POSITION
MAXIMUM COMPRESSIVE 
STRESS POSITION
In 19+8? following the work of Lems and Dolan and Broghamer? Heywood. 
suggested a method of inserting an equivalent straight sided projection in 
a gear tooth form. Unfortunately the method does not lend itself to all 
generated gear forms? particularly those of concave profile such as internal 
gears. For gears to which it is applicable? however? the method works well 
and appears to be somewhat more accurate than the modified Lems approach. 
The construction is shown in figure B7 . Basically the tooth height is 
divided in two and this measurement is transferred radially to the tooth 
profile. A tangent to the fillet radius through this point then forms the 
equivalent straight sided projection.
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The Heywood formula is* 
r~
Jmax
1 + 0• 26
(Rf /
0-7 1 '5a  /0*36
"e2 VCe"" sin y
where ■'max
R
V%
= maximum fillet stress ■>
= moment arm*
= fillet radius.
= dimension of resisting material.
= distance parallel to equivalent section side from 
the point of loading to the point of maximum stress.
= angle deviation of load from normal to the equivalent
section.
= normal load.
= tooth width.
Heywood points out that an error is present since the equivalent 
section remains the same for a. given tooth height and form so that the 
indicated maximum stress position will not change with the change of load 
position on the tooth profile. The indicated position? however? is said 
by Heywood to agree reasonably well with the average position of maximum 
stress In most cases.
Two-dimensional photoelastic tests are described later which show
that the movement of the maximum stress position is significant and any
j
method which fails to take this Into account is unlikely to provide a
l!
satisfactory solution. J
»i
In correspondence to other papers, Heywood points out the severe )
I
limitations of the Lewis approach and recognises the importance of a so- 
called "proximity effect" to cover stress conditions as the load approaches^ , 
the fillet. This would seem to agree with the suggested consideration of 
shear effects which all existing formulae seem to neglect. t
Modifications to the Heywood method subsequent to the work of Kelly 
and Pederson are noted on page 37 .
Kelly and Pedersonpoint out the limitations of the Lewis,
modified Lewis, and Heywood. methods and seek to obtain a more accurate ,
approach to the problem on the basis of further photoelastic tests.
Again single point loading has been used with model material CR 39 and 
its-associated defects. The gear profiles were cut by hand. *
Attention is drawn to the changing position of the stress maxima 
with varying load and tooth form parameters. Formulae are suggested 
for this so-called "stress shift" and for the maximum bending stress.
Stress shift e - 25° ayr
where a is the angle made by a tangent to the Lewis parabola at the point 
of contact with the fillet and the radial centre-line of the tooth, see 
figure B8 .
Maximum bending stress:
fig; -338 CONSTRUCTION M D  NOTATION FOR KELLY AND PEDERSON METHOD
O
LEWIS PARABOLA'
MAXIMUM STRESS 
POSITION GIVEN 
BY LEWIS METHOD
LOAD
EQUIVALENT STRAIGHT 
SIDED BEAM
MAXIMUM TENSILE 
STRESS POSITION
FIG. B9 MODIFIED KELLY AND PEDERSON - DEFINITION OF TERMS BY DIRECT
“  " ' REFERENCE' TCf GEAR TOOTH"""
Wn = normal load.
f tooth width.
% = fillet radius at point of maximum stress.
6 ~ deviation of load line from direction of
• principal stress.
The term inside the first square bracket is a factor to allow for stress 
concentration at the fillet. In the second bracket the first term represents 
the bending moment divided by the section modulus, the second term represents 
the effect of the component of the load along the tangent line (positive when 
tensile) and the third term is to take account of the "proximity effect", 
i.e. adjustment for small span/depth ratios.
The stress shiftyis then used as a correction applied to the Lewis 
construction to determine the true positions of stress maxima and hence
the correct value of Rp. The results of the bending formula are shown to
( 95  > ( 71, )have good correlation with the results of Jacobson' ' and Glaubitz
and of actual gear test runs.
It should be noted that since this method utilises the Lewis 
construction, it suffers from the inherent weakness of the Lewis method 
in that it cannot be used where the line of action of the load intersects 
the radial centre-line of the tooth below the fillet.
In discussion, Heywood suggests an alternative solution which applies 
the same formula directly bo the tooth without any reference to the 
equivalent straight sided projection. The method of defining dimensions 
is broadly the same as in figure B8 , but with the following qualifications:
1.' The radius is defined as that occurring at the point 
under consideration.
2, The dimension C is the distance from the point under
consideration to the point of load contact.
3. The angle y is the angle between the normal line C 
and the line of action of the load. Alternatively 
the angle £, defined as the deviation of load line 
from the direction of principal stress, ca?a be used 
as suggested by Kelly and Pederson. See figure Bp.
It is noted that the Heywood and Kelly and Pederson formulae then, 
effectively, become identical provided the method used to establish the 
position of maximum stress is exact. Heywood claims that the modified 
approach is capable of high accuracy for a wide range of tooth shape and 
load position and utilises simple measurements of the tooth form.
Photoelastic tests on CR 39 and Bakelite models and brittle lacquer
/
V .  /  p  O  \
tests on steel gears tested to destruction are used by Boor and Stitz 
in an attempt to relate the stress trajectories, (i.e. principal stress 
directions), with the failure paths observed in carburised steel gears.
The comments refer to bending fatigue failures of gears where the 
tooth fractures across the root section. The line of fracture is shown 
to agree with the so-called "limiting" stress trajectory which travels 
from the tensile fillet in an arc through the singular point and out to 
the compressive fillet. Boor and Stitz suggest that the singular point 
which is situated some distance below the line joining the root fillets 
and generally off-set from the tooth centre-line could serve as the axis 
for moments for both external forces and internal stresses in developing 
a new gear strength theory. This represents a considerable variation 
from, the "theoretical weakest section" as used by Lewis and it is 
unfortunate that no attempt appears to have been made to justify the 
proposal or to proceed with the development. Since the singular point 
is ‘generally situated within the body of the gear wheel rather than in 
the tooth section, the choice of an appropriate root section upon which 
to base the nominal stresses would seem to limit the usefulness of the 
proposal in so far as information relating to its application is available 
at present.
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F u r th e r ?  i t  a p p e a r s  t o  th e  a u th o r  t h a t  th e  p o s i t i o n  o f  th e  s i n g u l a r  p o i n t  
w i l l  v a r y  w i th  b o th  t o o t h  g e o m e try  and  th e  p o s i t i o n  o f  t h e  a p p l i e d  lo a d  
an d  h en c e  w i l l  ch an g e  a s  th e  t o o t h  p a s s e s  th ro u g h  c o n ta c t  so  t h a t  s e l e c t i o n  
o f  t h e  r e l e v a n t  p o s i t i o n  o f  th e  s i n g u l a r  p o i n t  i s  som ew hat a r b i t r a r y .  I t  
i s  d i f f i c u l t  t o  v i s u a l i s e  how th e  " l i m i t i n g  s t r e s s  t r a j e c t o r y " ?  w h ich  i n  
f a c t  i s  a  c o m b in a tio n  o f  t h e  maximum p r i n c i p a l  s t r e s s  t r a j e c t o r y  fro m  th e  
c o m p re s s iv e  r o o t  an d  th e  minimum p r i n c i p a l  s t r e s s  t r a j e c t o r y  fro m  th e  
t e n s i l e  r o o t?  c a n  b e  a  v a l i d  c r i t e r i a  f o r  t h e  f r a c t u r e  p a th  p a r t i c u l a r l y  
i n  t h e  c o m p re s s iv e  s t r e s s  r e g io n  b ey o n d  th e  s i n g u l a r  p o i n t .  I t  i s  a l s o  
n o t  c l e a r  fro m  th e  t e x t  i n  q u e s t io n  w h e th e r  co m p a riso n s  h a v e  b e e n  made 
w i th  v a r io u s  t o o t h  fo rm s  and? p a r t i c u l a r l y ?  v a r io u s  r o o t  f i l l e t  g e o m e try . 
The i l l u s t r a t i o n s  w h ich  a r e  in c lu d e d  i n  th e  t e x t  a l l  r e f e r  t o  g e a r s  w i th  
s m a l l  d o u b le  f i l l e t  - r a d i i  j o in e d  b y  a  l a r g e  a r c .  I n  t h e s e  c a s e s  t h e  
p o s i t i o n  o f  s t r e s s  c o n c e n t r a t i o n  an d  h en ce  c r a c k  i n i t i a t i o n  i s  im m e d ia te ly  
e v id e n t  an d  i t  i s  n o t  s u r p r i s i n g  t h a t  th e  f a i l u r e  p a th  i s  o f  th e  fo rm  
a c h ie v e d ?  p a r t i c u l a r l y  u n d e r  h ig h  b e n d in g  l o a d s .
M ost o f  th e  a v a i l a b l e  d a t a  on  t o o t h  s t r e n g t h  a r e  b a s e d  on e x p e r im e n ta l  
r e s u l t s  a c h ie v e d  w i th  t h i n  m o d e ls  h a v in g  lo a d s  a p p l i e d  n o rm a l t o  t h e  to o th  
c u r v a t u r e  an d  p a r a l l e l  t o  t h e  m odel fa c e ?  i . e .  a s su m in g  a  u n ifo rm  b e n d in g  
moment d i s t r i b u t i o n  a t  t h e  r o o t .  I n  p r a c t i c e ?  how ever? t h e r e  i s  n o rm a lly  
a  c o n s id e r a b l e  l e n g t h  o f  t o o t h  f a c e  and  lo a d in g  c o n d i t i o n s  a r e  su c h  t h a t  
n o n -u n ifo rm  b e n d in g  moment d i s t r i b u t i o n  i s  to  b e  e x p e c te d .
(230 , , .W e lla u e r  and  S e i r e g  a t t e m p t  to  r e l a t e  p la n e  s t r e s s  an d  p la n e  s t r a r m  
s o l u t i o n s  i n  o r d e r  t o  ta k e  a c c o u n t  o f  th e  t h r e e  d im e n s io n a l  e f f e c t s  
a s s o c i a t e d  w i th  th e  f a c e  w id th  o f  r e a l  g e a r s .
4^+v;-i'
A s e m i- e m p i r ic a l  s o l u t i o n  i s  p ro p o s e d  t r e a t i n g  th e  g e a r  t o o t h  a s  a  
f i n i t e  c a n t i l e v e r  p l a t e  u n d e r  t r a n s v e r s e  lo a d s  a t  an y  l o c a t i o n .  V a lu e s  
c a l c u l a t e d  show f a i r  a g re e m e n t w i th  r e s u l t s  o f  s t r a i n  g auge  i n v e s t i g a t i o n s  
on c a n t i l e v e r  p l a t e s  s im u la t in g  th e  g e a r  t o o t h .
Whilst the results are of general interest they are somewhat limited 
with respect to real gear behaviour in which the geometric details at the 
fillet and at the positions where contact terminate have considerable 
influence. They are also of questionable value for bevel, helical or 
spiral beval gears in that the theory only applies for teeth that are 
straight and of constant cross section.
The most disturbing aspect, however, is the assumption that the 
load per inch of contact length remains constant for all teeth in contact. 
This is highly questionable particularly in the light of the results of 
this investigation which will be quoted later.'
Summary
It is thus clear that whilst there are a large number of methods 
available for the estimation of tooth bending strength, there is no single 
universally accepted theory, or indeed any theory which adequately covers 
all variations of tooth form, pressure angle, numbers of teeth, etc. In 
particular most formulae seem to break down for gears with large numbers 
of teeth, probably because the teeth of such gears are shorter and shear 
effects correspondingly greater. The shortcomings of the available data 
may be summarised as follows:
1. Agreement with theory is not good. , Fair agreement is 
achieved in seme cases with special profiles but 
certainly not all.
2. Most of the data applies only to 20° pressure angles.
3. Experimental results have been achieved with the use of 
arbitrary load positions. Ideally, stress concentration 
factors should be measured throughout complete meshing 
cycles.
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5* The majority of photoelastic work has been carried out
using suspect model materials and outdated measurement 
techniques.
6. There has been no detailed study of the overall tooth
behaviour involving measurements of the stress 
distributions throughout gear teeth. Not one of the 
researchers using photoelastic techniques have carried 
out stress separations across root sections or, in any
. way, tried to evaluate the relative importance of bending, 
direct load and shear effects.
7. Results have not been integrated to obtain a consistent 
picture of bending performance.
8. Mailst some work has been carried out to determine typical 
variations of load along lines of contact, no similar 
effort has been applied to the determination of bending 
moment distributions along root fillets.
.9° Stress concentration factors have been evaluated which 
apply only to spin* gears. No attempt has been made to 
determine modifications, if any, necessary for application 
to, e.g. helical gears,
10, No genuine attempt has been made to determine the true 
relationship between helical gear behaviour and that of 
the corresponding virtual spur gear.
11. Little, if any, account has been taken of the effects of 
tooth width, non-uniform loading, buttressing effect of 
adjacent gear sections, dynamic load effects, surface 
hardening and residual stresses.
1+, No account has been taken of shear loads on the teeth.
11. (For hardened, high precision, spur gears, Dudley' ' states 
Cont.
that an amount of wear as small as 0*001 in may be enough to 
double the root fillet stresses.)
12. In all existing methods, loads are assumed normal to the 
tooth surface, i.e. no account is taken of the effects of 
surface tractions which can considerably affect the line 
of action of the load and have a significant bearing on 
the resulting bending stress values. Hydrodynamic 
lubrication with its effects on the friction coefficient 
and pressure distribution must also be considered.
It would seem, therefore, that whilst numerous attempts have been 
made to produce acceptable, and at times complex, formulae, these have 
not always been associated with increased understanding of fundamental 
gear deflection behaviour. Little or no attempt has been made to quantify 
"odd" effects such as the movement of the maximum stress positions ("stress 
shift") or "proximity effects" as the load approaches the tooth root. It 
would seem probable that when the mechanism by which these effects occur 
is fully understood, then a universally acceptable gear theory is much 
near development. Details of work carried out with this aim in mind are
(/'I')
The original analysis of elastic contact stresses under static loading 
was carried out by Hertz in Germany in 1881. He obtained a general 
solution for the case of contact between two perfectly smooth elastic bodies 
and developed solutions in terms of two principal curvatures at the point of 
contact. In his honour stresses at the surface of contacting curved bodies 
in compression are commonly termed "Hertzian" contact stresses. The 
assumption used by Hertz of perfect smoothness is necessary in the general 
case since the contact area may not be flat and relative movement between 
contact points may occur. For two bodies having geometric and elastic 
symmetry about the contact plane? however? the assumption is 110 longer 
necessary. ^
Later investigators extended Hertz’s general solution to obtain 
particular solutions for special contacting conditions and to consider 
states of stress beneath the surface within the "contact zone". These 
studies revealed important shear stresses beneath the surface.
One of the special cases which attracted special consideration? because 
of its application to the stresses in roller bearings and similar components? 
was the contact of two parallel cylinders. For this case the Hertz elliptical 
contact area tends towards a long narrow rectangle of contact and the solution 
is.thus simplified by its resulting two-dimensional nature, A complete 
solution of this case is available? expressions for all the relevant internal 
stresses being given by Belajef^22 ?^ Foppl^'? M'Ewen^*^ and RadzimovskjP'^ .
/ oj \
Buckingham' shows that the stresses obtained in spur gears can be
estimated with fair accuracy using the equations for parallel cylinders.
( 2 2 s) ( 029 )Walker ■ "  and We Hauer'1- ' show that helical gears are accurately
represented by two contacting conical frustra; they are? however? generally
B(b) CONTACT STRESSES
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taken as also being governed by the parallel cylinder equations.
Thus t h e  c o n t a c t i n g  p a r a l l e l  c y l i n d e r  c a s e  i s  o f  p a r t i c u l a r  r e l e v a n c e  t o
th e  c o n ta c t  s t r e n g t h  e v a lu a t io n  o f  s p u r  an d  h e l i c a l  g e a r s  an d  h e n c e  t o  th e  1
i
w ork o f  t h i s  t h e s i s .
A n o th e r  s p e c i a l  c a s e  i s  t h a t  o f  c i r c u l a r  c o n t a c t  which, a r i s e s  w h enever
two s p h e r e s  o r  two c y l i n d e r s  w i th  c r o s s e d  a x e s  a r e  p r e s s e d  t o g e t h e r .  T h is
(69)c a s e  i s  a l s o  f u l l y  e v a lu a t e d  an d  th e  r e l e v a n t  d e t a i l s  a r e  g iv e n  b y  F o p p l
H u b e r } M orton  an d  C l o s e ^ ^ 2  ^ an d  Thomas an d  H o e r s c h ^ ^ ^
The g e n e r a l  e l l i p t i c a l  c o n ta c t  c a s e  h a s  a l s o  a t t r a c t e d  c o n s id e r a b l e  
e f f o r t  an d , u n d e r  s t a t i c  l o a d ,  i s  l a r g e l y  u n d e r s to o d .  C o m p le te  s o l u t io n s
c e r t a i n l y  e x i s t  a lo n g  c e r t a i n  a x e s ,  e . g .  a lo n g  t h e  a x i s  o f  t h e  n o rm a l lo a d .
A u th o rs  in c lu d e  B e l a j e f ^ 22^ , F e s s l e r  an d  O l l e r t o n ^ ^ ,  Thomas an d  H o e rsc h ^ 21' '^
an d  O l l e r t o n ^ * ^  . I t  h a s  b e e n  shown t h a t  s t r e s s e s  ev e ry w h e re  w i t h i n  t h e  ^
a  i
c o n t a c t  r e g io n  a r e  p r o p o r t i o n a l  t o  l o a d 3 an d  t h e  maximum s h e a r  s t r e s s  l i e s  4
i n  th e  p la n e  o f  th e  m in o r  a x i s  o f  c o n t a c t .
Some d o u b t i s  c a s t  upon t h e  a c c u ra c y  o f  t h e  H e r tz  e q u a t io n s  b y
P in e g in  7 who shows t h a t  th e  a c t u a l  c o n t a c t  a r e a s  a r e  a lw a y s  g r e a t e r
th a n  th e  H e r t z i a n  com puted  v a l u e s .
I
The ab o v e  com m ents r e l a t e  to  s t a t i c  l o a d  c o n d i t i o n s .  U nder p u re  r o l l i n g ^  
c o n t a c t ,  i . e .  i n  t h e  a b s e n c e  o f  t a n g e n t i a l  f r i c t i o n  f o r c e s ,  th e  s t r e s s  f i e l d
w i th in  th e  c o n t a c t  zone i s  i d e n t i c a l  w i th  th e  s t a t i c  c a s e  f o r  t h e  same tw o
b o d ie s  u n d e r  t h e  same n o rm a l lo a d .  R a d z im o v s k y ^ 8^  h a s  c o n s id e r e d  t h e  c a s e
1
o f  p a r a l l e l  c y l i n d e r s  r o l l i n g  t o g e t h e r  w i th o u t  f r i c t i o n  an d  h a s  shown t h a t  
th e  maximum s h e a r  s t r e s s  h a s  a  v a lu e  o f  a p p r o x im a te ly  0*3 p Q o c c u r in g  a t  a  
d e p th  o f  0*78 b  b e lo w  t h e  s u r f a c e .
p Q i s  th e  maximum c o n t a c t  p r e s s u r e  
an d  2b i s  th e  c o n ta c t  w id th . 1
A maximum a l t e r n a t i n g  o r  r e v e r s i n g  s h e a r  s t r e s s  u s  s h o rn  t o  I x e  a t  a  ^
•N
d e p th  o f  a p p r o x im a te ly  0*56 b w i th  a  v a lu e  o f  0*256 p 0 „
This is of considerable significance since the latter value reverses 
completely during one ’pass’ of the load giving a total range of 0*512 pG,
The maximum shear stress on the 1+5° planes does not reverse and thus has a 
range from zero to 0*3 pQ, i.e. 0*3 p0. The alternating shear stress is 
thus considered by many to be an important factor in the fatigue life of 
rolling bodies and its significance with the results of this thesis is 
discussed later.
The greatest surface shear stress occurs at the edge of the contact
region at the end of the minor axis. The greatest range of surface shear
stress is approximately 0*5 times that of the orthogonal range but two
cycles occur in any one pass. This, combined with the effects of surface
environments and surface finish, could also give the surface shear an added
importance from the fatigue point of view. Other workers, e.g, Fessler and 
(67)Ollerton have considered the maximum range of shears for the elliptic 
contact conditions hut further discussion of this aspect is not immediately 
relevant to this thesis.
The contact situation is complicated by the presence of tangential 
friction forces at the surface and the general elliptical case has not 
yet been solved. The line contact case, however, is completely understood.
. • (53) T1 (101;, 105) , , T . (1 3 2) ... (155) ,Deresiewicz' Johnson •* 7, nubbin , Mindlm ' and
Tomlinson^3^ , have all made significant contributions to the consideration 
of rigid body slip under static contact with increasing tangential load.
Once again because of the immediate application to roller bearings, 
gears, cams with sliding follower and locomotive wheels the case of parallel 
cylinders under combined normal and tangential loading received early 
attention. Smith and Liu^^^, in particular, studi'ejfythis problem in depth 
and.came to the conclusion that the presence of surface shear increases the 
magnitude of the maximum shear stress, the position of the latter varying 
with the coefficient of friction and lying in the surface itself when 
31 > 1/9* An excellent summary of the stress conditions is given by Juvinall.
(U n d er com bined  r o l l i n g  a n d  s l i d i n g ,  J o h n s o n ^ '^ ' s t a t e s  t h a t  th e  
maximum s h e a r  s t r e s s  i s  a t  t h e  s u r f a c e  when v- = 0 * 2 6 .)
A g a in , o t h e r  w o rk e rs ,  i n c l u d i n g  H a in e s  an d  O l l e r t o n '0^ ,  Lee and 
O l l e r t o n ^ 2^ , P o o i/ '^ 8^  an d  O l l e r t o n  an d  P i g g o t ^ f^  h av e  c o n s id e r e d  
th e  c a s e  o f  b o d ie s  r o l l i n g  t o g e t h e r  w ith  e l l i p t i c a l  c o n t a c t  a r e a  an d  
t r a n s m i t t i n g  t a n g e n t i a l  f o r c e s .
A l l  su ch  w ork commences w i th  th e  a s s u m p tio n  o f  a  u n ifo rm  c o e f f i c i e n t  
o f  f r i c t i o n  a c r o s s  t h e  c o n t a c t  a r e a  (a n  o b v io u s  w eak n ess  u n d e r  e . g .  h y d ro -  
dynam ic l u b r i c a t i o n )  an d  t h a t  r e l a t i v e  s l i p  o c c u rs  w h en ev er t h e  s u r f a c e  
s h e a r  s t r e s s  e x c e e d s  t h e  p r o d u c t  o f  n o rm a l p r e s s u r e  an d  c o e f f i c i e n t  o f  
f r i c t i o n .  The m ain  o b j e c t  i s  t o  e s t a b l i s h  t h e  c o r r e c t  d i s t r i b u t i o n  o f  
s u r f a c e  shear- s t r e s s  .and t h i s  i s  n o rm a l ly  a c h ie v e d  b y  d i v i d i n g  th e  c o n ta c t  
a r e a  i n t o  s l i p  an d  a d h e s io n  a r e a s ,  t h e  s h e a r  s t r e s s  i n  t h e  a d h e s io n  a r e a  
b e in g  l e s s  th a n  t h e  l i m i t i n g  v a lu e  m e n tio n e d  a b o v e . C a in , i n  d i s c u s s i o n
/  n  O  ON
o f  t h e  P o r i t s k y  p a p e r  m akes a  s i g n i f i c a n t  c o n t r i b u t i o n  when s t a t i n g
t h a t  f o r  p a r a l l e l  c y l i n d e r s  u n d e r  n o n - l i m i t i n g  t r a c t i o n ,  th e  a d h e s io n  a r e a  
a d j o i n s  th e  l e a d i n g  edge o f  t h e  c o n t a c t  a r e a  an d  t h i s  e m p h a s ise s  a  m a jo r  
d i f f e r e n c e  b e tw e e n  th e  s t a t i c  an d  r o l l i n g  c a s e s .  The a rg u m en t a p p l i e s  
e q u a l l y  w e l l  t o  e l l i p t i c a l  c o n t a c t s  f o r  w h ich  H a in e s  an d  O i l e r t o r / 8^  
d e v e lo p  a  s t r i p  t h e o r y ,  l a t e r  e x te n d e d  b y  K a lk e r  ~ , t o  p r e d i c t  a d h e s io n
a r e a  s h a p e s  an d  s h e a r  s t r e s s  d i s t r i b u t i o n s  f o r  a  num ber o f  lo a d in g  c o n d i t i o n s  
l i ie  t h e o r y  show s r e a s o n a b le  a g re e m e n t w i th  p h o t o e l a s t i c  t e s t  r e s u l t s  o f  
O l l e r t o n  an d  h i s  c o -w o rk e rs  and  P o o n ^ 8 * -
fire  above  d i s c u s s i o n  s u g g e s ts  t h e  e x t e n t  o f  know ledge o f  t h e  e l a s t i c  
s t r e s s  c o n d i t i o n s  p r e s e n t  u n d e r  c o n t a c t  l o a d in g .  The a c t u a l  l o a d - c a r r y i n g  
c a p a c i t y  o f  e n g in e e r in g  co m ponen ts  u n d e r  c o n t a c t  c o n d i t i o n s ,  h o w e v er, d ep en d s  
n ro n  m ore th a n  t h e  n o m in a l e l a s t i c  s t r e s s e s  com pu ted  b y  th e  m eth o d s q u o te d  
above ev en  a f t e r  c o n s i d e r a t i o n  o f  th e  s u r f a c e  s h e a r  e f f e c t s .
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e.g.
(a) Relative sliding between the mating surfaces creates 
frictional heat with resulting changes in material 
properties and the formation of thermal stresses.
(b) Working stresses are often sufficiently high to produce 
local yielding beneath the contact zone and the formation 
of residual stresses which have a distinct bearing on the 
fatigue life.
(c) The presence of lubricating films and so-called hydro- 
dynamic lubrication can significantly alter the distribution 
of surface loading.
(d) The influence of surface treatments and. residual stress 
layers.
Considering each of these facts in turns
(a) Combined rolling and sliding results in high flash temperatures^4''^ 
which are highly localised within the contact area? instantaneous
local temperatures rising to some 500°F above ambient. This produces 
thermal differential expansion within the contacting bodies and can 
significantly increase the stresses within the contact zone. The 
nature and magnitude of the effect depends largely on the lubricant 
used and is a complex phenomenon. Lipson and Juvinal.l^summarise 
the work carried out to date on these effects,
(b) Johns on points out the contact of nonr^^jforming bodies is
almost unique in leading to the initiation of yield beneath the surface 
and that analysis is then complicated by the lack of the one-to-one 
relationship between stress and strain.
(b)
Cont.
-  U( -
It is shown that yield initiates beneath the surface when the contact 
stress approaches 1 * 2 Oy. (a being the yield stress of the material). j*
Uncontained plastic flow commences when the stress approaches 2 ?8 aj 
and displaced material can then, and only then, escape at the sides 
of the "indenter". The departure from elastic behaviour -within these 
values, or so-called "transition" region is gradual. The ratio of 
load to produce plastic flow and that to produce initial yield is 
estimated at between 300 and l+OO.
(109) 1NB. Johnson and Jefferis state that the presence j
of tangential forces at the surface can significantly 1
'j
reduce these values. j
1
The stresses in uncontained flow may be determined to a good j
approximation, neglecting strain hardening, using rigid-plastic theory, t
j*
strains being influenced largely by the surface friction and the elasticj|
expansion of the surrounding material. j
’ i {
/ oj j
Mulhearn has shown that stresses in the transition elastic- S
plastic stage can be evaluated by assuming the approximate hemispherical 1 
plastic zone under the "indenter" to be replaced by a core or cavity
fi
asubjected to a uniform hydrostatic pressure. The relevant stresses *
can then be computed from the equations of Hill for expansion of I
a cavity.
4
When unloading from a plastic stress condition Johnson^ '101'* states
i
that some reversed plastic flow can occur in the vicinity of the maximum^ ’ 
shear position and a sub-surface region is left in a state of residual jt;
compression parallel to the surface. Additionally a thin layer of 
residual tensile stress is simultaneously produced at the surface, the 4
values of both residual effects being capable of estimation using slip- 
line field theory.
(b) The residual stresses set up during the initial pass? or passes?
Cont.
of load can inhibit plastic flow in subsequent passes and a so-called ;
"shakedown" situation is reached where additional plastic flow is 
totally prevented. The maximum contact pressure for shakedown is 
given by Johns on as 1*6 o* . Other workers include Hamilton^2 \
(165) -j-j (12) , _ (185)Muro ? Bailey and Pomeroy .
(c) The effects of hydrodynamic lubrication have been considered by
a number of workers including Meldahl^^^? M'Ewen^'^2'? Dawson?
HIgginson and Wiitaker^'? Crook L^'^ ? Daws on and S c o t t / .
Dowson et al? conclude that with high loads and not excessive speed 
the pressure distribution is basically Hertzian except for a high 
spike at the exit side.
Early workers dealing with contact stresses assumed essentially
Hertzian conditions of direct contact between the two surfaces which
are loaded together. In practice this is not usually the case and a
finite oil film thickness separates the mating pair under normal
(3 52)working conditions. M 'Even shows that the load carrying capacity
of the oil film is directly proportional to the relative radius of
curvature of the surfaces and not as numerous references (e.g. Merritt?'4'2')
(53 )quote? the relative radius squared. Dawson notes that the 
modification to the Hertzian distribution caused by the so-called 
"hydrodynamic" conditions is not so much the pressure spike mentioned 
above but the gradual departure from symmetry caused by a gradual 
sweep on the entry side and the steep gradient at exit.
Likewise early workers in the lubrication aspect assumed the 
Reynolds theory to apply and this inherently ass;u|ges a definite shape 
for the space occupied by the lubricant. Certainly in gear application 
this introduces problems since the elastic deformation of the gear flank 
has a considerable bearing on the results. ' The first attempt to consider
/  -i j ft \
a so3.ution to these aspects was by Me3 dab1 ? in 194-1? who showed
that the two effects could be characterised by two non-dimensional numbers.
-  +8 -
(c )
Cont.
(l) H = P/L characterising the action.between
E'R
dry elastic surfaces.
and (2) S = P/L characterising the action between
Tt u
rigid lubricated surfaces.
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where P/L = load per inch or "linear loading"
R = mean radius of curvature 
E' = modified modulus of elasticity when 
strain is prevented in one direction 
= E / (1 - v)2 
v = Poisson's ratio 
u = average rolling velocity 
n = viscosity of lubricant.
An expression is derived for the shape of the oil film bounded 
by elastic surfaces which is determined exclusively by the product 
of the two above numbers H x S. Thus, if two gears are to be 
comparable, the product HS must have the same value.
i * e * u q  D  ( P A ) 2
E'R nu
M e l d a h l g o e s  on to show how the maximum oil pressure 
can be derived in terms of the maximum contact stress (pc) and that 
the relevant equation can be simplified in most cases to
PMAX e / Q>25 HS
pQ \l 0-25 HS + 1
f n ufO ^
Subsequent to the work of Meldahl, M'Ewenv “ suggested an 
alternative equation for the load carrying capacity of an oil film, 
namely: •
p  _ !  3*921* n v Rr%AX - — ho
(c) where n ” viscosity of lubricant
Cont.
v = relative velocity between surfaces J
Rjl ~ relative radius of curvature
ho = rriinimuiTi film tliickness
The significance of hydrodynamic lubrication to surface loadings 
and gear failures is discussed further on page 68 .
(d) The nature of surface treatment and the pattern of residual 
stresses present at the surface of contact loaded components can 
have a significant bearing on the fatigue life.
Juvinall^3^  suggests that, owing to sub-surface yielding under 
high contact load conditions, the surfaces of ball bearings become 
residually stressed in compression. The tendency for the residually 
stressed layer to expand then creates a sub-surface, radial, tensile 
stress. Ball bearing failures are then explained by the fracture 
mechanics approach which postulates that when a residual tensile stress 
area around some local defect reaches a sufficient size crack propogation 
commences. These remarks would apply equally to contact loading of 
gear teeth.
Commenting on the usual beneficial effects of shot-peening, when 
a residual compressive layer is produced at the surface, Sher.ratt 
notes the dangers of indiscriminate usage of shot-peening, when in some 
circumstances fatigue life reductions can be obtained owing to the 
surface cracking which can be produced by heavy peening operations.
Whilst this process in itself is not entirely relevant to this thesis 
be goes on to note that in his opinion the depth of the residual stress 
layer achieved is of prime importance and not the magnitude although 
the latter would, obviously have an effect. The biaxiality of the 
residua], stress pattern is also important, the value of the stress 
in the direction of the fatigue 3.oad being the critical value when 
considering fatigue life.
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(d)
Cont.
(
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M u r o ^ ^ ^ ,  u s i n g  X - r a y  a n a l y s i s  o f  t h e  r e s i d u a l  s t r e s s e s  p r e s e n t
Anin hardened steels due to rolling contact indicates the presence of
surface residual compressive stresses due tp such processes as polishing+
*
and lapping and the sub-surface compressive stress system, produced by , 
chemical heat treatments such as carburising and nitriding. The residual 
stress distribution due to rolling contact is characterised by a
compressive residual stress peak at a depth corresponding to the depth fit 
of the maximum shear stress, the magnitude of this stress increasing
with load. Muro, therefore, concludes that the actual contact stress
*
which has been applied to e.g. a bearing, can be detected by measuring -t
the residual stress distribution produced as a result of service. This j
has considerable significance to the investigation of the possible
j
causes of failure of components including gears. \
As shown previously by Johnson(107) ^ qncLj_Cates that the
residual stress under rolling contact "saturates", i.e. further load ■
cycles produce no increase of residual stress value. An interesting \
comparison is shown in graphical form relating the saturated residual 
stress value and the hardness of the specimens used. This shows i
J ,increasing stress values with increasing hardness.
(108) 4 Johnson' 7 states that a field which is virtually unexplored t
(perhaps due to its largely random nature) is the influence of surface . 
irregularities such as profile errors. These will most certainly have
•4
a considerable effect on both lubrication and plastic deformation since 4
fluctuating contact stresses will be achieved through dynamic action.
ih
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A number of the previous comments have applied generally to bearings? 
gears? cams? railway wheels and other similar contact loading applications. 
Figure B3.0 shows a summary of the stress conditions prevailing in the region 
of gear tooth contact in particular.
Immediately at the contact point? or centre of contact? there is the 
position of maximum compressive stress (p0). Directly beneath this? and 
at a depth of approximately one third the contact width? is the maximum 
shear stress %ax acb -^ng on the +5° planes. Between these lies the maximum 
alternating or reversing shear stress t q  acting on planes perpendicular and 
parallel to the surface. As the gears rotate there is a combination of 
rolling and sliding motions? the latter causing additional surface stresses 
not shown here but discussed earlier. Ahead of the contact area there is a 
narrow band of compression and behind the contact area a narrow band of 
tension.
A single point on the surface of a gear tooth therefore passes through 
a complex variety of stress conditions as It goes through contact. Both the 
surface and alternating stress change sign throughout a single pass and the 
sub-surface stress changes from zero to its maximum value. Add to this the 
effects of residual stresses? lubrication films? thermal stresses and dynamic 
loading and it is not surprising that the surface may fail in one of a number
of ways either at the surface or sub-surface.
Like the bending strength of gears discussed earlier? a number of methods
exist to estimate the contact strength of gears. These are largely empirical
and the implied limitations are generally accepted. There is no single 
formula which Is accepted by the whole of the gearing^ndustry and existing 
formulae require modifications to account for the type of gear? i.e. spur?- 
helical? etc.? the type of tooth form? i.e. internal and external? and the 
material to be used. A summary of the major methods is included as an 
example.
Application To The Contact Loading Of Gear Teeth

-  &  -
It has been shown previously that the Hertz equations can be applied 
to spur gears by considering the contact equivalent to that of paralle3. 
cylinders having the same radius of curvature at the point of contact as 
the gears. This is obviously an approximation since the radius of an 
involute tooth changes throughout the contact cycle. Neverthe3.es s, the 
formu3_ae are quite accurate for contact at, or near, the pitch line and 
only show appreciable errors if contact nears the base circle.
Using the equations for the static loading of parallel cylinders and
f  / Aassuming an E va3.ue of 30 x 10° j.b/infy it 3s possible to obtain an expression 
of the form:
cr„ = $ 7 1 5 7 “
Methods Of Anal y s is  Of The Contact Strength Of Gears
wnere
cr is the allowable contact pressure
K = WT 
Fd
m + 1 
m
Wry ~ tangential load on the teeth
F = face width
d “ pitch diameter of pinion (smal3.er gear)
m ~ ratio of gear teeth to pinion teeth
This is practically identical to the form of equation suggested by 
Lloyds in their requirements for gears used in ships which gives:
q>c = • 5000 / “I j f  “
where Kj, is the Lloyds K factor, its value depending on the type of gear 
in question.
F o r  E x t e r n a l  G e a r s :
KL = Wq
fd
in +
mAj
where f is the face width at the pitch line,
For Internal Gears;
KL = Wq 
f/Ld
m -  1
m
where f ^ is the face width of the internal gear.
The Stoeckicht method of design, upon which the gears used in this 
thesis are based, also quotes very similar formulae but using a Stoeckicht 
K factor (Kst) •>
For External Gears:
Ks t  ~ %  
fd
m + 1
m sin i]> q
where bt “ transverse pressure angle 
(For Stoeckicht design sin bf " 0*#3l)
For internal Gears:
Ks t  " ’£ t
fAd
Whilst for helical teeth the contact conditions are more correctly 
represented by two conical frustra in contact, the relative radius of 
curvature does not alter significantly over the working depth and the 
assumption used above of two contacting parallel cylinders remains accept­
able within practical limits.
m -  1 
m sii'i ip .j.
The above  e q u a t io n s  a r e  t h e r e f o r e  o f t e n  used ?  th e  t r u e  r a d i i  o f  
c u r v a tu r e  o f  th e  h e l i c a l  t e e t h  b e in g  c a l c u l a t e d  a t  th e  p i t c h  l i n e .  Many
/ /  T \
w o rk e rs?  e . g .  D u d ley  ? s t a t e  t h a t ?  i n  t h e i r  e x p e r ie n c e ?  t h e  c o m p re s s iv e  
s t r e s s  e v a lu a t e d  a t  th e  p i t c h  l i n e  i s  th e  b e s t  m easu re  o f  s u r f a c e  l o a d in g  
o f  g e a r  t e e t h  s in c e  f r e q u e n t l y  " p i t t i n g "  commences a t?  o r  n e a r?  t h i s  
p o s i t i o n .
An a l t e r n a t i v e  fo rm  o f  e q u a t io n  f o r  h e l i c a l  g e a r s  i s  g iv e n  by  D u d ley
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w h ere  K h a s  t h e  same s i g n i f i c a n c e  a s  p r e v io u s l y .
Mp i s  t h e  p r o f i l e  c o n t a c t  r a t i o ?  
and  Cj{ i s  a  c o n s t a n t  o b ta in e d  fro m  s t a n d a r d  t a b l e s .
O th e r  fo rm u la e  f o r  c o n t a c t  s t r e s s  i n c lu d e  f a c t o r s  t o  t a k e  a c c o u n t 
o f  i n c r e a s e s  I n  .lo ad  d u e  to  v e l o c i t y  and  t o o t h  i n a c c u r a c i e s ?  i . e .  "dynam ic 
lo a d  e f f e c t s " .
I n  a d d i t i o n  t o  t h e  s t a n d a r d  c o n t a c t  s t r e n g t h  e v a lu a t io n s  above? some 
c o n s i d e r a t i o n  i s  n e c e s s a r y  o f  th e  te n d e n c y  o f  some g e a rs ?  p a r t i c u l a r l y  sm a ll?  
h ig h  s p e e d  g e a rs ?  t o  " s c o r e " .  T h is  i s  th o u g h t  to  b e  due t o  th e  v a p o u r i s a t i o n  
o f  t h e  o i l  f i l m  u n d e r  h ig h  p r e s s u r e  an d  v e l o c i t y  c o n d i t i o n s  r e s u l t i n g  i n  
i n s t a n t a n e o u s  w e ld in g  o f  t h e  s u r f a c e s .
t t  i v. m  T (2 6 ) v. - i ( 120)  - .(2 0 6 ) f  n ( 6 l )  ,Work b y  B lok  ? K e l l e y  ? S tr a u b  a n a  D u d ley  n av e  s h o rn
t h a t  t h i s  s i t u a t i o n  c a n  b e  c o n s id e r e d  a d e q u a te ly  b y  th e  u s e  o f  a  " s c o r in g  
f a c t o r "  o r  PVT f o r m u la .  D u d ley  g iv e s  a l lo w a b le  v a lu e s ' o f  PVT f o r  p i n i o n  
an d  "gear t i p s  s in c e  i t  i s  h e r e  t h a t  c o n d i t i o n s  a r e  n o rm a l ly  m ost s e v e r e .
i s  th e  H e r tz  p r e s s u r e  a t  t h e  t i p  o f  th e  
r e l e v a n t  g e a r .
L\
V i s  t h e  s l i d i n g  v e l o c i t y  a t  th e  p o i n t  w here  
P i s  c a l c u l a t e d .
i s  t h e  d i s t a n c e  a lo n g  th e  l i n e  o f  a c t i o n  
fro m  p i t c h  p o i n t  t o  th e  p o i n t  w here  P i s  
c a l c u l a t e d .
V
A design limit of 1*5 x 10^ has been used frequently as a safe limit
on PVT w ith  p i t c h  l i n e  v e l o c i t i e s  e x c e e d in g  2000 f t / m i n .  I t  i s  c la im e d
t h a t  t h i s  w orks r e a s o n a b ly  w e l l  w i th  c a s e  h a rd e n e d  g e a r s  o f  good a c c u ra c y  
u s in g  a  medium w e ig h t  p e t ro le u m  o i l .
I n t r o d u c in g  a  new p a r a m e te r  U ( t h e  r a t i o  o f  s l i d i n g  v e l o c i t y  t o  r o l l i n g
■i
v e l o c i t y  a t  a n y  p o i n t  on a  t o o t h  p r o f i l e )  a s  an  a i d  t o  s u r f a c e  l o a d  ^
(2 3 3 )c o n s i d e r a t i o n  W y d le rv 7 shows t h a t  b o th  th e  H e r tz ia n  s t r e s s  a n d  th e  above 4
A
s c u f f i n g  (PVT) f a c t o r  may b e  w r i t t e n  i n  te rm s  o f  U. • /
W ith  t h e  v a s t  am ount o f  know ledge a v a i l a b l e  f o r  c o n ta c t  l o a d  c o n d i t i o n s
■1
i t  i s  s u r p r i s i n g  t h a t  th e  m a j o r i t y  o f  g e a r  t o o t h  f a i l u r e s  a r e  s u r f a c e  f a i l u r e ’s*,'
A
due t o  p i t t i n g ,  s p a l l i n g ,  f l a k i n g ,  w e a r , e t c .  I t  w i l l  b e  shown l a t e r  t h a t  tbs/
' i
t h r e e - d im e n s io n a l  p h o t o e l a s t i c  t e s t s  o f  t h i s  i n v e s t i g a t i o n  i n d i c a t e  t h e  +!
I' , (
maximum s u b - s u r f a c e  s t r e s s e s  a t  c o n t a c t  t o  b e  c o n s id e r a b ly  above th o s e
* I'
e s t im a te d  b y  s t a n d a r d  d e s ig n  p r o c e d u re s  f o r  h e l i c a l  g e a r in g .  The m a jo r  J
s o u rc e  o f  e r r o r  seem s to  b e  i n  t h e  a s s u m p tio n  o f  u n ifo rm  lo a d in g  a lo n g  th e  ’ j
c o n t a c t  l i n e  w h ic h , t o g e t h e r  w i th  dynam ic lo a d  e f f e c t s ,  c a n  c a u s e  c o n s id e r a b le ^
‘t i*
i n c r e a s e s  i n  maximum lo a d  above t h e  n o m in a l v a l u e s .  C -reat c a r e  s h o u ld  be J
e x e r c i s e d ,  t h e r e f o r e ,  i n  th e  c h o ic e  o f  " lo a d  f a c t o r "  t o  b e  a p p l i e d  t o  th e  
n o m in a l r a t e d  maximum lo a d  i n  o r d e r  t o  a c c o u n t  f o r  t h e s e  v a r i a t i o n s  i n  an y  
d e s ig n  p r o c e d u re .
B(c) GEAR. FAILURES
Tliis section includes a summary of the experience of a number of 
workers who have reported on various modes of failure and suggested 
possible solutions to overcome the problems involved.
Gear teeth are vulnerable to failure in two general locations:
1. The root fillet on the tensile side due largely to 
excessive bending stresses. The bending strength of 
gears is discussed fully on page 16 , but it is 
perhaps interesting, in the light of the results of
this thesis, to note here the suggestion of Merritt 
that when the face width is less than three times the 
pitch fracture extends along the whole base of a tooth 
unless there is a heavy concentration of load at one 
end,
2. The contacting surface.
At low speed "abrasive wear" can occur as a result of foreign matter 
or a failure of the oil film. At high speed and loads, oil. film failure 
may cause instantaneous local welding of the mating surface and lead to 
"scoring". With clean and adequate lubrication, fatigue action may produce
removal of small particles of metal from the surface, an effect which is
known as "pitting". This normally occurs near the pitch line. With surface 
hardened teeth, in particular, fatigue, or the effect of momentary overloads, 
can produce the removal of larger flakelike particles and is often referred 
to as "flaking" or "spalling".
Juvinall^"^ states that failure under static or slow-rolling operation 
normally consists of excessive plastic flow and is largely governed by the 
maximum Hertzian compressive stress.
This cannot be taken as a valid criterion of failure per se? however? 
since? in other loading cases? more critical stress states often exist 
below the surface and the Hertzian stress can only be used as an index 
of contact loading severity. Under fatigue conditions the Hertz figure 
can only be used as a valid design guide if the allowable stresses are
( ft I 'i
obtained from suitable fatigue tests. Buckingham' has carried out 
such tests and his figures indicate? surprisingly? that there is no true 
fatigue limit for hardened gears. The fatigue strength of such gears is
L!extrame?i.y high? however? and hardened steel gears are thus normally used .
ifor high contact load applications.
'* «
A commonly held, belief is that crack propagation results predominantly
Tf
from the maximum tensile stresses which are present in any stress situation, $
*
Juvinall^^^ notes that the elastic theory discloses a complete absence*
•4
of tensile stress anywhere in the contact zone of two normally loaded .
cylinders. Tensile stresses will be introduced due to e.g. tangential loading
\ y
yielding? etc.? but in Juvinall1s opinion the effect of these stresses would J\
Ibe inadequate to effect crack propagation at a normal rate. In the absence J,
\.of tensile crack propagation a very slow propagation rate is to be expected |
* !•
due to the shear stresses present. Additionally? as first suggested by ,|<
( 2 2 7 )Way' ? the presence of a lubricant which exerts high fluid pressures on 4?, 
the crack walls would undoubtedly contribute to crack propagation by "wedging ]:4 i ‘
action". With hardened gears? in particular? it would appear that several v
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cracks must propagate, producing many pits? before "failure" occurs.
Merritt^ k^5) ^ commenting on the work of Meldahl^ *2''^ shows that? under j^|
Aconditions of sliding? there is not only a tangential force at the sumace 
but a rapid change of temperature. Sudden cooling? as produced by the
*
introduction of a new supply of oil for Instance? could then well be expected 
to produce the local tensile stress required for crack initiation. This 
would only be expected, to produce isolated failures.
*1
+  y 
, |
I
Akaoka' 7 comments on the apparent significance of micro-plastic 
properties. This is explained by the theory that a micro-crack is produced 
when a contact load is released after a sufficiently high stress has been 
developed near the area of maximum, shear to produce micro-plastic ompressive 
deformation. The crack does not initiate while the load is applied but 
rather after it has been removed. This supports the theory of Lundberg
/ -t ooN
and Palmgren ‘ ' of fatigue crack growth by shearing stress parallel to 
the rolling direction at the position of maximum shear stress amplitude; 
(maximum alternating shear stress)« Commenting on failures of ball bearing 
races, Akaoka notes three types of failure;
1. Cracks originating at the surface and propagating inwards,
some in the same direction as rolling, others opposed to 
it. As an explanation, preference is given to the Lund­
berg and Palmgren^88  ^theory as opposed to that of 
( 2 2 7 )¥ay , which is also questioned because of its lack 
of explanation of the two other types of crack failure 
which initiate sub-surface and are mentioned below.,
2. Crack originating sub-surface, and propagating parallel 
to the surface, without breaking through to the surface.
3. Crack initiating sub-surface and branching out to 
intersect the surface.
This is, perhaps, a convenient point to note that considerable 
speculation and diverse views still exist today even among leading workers 
in the field as to the point of origin of contact stress failures in gears, 
Evidence of, apparently, both surface and sub-surface crack initiation has 
been produced by numerous workers some of whom are included in the table 
below to indicate the extent of the divergence.
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TABLE... References To Surface And Sub-Surface Crack
I n i t i a t i o n  I n  F a i l u r e  A n a ly s is  In v e  s t i g a t i o n s
S u r fa c e S u b -S u r fa c e
A kaoka^d ^ A k a o k a ^
B a r w e l l ^ ^ Almen^7 ^
( 7 1 )F r e d e r i c k  an d  N em an B a r w e l l ^ 4^
( 9 9 )Jo h n so n , K. Lffyyj
(1x9')
Dawson, P . H. 7
M e l d a h l ^ 43^ G re e n e r t^ 774
P in e g in ^ 1 8 3 ^ Jo h n so n  an d  B lan k
S c o t t ,  K ep p le  and  M i l le r ^ Jo h n so n  an d  Oberg^3" ^
T u p l in ^ 218^ M cC onnell^  2^ ^
Way ^  227^ R ey n o ld s  ^  1 '? 2 ^
R ic h a rd s ^ 1934
S t y r i ^ 207^
• *
The c o n c lu s io n  w ould  seem  to  be  t h a t  b o th  ty p e s  o f  i n i t i a t i o n  a r e  
p o s s i b l e  d e p e n d in g  on th e  ty p e  o f  l o a d in g  an d  th e  c o n t a c t  c o n d i t i o n s .
i t  h a s  b e e n  o b s e rv e d  t h a t  i n  some c a s e s  c r a c k s  t e n d  t o  t r a v e l  downward
‘ i
i n t o  t h e  m e ta l  t o  an  i n d e f i n i t e  d e p th ,  f o l lo w in g  a  r o u g h ly  u n ifo rm  d i r e c t i o n ; *
’ h
4 • 1* : i
i n  o t h e r  c a s e s  a  c r a c k  m ig h t w e l l  s t a r t  i n  one d i r e c t i o n  o n ly ,  b u t  a f t e r  some ]!
rf
t im e  a  s e c o n d  c r a c k  may be i n i t i a t e d ,  so  a s  t o  fo rm  a  b i f u r c a t i o n .  The new
{■
l im b  may s p r e a d  m ore r a p i d l y ,  w i th  th e  e f f e c t  t h a t  th e  m ain  l i n e  o f  th e  c r a c k  4[
A
h a s  ch an g ed  c o u r s e .  T here  i s  a  te n d e n c y  f o r  a  c r a c k  t o  c h a n g e  c o u r s e  t o  a  .(
d .
d i r e c t i o n  p a r a l l e l ,  w i th  th e  s u r f a c e  when i t  r e a c h e s  t h e  p la n e  o f  maximum %
»-U
s h e a r  s t r e s s ;  t h i s  i s  a t  a  c e r t a i n  d e f i n i t e  d i s t a n c e  b e lo w  th e  s u r f a c e ,  r, I
F,
p e rh a p s  0*01 t o  0*02 i n  o r  l e s s .  W here th e  c r a c k s  p e n e t r a t e  d e e p ly  i n t o  th e
m eb a l th e  r e s u l t  t e n d s  t o  b e  f o r m a t io n  o f  d e e p , c o a r s e  p i t s  a t  a  r e l a t i v e l y  1
*
few  l o c a l i t i e s ;  t h e  c o l l a p s e  o f  i n t e r v e n i n g  m e ta l  t h e n  p ro d u c e s  g r o s s  e n l a r g e ­
m ent o f  t h e  s u r f a c e  c r a t e r s  th ro u g h  s e p a r a t i o n  o f  q u i t e  l a r g e  c h i p s .  I f ,
F
h o w ev er, th e  p re d o m in a n t te n d e n c y  i s  f o r  t h e  c r a c k s  t o  t r a v e l  l a t e r a l l y  i n  
a  s u b - s u r f a c e  s t r a tu m  th e  r e s u l t  t e n d s  t o  be  d e v e lo p m e n t o f  l a r g e  num bers o i 
p i t s  o f  s h a l lo w  an d  m ore o r  l e s s  u n ifo rm  d e p th ,
,/> a y
A c e r t a i n  f u r t h e r  p e r io d  o f  o p e r a t i o n  i s  o f t e n  r e q u i r e d  b e f o r e  f u r t h e r  
f a t i g u e  damage d e v e lo p s ,  an d  t h i s  may i n  t u r n  ta k e  th e  fo rm  o f  a  f a i r l y  
u n ifo rm  s p a l l i n g .
f o /  \
B ush , Gru.be and  R o b in so n  , s tu d y in g  m ic ro s  t r u e  t u r a l  ch a n g es  due t o  
r o l l i n g  c o n t a c t ,  n o te d  e x tre m e  m ic ro -d e fo rm a t io n  o f  th e  m a t r ix  s t r u c t u r e  
an d  " e x t r u s io n "  o f  c a r b id e s  p r i n c i p a l l y  i n  t h e  r e g io n  o f  th e  maximum r e v e r s e d  
o r th o g o n a l  s h e a r  s t r e s s  ( n o t  t h e  maximum s h e a r  s t r e s s ) . Somewhat s i m i l a r  
e f f e c t s  w ere  n o te d  b y  B a v ie s ^ 4^ ,  B ea r an d  B u t l e r ^ a n d  Jo h n so n  and  
S e w e ll
W h i ls t  i n  th e  c a s e  i n  q u e s t io n  i t  was f e l t  t h a t  t h e  e x t r u s i o n  o f  th e
c a r b i d e s  i n t o  i n c i p i e n t  c r a c k s  may h a v e  p r e v e n te d  f u r t h e r  d e v e lo p m e n t, th e
i n c i p i e n t  f a i l u r e  m ig h t w e l l  t e n d  to  d e v e lo p  i n t o  a  d e f i n i t e  f a t i g u e  c r a c k
a t  s a n e  'd i s c o n t i n u i t y  w here  t h e  e x t r u s i o n  m echanism  c a n n o t ,  o r  w i l l  n o t ,
o p e r a t e ,  e . g .  i n  th e  v i c i n i t y  o f  n o n - m e ta l l i c  i n c l u s i o n s .  T h is  a g r e e s  w i th
(99  10 0 )
th e  com m ents o f  Jo h n so n  * ' 7 who s u g g e s t s  t h a t  t h e  o r i g i n s  o f  f a i l u r e
p r i n c i p a l l y  l i e  i n  l o c a l  d e f e c t s  i n  th e  s o l i d s  o r  l u b r i c a n t s  su c h  a s  n o n -  
m e t a l l i c  i n c l u s i o n s  an d  s u r f a c e  i r r e g u l a r i t i e s ,  a n d  a t  lo a d s  w e l l  b e lo w  
th o s e  t o  c a u se  b u lk  p l a s t i c  f lo w . He c o n s id e r s  t h a t  i t  w ould  t h e r e f o r e  be 
v a lu a b le  t o  a t t e m p t  t o  a p p ly  t h e  t h e o r y  o f  p l a s t i c i t y  t o  s tu d y  th e  l o c a l  
d e f o rm a t io n  a n d  r e s i d u a l  s t r e s s e s  a t  p o i n t s  o f  s t r e s s  c o n c e n t r a t i o n .
Almen^  ^ \  f o l lo w in g  t h e  w ork o f  S t y r i .  r e a c h e s  th e  c o n c lu s io n  t h a t  
f a i l u r e  commences a t  su c h  i n c l u s i o n s  du e  t o  th e  p r e s e n c e  o f  m i c r o - r e s i d u a l  
s t r e s s e s  o f  g r e a t  m a g n i tu d e .  U nder h ig h  c o n t a c t  l o a d s ,  l o c a l  p l a s t i c  f lo w  
o c c u rs  a t  lo a d s  lo w e r  th a n  w o u ld  b e  r e q u i r e d  f o r  b u lk  f lo w  b e c a u s e  o f  l o c a l  
w e a k n e sse s  o f  t h e  m e ta l  i n  t h e  v i c i n i t y  o f  th e  i n c l u s i o n s . The m e ta l  a d j a c e n t  
t o  t h e  i n c l u s i o n  i s  th u s  s t r e s s e d  b ey o n d  i t s  e l a s t i c  l i m i t  w h e rea s  t h e  g r e a t e r  
volum e o f  m e ta l  s u r ro u n d in g  i t  i s  s t r e s s e d  b e lo w  t h e  e l a s t i c  l i m i t , The l a t t e  
t h e r e f o r e  r e c o v e r s  e l a s t i c a l l y  when t h e  e x t e r n a l  lo a d  i s  rem oved b u t  th e  
p l.a s  t i e  a l l y  d e fo rm ed  m e ta l  d o es  n o t  so  r e c o v e r  a n d  i s  f o r c i b l y  r e s t o r e d  t c  
n e a r l y  i t s  o r i g i n a l  s i z e  b y  th e  g r e a t e r  b u lk  o f  e l a s t i c a l l y  r e c o v e r e d  m a t e r i a l
Thus? h ig h  m ag n itu d e?  r e s i d u a l  t e n s i l e  s t r e s s  " p o c k e ts "  a r e  fo rm e d  a d j a c e n t  
t o  th e  i n c l u s i o n s .  D u rin g  lo a d  c y c l i n g  t h i s  m a t e r i a l  i s  s u b j e c t  t o  a  h ig h  
ra n g e  o f  s t r e s s  v a r y in g  fro m  h ig h  t e n s i l e  u n d e r  no  lo a d  t o  h ig h  c o m p re s s iv e  
u n d e r  l o a d .  T h is  r e s u l t s  i n  t h e  e v e n tu a l  f o r m a t io n  o f  f a t i g u e  c r a c k s  w h ich  
seem  t o  p r o p a g a te  a t  a c u te  a n g le s  t o  th e  s u r f a c e  l e a d i n g  t o  f l a k i n g  o r  
s p e l l i n g  o f  t h e  m a t e r i a l .
I
I t  w ou ld  th u s  seem  p l a u s i b l e  t h a t  f a t i g u e  f a i l u r e  may b e  p ro d u c e d  as  
a  r e s u l t  o f  s t r e s s  a l t e r n a t i o n  i n  l o c a l  s t r e s s  c o n c e n t r a t i o n s  i n  t h e  v i c i n i t y  
o f  s t r e s s  r a i s e r s  su ch  a s  i n c l u s i o n s  o r  m ic r o - c r a c k s  i n  th e  m a t e r i a l  o r  
d i s l o c a t i o n s  i n  t h e  c r y s t a l  s t r u c t u r e .  I t  i s  b e l i e v e d  t h a t  i n  m any c a s e s  
t h e  a l t e r n a t i n g  s t r e s s  c a u s e s  l o c a l  g l i d i n g  a t  t h e . s t r e s s  r a i s e r s ?  b u t  w i th  
th e  e f f e c t  t h a t  th e  m a te r ia ] ,  becom es w o rk -h a rd e n e d  and e v e n t u a l l y  g l i d i n g  
i s  p r e v e n te d .  I f  i n  su ch  a  s i t u a t i o n  th e  a p p l i e d  s t r e s s  e x c e e d s  a  c e r t a i n  
v a lu e  t h e  m e ta l  w i l l  c rack ?  an d  th e  c r e v i c e  th u s  p ro d u c e d  w i l l  i n  t u r n  a c t  
a s  a  s t r e s s  r a i s e r  c a u s in g  a  s t r e s s  c o n c e n t r a t io n ?  e n a b l in g  th e  p r o c e s s  t o  
c o n t in u e  so  lo n g  a s  t h e  l o c a l  s t r e s s  i s  s u f f i c i e n t  f o r  i t s  p r o p a g a t io n .
M cC o n n e ll/2^ '*  ? u s in g  a  f r a c t u r e  m ech a n ic s  a p p ro ach ?  p o i n t s  o u t  t h a t
a  s u b - s u r f a c e  d e f e c t  h a s  a  10$  l e s s  s t r e s s  i n t e n s i t y  e f f e c t  t h a n  a  s i m i l a r  
d e f e c t  a t  th e  s u r f a c e .  U s in g  e l e c t r o n  m ic ro s c o p e  s t u d i e s  o f  c r a c k s  p ro d u c e d  
s u b - s u r f a c e  u n d e r  r o l l i n g  c o n d i t i o n s  h e  shows e v id e n c e  o f  p e c u l i a r  p a t t e r n s ?  
so m etim es r e f e r r e d  t o  a s  " b u t t e r f l y  w in g s " .  T hese a r e  shown t o  be  a lw ay s
p r e s e n t  i n  th e  r e g io n  o f  th e  maximum s h e a r  s t r e s s  an d  u s u a l l y  a t  i n c l u s i o n s .
(7  )The p a t t e r n s  w ere  a l s o  n o t i c e d  b y  Almen '  who te rm e d  them, "m o th s" . They
j)
show th e  l o c a l  p l a s t i c a l l y  d e fo rm ed  a r e a s  i n  th e  m a t e r i a l  w eak n ess  a d j a c e n t  /
to  th e  i n c l u s i o n  a s  d e s c r ib e d  a b o v e . I n  g e n e ra l?  M cC onnell n o te s ?  t h e y  a r e  /
o n ly  p r e s e n t  u n d e r  p u re  r o l l i n g  an d  n o t  i n  th e  p r e s e n c e  o f  e . g .  " s c u f f i n g " .  
M cC onnell p ro d u c e s  c o n s id e r a b l e  e v id e n c e  f o r  b o th  r o l l i n g  a n d  f r e t t a g e  s t r e s s * j  
f a i l u r e s  com m encing s u b - s u r f a c e .
- S h ­
ill  a n a ly s in g  p o s s i b l e  f a t i g u e  f r a c t u r e s  a  s e r i e s  o f  c o n c e n t r i c  c o n to u r  
l i n e s  a r e  o f t e n  e v i d e n t ,  s p r e a d in g  fro m  a  f o c a l  p o i n t ,  t h e  a r e a  h a v in g  a  
sm o o th e r  a p p e a ra n c e  th a n  t h e  f i n a l  f r a c t u r e  s u r f a c e .  T h is  f o c a l  p o i n t  o r  
"ey e"  i s  o f t e n  th e  l o c a t i o n  o f  a  l o c a l  d e f e c t  o r  i n c l u s i o n  o f  t h e  ty p e  
m e n tio n e d  a b o v e .
B a rw e l l  s t a t e s  t h a t ,  i n  h i s  o p in io n ,  t h e  o r i g i n  o f  f r a c t u r e s  b e  
t h e y  i n  th e  s u r f a c e  o r  s u b - s u r f a c e ,  d ep e n d s  e n t i r e l y  on t h e  lo a d  s y s te m .
I n  g e n e r a l ,  g e a r s  w o u ld  f a i l  i n  m o st, c a s e s  a t  th e  s u r f a c e ,  w h e re a s  b a l l ­
b e a r in g s  w ou ld  f a i l ,  w i th  c r a c k s  i n i t i a t i n g  s u b - s u r f a c e .  He n o te s  a  
p a r t i c u l a r l y  i n t e r e s t i n g  f e a t u r e  o f  a  g ro u p  o f  f a i l u r e s  c a u s e d  b y  t h e  
p r e s e n c e  o f  s m a l l  am oun ts o f  w a te r  i n  t h e  l u b r i c a n t . -  T rem endous r e d u c t i o n s  
i n  l i f e ,  due p o s s i b l y  t o  h y d ro g e n  e m b r i t t l e m e n t ,  a r e  a c h ie v e d  w i th  o n ly  v e r y  
s m a l l  q u a n t i t i e s  o f  w a te r .  E l e c t r o n  m ic ro s c o p e  s t u d i e s  o f  th e  c r a c k s  r e v e a l  
a  sm ooth  b o tto m  t o  t h e  f a i l u r e  p i t s  an d  th e  p re s e n c e  o f  t i n y  s p h e r e s  o f  m e ta l  
t h e  o r i g i n  and  n a t u r e  o f  w h ich  c a u se d  c o n s id e r a b le  s p e c u la t i o n  b u t  no  r e a l  
c o n c lu s io n .
S h e r a t t / i n t r o d u c e s  t h e  p o s s i b i l i t y  o f  f a t i g u e  c r a c k s  b e in g  p ro d u c e d  
u n d e r  c o m p le te ly  c o m p re s s iv e  lo a d  c y c le s  t h e  c r a c k s  p r o p a g a t in g  p e r p e n d i c u l a r  
t o  th e  a p p l i e d  c o m p re s s iv e  s t r e s s .
P . H. Daws o r /  ^  ^  l i k e  A kaoka fo u n d  c o n s id e r a b l e  e v id e n c e  o f  s u b - s u r f a c e  
c r a c k s  ru n n in g  p a r a l l e l  t o  th e  s u r f a c e ,  some b r e a k in g  th ro u g h  to  th e  s u r f a c e  
b u t  o th e r s  c o m p le te ly  u n c o n n e c te d  w i th  i t .  A g a in , t h e s e  a r e  a t t r i b u t e d  to  
th e  maximum r e v e r s e d  s h e a r  s t r e s s  w h ich  i s  p a r a l l e l  an d  p e r p e n d i c u l a r  t o  th e  
s u r f a c e  ( n o t  a t  1x5° a s  w ould  be th e  maximum s h e a r  s t r e s s ) .
F i t t i n g  f a i l u r e s  h a v e  b e e n  shown b y  a  num ber o f  w o rk e rs  t o  commence a t ,
o r  a b o u t ,  t h e  p i t c h  l i n e  w here  l i t t l e  o r  no  s l i d i n g  od&ulrs, e . g .  f o r  h e l i c a l  
( 22b)
g e a r s ,  W a lk e r ‘ s t a t e s  t h a t  p i t t i n g  commences n e a r  t h e  p i t c h  l i n e  an d  
e x te n d s  a lo n g  th e  l i n e  o f  c o n t a c t  to w a rd s  th e  b a s e  o f  t h e  t o o t h ,  p i t t i n g  
comiTiencing when th e  H e r tz ia n  maximum s u r f a c e  p r e s s u r e  i s  n u m e r ic a l ly  e q u a l  
to  th e  i ,e n s i le  s t r e n g t h ,  i . e .  th e  p o te n t ! a ] ,  l o a d  c a r r y i n g  c a p a c i t y  i s
increased with the square of the tensile strength. This is in agreement 
with Chesters^0  ^who states that, other conditions being constant, the 
stress at the pitting failure limit is proportional to the tensile strength 
of the material. Martin and Cameron^8^  show it also to be a function of 
the oil viscosity as will be discussed later.
Extensive tests carried out by Love^*^ on pitting failure showed 
cracks orientated in directions associated with the sliding component of 
the tooth motion, i.e. in different directions in the addendum and dedendum.
Pohl^8^ , working on unhardened gears, noted similar orientation of
cracks above and below the pitch circle, i.e. always directed towards the
pitch circle, and generally at angles between 5° and 20° relative to the
tooth face. The cracks penetrated into the material as far as, or just
beyond, the cold-deformed zone. Pohl emphasises that,in the immediate
vicinity of the pitch line, however, there was no evidence of cold deform-
Oj.9)ation and no cracks were visible. Confirming the findings of Dawson' 7, 
Pohl found that some cracks had no connections with the surface and were 
situated at approximately the maximum shear stress position whilst others 
broke through to the surface. He concludes, therefore, that the yield 
point in shear might well be a more suitable failure criterion than hardness 
as suggested in the maximum permissible surface pressure formulae of Niemann 
and Thomas ^ 68) ^
1x9 HB u 60 Nbi.e. p = -—n—  where W = -t~-
W f 106
where HB = Brinell hardness 
N - speed
h = hours of service under full load.
Pohl, therefore, proposes that this should not exceed the yield point 
for ferrite, i.e. 1200 kg/cm2. Ferrite is chosen here since Pohl argues 
that the predominance of slip planes in this jjhase as opposed to pearlite, 
makes it more vulnerable to shear failure.
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/  I t  h a s  b e e n  o b s e rv e d  t h a t  th e  g e n e r a l  te n d e n c y  o f  c r a c k s  t o  s p r e a d  
d ep en d s  on t h e  d i r e c t i o n  o f  sw eep i n  r e l a t i o n  to  th e  o r i e n t a t i o n  o f  th e  
c r a c k .  The e x p la n a t io n  may b e  t h a t  i f ?  a s  i n  f i g u r e  B lla ?  a  c r e v i c e  i s  
i n c l i n e d  i n  th e  d i r e c t i o n  o f  sw eep i t  w i l l  t e n d  to  b e  o p en ed  b y  th e  
c o m p re s s iv e  s t r e s s  im m e d ia te ly  b e f o r e  t h e  H e r tz i a n  b a n d  p a s s e s  o v e r  i t ?  
w i th  th e  r e s u l t  t h a t  when th e  m outh  o f  th e  c r e v i c e  i s  i n  t h e  lo a d e d  zo n e  
o i l  w i l l  t e n d  t o  b e  f o r c e d  i n t o  i t  u n d e r  p r e s s u r e .  P r o p a g a t io n  o f  th e  
c r a c k  w o u ld  th u s  b e  f u r t h e r e d .  On th e  o th e r  hand? i t  may b e  t h a t  i f  a  
c r a c k  i s  i n c l i n e d  i n  t h e  o p p o s i t e  d i r e c t i o n ?  a s  i n  f i g u r e  B llb?  a lth o u g h - 
th e  c r a c k  w i l l  b e  s q u e e z e d  an d  some o i l  p r e s s u r e  th e r e b y  s e t  up? t h e  o i l  
w i l l  t e n d  t o  e s c a p e j  th u s ?  a l th o u g h  th e  c r a c k  may c e r t a i n l y  sp re a d ?  t h e  
o i l  w o u ld  c o n t r i b u t e  l i t t l e  o r  n o th in g  t o  i t s  p r o p a g a t io n .  C o n d i t io n s  
f a v o u r in g  c r a c k  p r o p a g a t io n  b y  o i l  p r e s s u r e  a r i s e  p r i m a r i l y  w here t h e r e  
i s  n e g a t iv e  s l i d in g ?  i . e .  w here  s l i d i n g  i s  o p p o sed  i n  d i r e c t i o n  t o  sw eep .
T h is  i s  so  i n  th e  dedendum  o f  th e  t e e th ?  b o th  d r i v e r  an d  f o l l o w e r .  I n  th e  
addendum  o f  th e  t e e t h  t h e r e  may b e  o c c a s io n a l  random  c r a c k s  w i th  th e  
i n c l i n a t i o n  f a v o u r in g  p r o p a g a t io n  b y  o i l  p r e s s u r e ?  b u t  t h e y  w i l l  b e  e x c e p t io n a l
e . g .  M e l d a t o / o b s e r v e s  t h a t  p i t t i n g  f i r s t  te n d s  t o  o c c u r  I n  th e  
s u r f a c e  h a v in g  a  n e g a t iv e  s l i d e - r o l l  r a t i o  an d  t h i s  i s  s u p p o r te d  b y  o b s e r v ­
a t i o n  o f  g e a r s  w h ich  a f t e r  lo n g  s e r v ic e ?  h av e  p i t t e d  o v e r  th e  dedendum  
w h i l s t  r e m a in in g  sm ooth  o v e r  t h e  addendum .
(71)F r e d e r i c k  a n d  Newman n o te  p i t t i n g  o r i g i n a t i n g  a t  t h e  p o s i t i o n  o f
/ -i D ft \
maximum t e n s i l e  s t r e s s  in ' t h e  s u r f a c e  and  a r e  s u p p o r te d  b y  P in e g in  ' 7 who?
w i th  th ro u g h  h a rd e n e d  b e a r in g  s t e e l  sp ec im en s?  shows t h a t ?  h a v in g  o r i g i n a t e d  
a t  t h e  s u r f a c e ?  t h e  c r a c k  p ro c e e d s  t o  t h e  p o i n t  o f  maximum, s u b - s u r f a c e  s h e a r  
s t r e s s  and  th e n  ch a n g e s  d i r e c t i o n  t o  fo rm  a  p i t  o r  s h e a r in g  o f  th e  m etal,?
m e ta l  f l a k i n g  b e in g  f i n a l l y  in f lu e n c e d ,  b y  th e  l u b r i c a n t  a s  p o s t u l a t e d  b y
(??? )
W a y v u .
P e d e r s o n  a n d  .R ice q u o te  s i m i l a r  r e s u l t s .  ; >
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Johnsoi/84^  shows the endurance limit for pitting fatigue to be
approximately half the stress for continuous plastic flow. Chesters ,/
however, indicates that the surface load required for pitting is sufficient 
to induce plastic flow and strain ageing of the surface layers. With 
certain steels, notably normalised carbon steels, this action causes pitting 
to be delayed or inhibited.
(71)Frederick and Newman' 7 .show that fatigue cracks occur more readily in
( 202)hard materials whilst Shotter shows that polished surfaces have a greatly
improved resistance to pitting.
Dawson states that, in the absence of metallic contact, i.e. with 
aii oil film thickness substantially greater than the total roughness, pitting 
will not take place even at a stress of 2-g- times that of the pitting fatigue 
limit. If the cracks are initiated sub-surface then the chemical activity 
of the oil would not be expected to affect the stress required to initiate 
a crack and hence the fatigue limit. With surface cracks, however, Dawson 
observes that the presence of. the.lubricant seems to play an important part.
Figure B12 shows a comparison of the pressure distributions prevailing 
under dry and lubricated contact conditions.
It is significant to note here that the allowable contact load evaluated 
on the assumption of elasto-hydronamic conditions is many times that based, on:
(a) rigid, isoviscous theory
(b) allowance only for the variation of viscosity 
with pressure
(c) allowance only for elasticity or evenffil'jp sum 
of these values.
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Pressure Peak" was believed to be extremely high, recent work by Hamilton 
(239)and Moore' ' using minute pressure transducers have shown that it has 
only one tenth its predicted height, figure B13 •
MacConochie' ' , confirming the observations of Reynolds , shows
that hydrodynamic loading conditions are most severe near the tip and root 
of teeth because of heavy loads and high sliding action. This tends to 
lower the viscosity of the lubricant.due to frictional heating. Thus, 
hydrodynamic action is always present at the pitch line but there may be 
metal to metal contact at the tip and root. At high speeds, however, the 
effect is largely overcome by the fact that the oil has 110 time to flow out 
and acts as an entrained elastic solid.
Weberls^228  ^ studies of static deflections of gear teeth show that
O-OOOp in tip relief should be provided for every 1000 lb/in load applied
( 1 3 b)to gears. MacConochie1s results indicate that this rule should also
be applied to dynamic conditions. It should be noted, however, that too 
much tip relief means that the tooth face j s not used to its best advantage 
and reduced contact ratio accompanied by higher contact pressures and 
greater tooth wear are achieved. The heavier the applied loading the better 
should be the surface finish in order to preclude metal to metal contact as 
far as possible.
(27)Borsoff and Godet' ■ , working 021 hardened steel spur gears, discuss 
the relationship between scoring and contact time and offer an equation for 
a so-called "scoring factor". A useful table is produced showing the speed 
versus failure load relationships obtained by various research workers. A 
useful qualitative guide has been produced showing the speed versus failure 
load relationships obtained by various research workers. This clearly 
indicates the design criteria which should be considered most closely for 
any particular operating condition.
G r e e n e r t / ( ^  show s t h a t  s t r e s s e s  i n  th e  c o n ta c t  s u r f a c e s  e a s e d  on uhe 
o r th o g o n a l  s h e a r  s t r e s s  t h e o r i e s  show good c o r r e l a t i o n  w ith  f a t i g u e  l i f e -
-  70 -
W h i l s t  a t  f i r s t  t h e  h i g h  p r e s s u r e  p e a k ,  know n a s  t h e  " P e t r u s e v i c h
- 71
I n  d i s c u s s i o n  M oyar p r o v id e s  tw o i n t e r e s t i n g  g ra p h s  w h ich  i n d i c a t e  th e  
i n f l u e n c e  o f  c o n t a c t  e l l i p s e  o r i e n t a t i o n  an d  e l l i p t i c i t y  on
( a )  th e  ra n g e  o f  o r th o g o n a l  s h e a r  s t r e s s ?  an d
(b )  th e  s u r f a c e  t e n s i l e  s t r e s s .
.Also i n  d i s c u s s i o n  t o  th e  same p a p e r  Z a r e t s k y  an d  A n d e rso n  s t a t e  t h a t  a l l  
e v id e n c e  o b ta in e d  t o  d a te  i n d i c a t e d  a  o r  pow er r e l a t i o n s h i p  b e tw e en  
s t r e s s  an d  f a t i g u e  l i f e .  They a l s o  comment on t h e  s i g n i f i c a n c e  o f  s l i d i n g  
an d  r e s u l t i n g  th e rm a l  s t r e s s e s  w h ich  may i n c r e a s e  t h e  s u r f a c e  p r i n c i p a l  
s t r e s s e s  an d  t h e  s h e a r  b ey o n d  th e  v a lu e s  e x p e c te d .  T h is  c o u ld  w e l l  a c c o u n t  * 
f o r  th e  d i f f e r e n c e s  i n  f a t i g u e  l i f e  o b ta in e d  w i th  v a r io u s  c o n t a c t  g e o m e t r ie s ^
(1 5 'B a t t e l l e  J an d  W. H. A l le n  s t a t e  t h a t  t h e  p e a k  s t r e s s e s  w h ich  o ccu r?  ’’
ev en  r a r e l y ?  i n  n o rm a l s e r v i c e  may b e  o f  f a r  g r e a t e r  im p o r ta n c e  th a n  th e
norm a], a v e ra g e  l e v e l  i n  d e te r m in in g  f a t i g u e  l i f e .  T h is  i s  c o n f irm e d  b y
(7)Almen an d  B o eg eh o ld  on t e s t s  w i th  m o to r v e h i c l e  r e a r  a x le  p in io n  g e a r s
w here  th e  n o rm a l h ig h  g e a r  s t r e s s e s  a r e  fo u n d  t o  b e  i n s i g n i f i c a n t  i n  r e l a t i o n :  
t o  t h e  o c c a s io n a l  low  g e a r?  f u l l  pow er? v a l u e s .
Of p a r t i c u l a r  r e le v a n c e  t o  t h e  w ork o f  t h i s  t h e s i s  a r e  t h e  s t r e n g t h
(38)an d  f a i l u r e  m odes o f  n i t r i d e d  g e a r s .  C h a m b e rla in  i n  t e s t s  on  s u r f a c e
h a rd e n e d  g e a r s  n o t e s  th e  i n c r e a s e  i n  c a s e  d e p th  o f  th e  n i t r i d e d  g e a r
(31)com pared  w i th  th e  e q u i v a l e n t  c a r b u r i s e d  g e a r .  Brown? E , J .  r e l a t e s
th e  c a s e  d e p th  to  g e a r  p e r fo rm a n c e  a n d  s t a t e s  a  r e q u ir e m e n t  f o r  c a s e  d e p th  
o f  one s i x t h  o f  t h e  t o o t h  t h i c k n e s s . J a c o b s o n '2^  l i k e w is e  q u o te s  a  m inim um "
o f  one t e n t h .
P ag e^ 1 ^  p o i n t s  o u t  t h a t  th e  d e p th  o f  maximum s h e a r  s t r e s s  p e n e t r a t i o n  
i n c r e a s e s  w i th  i n c r e a s e d  r a d i u s  o f  c u r v a t u r e .  The l i m i t e d  c a s e  d e p th  o f 
n i t r i d e d  g e a r s  m ig h t t h e r e f o r e  l i m i t  th e  s i z e  o f  g e a r  t o  w h ich  i t  i s  a p p l i e d  
an d  i b  w ould  t h e r e f o r e  seem  m ore s u i t a b l e  f o r  s m a l l e r  g e a r s .
D u rin g  C h a m b e r la in 's  t e s t s ,  f a i l u r e s  o c c u r r e d  due t o  f l a k i n g  o r
c r u s h in g  o f  t h e  c a s e  i n t o  th e  c o r e .  M e r r i t t c o n f i r m s  t h a t  a  h ig h
c o r e  s t r e n g t h  i s  n e c e s s a r y  i n  n i t r i d e d  g e a r s  i f  t h i s  s o - c a l l e d  " b r i n e l l i n g "
(52)i s  n o t  to  o c c u r .  D e ffe n b a u g iv ' a l s o  g iv e s  ex am p le s  o f  f a i l u r e ,  in v o lv in g
c r u s h in g  o f  th e  c a s e  due t o  to o  s h a l lo w  a  c a s e  o r  in a d e q u a te  c o r e  s t r e n g t h  
an d  s t a t e s  t h a t  t h i s  ty p e  o f  f a i l u r e  t o g e t h e r  w i th  c o r r o s i o n  f a i l u r e s  can  
o f t e n  b e  m is ta k e n  f o r  p i t t i n g .
Jo h n so n  an d  O b e r g c l a i m ,  t h a t  th e  f r a c t u r e  o f  a l l  n i t r i d e d  sp ec im e n s  
commence b e n e a th  th e  s u r f a c e  a t ,  o r  n e a r ,  t h e  j u n c t i o n  o f  c a s e  an d  c o r e .  T h is
0 5 )i s  s u p p o r te d  b y  w ork a t  B a t e l l e '  w h ich  shows t h a t  i n  c a s e s  w here  th e  s u r f a c  
i s  v e r y  much s t r o n g e r  th a n  th e  c o r e ,  a s  i n  c a r b u r i s e d  o r  n i t r i d e d  s t e e l s ,  t h e  
n u c le u s  f o r  f a i l u r e  may s t a r t  n o t  a t  th e  s u r f a c e ,  w h ich  i s  s t r o n g  enough t o  
s t a n d  th e  h ig h e r  s t r e s s  a p p l i e d  t h e r e ,  b u t  som ew here a t ,  o r  n e a r ,  th e  
t r a n s i t i o n  zo n e  fro m  c a s e  t o  c o r e  w here  th e  s t r e n g t h  i s  n e t  s u f f i c i e n t  to  
w i th s t a n d  even t h e  lo w e r  s t r e s s e s  t h a t  a r e  t h e r e  a p p l i e d ,  i . e .  t h e r e  i s  a  
n e e d  to  p r o v id e  an  a d e q u a te  d e p th  o f  c a s e  i n  o r d e r  t h a t  t h e  s t r e s s  a t  th e  
j u n c t i o n  o f  c a s e  and  c o r e  may n o t  b e  r e l a t i v e l y  m ore s e v e r e  th a n  t h a t  a t  
th e  s u r f a c e .
B e a r in g  i n  m ind th e  r e le v a n c e  o f  t e n s i l e  s t r e s s e s  t o  f a t i g u e  a s  
m e n tio n e d  p r e v io u s l y ,  i t  i s  i n t e r e s t i n g  to  n o te  th e  o b s e r v a t io n  o f
/ *1 q D \
S c a p p le  t h a t  i f  a  l a r g e  b e n d in g  s t r e s s  i s  s u p e r im p o se d  cn  th e  r e s i d u a l
s t r e s s  p a t t e r n  i n  a  n i t r i d e d  g e a r  t h e  r e s u l t a n t  s t r e s s  w i l l  show a  t e n s i l e  
s t r e s s  maximum a t  some p o i n t  b e lo w  th e  s u r f a c e .  T h is  may a l s o  p l a y  a  l a r g e  
p a r t  i n  th e  i n i t i a t i o n  o f  c r a c k s  s u b - s u r f a c e .
/ *| qt)
K now lton  t* u s e s  a  s i m i l a r  a rg u m e n t to  t h a t  q u o te d  p r e v io u s l y  t o  
e x p l a i n  th e  o n s e t  o f  s p a l l i n g .  He n o te s  t h a t  t h e  y i e l d  s t r e n g t h  o f  t h e  
c o r e  i s  a lw a y s  lo w e r  t h a n  t h e  c a s e .  T h e r e fo r e ,  i f  th e  c o r e  Ts s t r e s s e d  
above i t s  y i e l d  s t r e n g t h  a n d  th e  c a s e  b e lo w  i t s  y i e l d  s t r e n g t h  th e  c o re  
w i l l  d e fo rm  p l a s t i c a l l y . When th e  s t r e s s  i s  r e l a x e d  t h e  c o r e  re m a in s  
d efo rm ed  w h i l s t  t h e  c a s e  t r i e s  t o  r e c o v e r  i t s  o r i g i n a l  d im e n s io n s .
When this happens? case and core can separate and spalling results. *
Although in practice it is well known that in nitrided gears there is no +
specific demarkation between the material properties of the case and core? 
nevertheless in the presence of even slow gradation of material properties? 
it is conceivable that at some point the proposed system could operate.
Crack initiation would then be produced when the residual tensile stress 
produced on recovery of the plastic deformation exceeds the local tensile ,
strength of the "core". The failure mechanism is then similar to that
suggested by Johnson. ( v
/
/ ft 0 \ 4
Woldman states that nitrided gears are relatively free from wear sj
up to the load at which surface failure occurs? when they become badly 
crushed and pitted. Thus? he comments that nitrided gears are not generally , 
suitable for applications where overloads are likely to be encountered.
M er ri tt ^ ? Cleare^^ and Frederick and Newman^  all emphasise 
that one of the major factors in gear stressing and fatigue failures is 
maldistribution of load across teeth.
Merritt notes a linear alignment error of 3 x 10 ^ in (total) which?
for 1000 lb/in on a particular gear? yielded a ratio of maximum to mean j
j  t  ^linear load of 3-*5 (Cleare in a report of a failure of an epicyclic unit
) ( '?'? b)quotes a mismatch nearer 115 x 10 in). Walker ? considering the
buttress effect at the end of the contact line? suggests a figure for
maximum to mean loading nearer 3? Trobojevic^21^  unity and Davies^^ 1*67«
Walker has shown by experiment that the buttress effect of unloaded 
sections adjacent to the ends of a line of contact produces heavy load 
concentrations near the ends of the contact line. Since the maximum 
intensity of loading,then occurs at points of least resistance? profile 
modification is desirable in order to reverse the trend and bring the 
region of maximum load intensity towards the middle of the line of contact,
maldistribution of load;
Gutting Errors
Internal Bearing Clearance
Tooth Stiffness
Errors In Rotating Axis Mounting Due To Bore Tolerances
Parallelism. Of Shafts
Blank Stiffness
Shaft Stiffness
Housing Stiffness
Bearing Deflections
Hertzian Deflections
Thermal Expansion And Distortion, Especially On Wide-Faced Gears
Such a formidable list of possible sources of maldistribution of load 
supports the opinion of the author that this factor is largely responsible 
for the inability of conventional gear theories to adequately predict gear 
life. Further experimental work is vital to quantify the effects of such 
factors as dynamic load and misalignment effects if only to confirm the 
widely diverse figures which have been obtained by the relatively few 
researchers brave enough to attempt the formidable task.
(At the time of printing of this report, Lloyds Register announce 
the commencement of detailed tests to establish load variations 
along the contact length of epicyclic helical gears using strain 
gauge and telemetry techniques.fy
The variation of loading from the assumed uniform value is an important 
aspect of this thesis and will be discussed later witfltej&rticular reference 
to the results obtained in the present programme of work.
It is evident from the general survey that the various forms of failure 
may be broadly classified in certain areas of load/speed combinations as 
shown in figure BIJ4.
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W e l le a u e r  n o t e s  t h e  f o l l o w i n g  f a c t o r s  a s  c o n t r i b u t i n g  t o
I t  i s  a l s o  e v id e n t  t h a t  e v e n  w i t h i n  t h e s e  c l a s s i f i e d  a r e a s  c o n s id e r a b ly
d i v e r s e  v ie w s  e x i s t  a s  t o  th e  s o u rc e  o f  o r i g i n  a n d  t h e  mode an d  c a u s e  o f
f a i l u r e  o f  g e a r  t e e t h  u n d e r  c o n ta c t  lo a d in g .  W ith  r e g a r d  t o  th e  l a t t e r  i n  
(
p a r t i c u l a r  M e r r i t t  l i s t s  th e  f o l lo w in g  c a u s e s  o f  g e a r  f a i l u r e :
(a ) O v e r lo a d in g  fro m  e x t e r n a l  c a u s e s
(b ) O v e r lo a d in g  fro m  i n t e r n a l  c a u s e s
( e ) I n i t i a l  s t r e s s e s
(d ) I n c o r r e c t  t o o t h  d e s ig n
(e ) U n s a t i s f a c t o r y  c h o ic e  o f  m a t e r i a l
( f ) D e f e c t iv e  m a t e r i a l
(g ) D e f e c t iv e  h e a t  t r e a t m e n t
(h ) D e fe c t  i n  c a s e  o r  s u r f a c e  h a r d e n in g
( i ) Damage i n  p r o f i l e  g r in d in g
( j ) I n a d e q u a te  l u b r i c a t i o n
(k ) E x c e s s iv e  te m p e r a tu r e
M e r r i t t  n o t e s ,  a d d i t o n a l l y ,  t h a t  th e  m o s t common c a u se  i s  s t r e s s  
c o n c e n t r a t i o n .
I te m s  ( a ) ,  (b)  an d  (d )  h av e  b e e n  m e n tio n e d  p r e v io u s l y  a s  w o rth y  o f  
s p e c i a l  c o n s i d e r a t i o n  s in c e  t h e y  r e p r e s e n t  t h e  m a jo r  f a c t o r s  i n f l u e n c in g  
g e a r  l i f e  w h ich  a r e  n o t  e n t i r e l y  w i t h i n  th e  d e s ig n e r s  c o n t r o l .  T h is  w i l l  
c e r t a i n l y  re m a in  th e  s i t u a . t i o n  a s  lo n g  a s  t h e  e f f e c t s  o f  m a l d i s t r i b u t i o n  
o f  l o a d ,  e t c . ,  r e m a in  u n q u a n t i f i e d .
Of t h e  o t h e r  c a u s e s ,  one i s  teimrfced to  s u g g e s t  t h a t  i te m s  ( e )  t o  ( j ) ,  
a t  l e a s t ,  s h o u ld  b e  w i t h i n  th e  c o n t r o l  o f  a n  e f f i c i e n t  q u a l i t y  c o n t r o l  u n i t  
s u p p o r te d  b y  a p p r o p r i a t e  m a t e r i a l s  s c ie n c e  g u id a n c e .  The p ro b lem  o f  r e s i d u a l  
s t r e s s e s  ( c )  h a s  r e c e n t l y  becom e a  t o p i c  o f  c o n s id e r a b l e  c o n c e rn  i n  a l l  
s p h e r e s  o f  e n g in e e r in g .  I n  th e  c a s e  o f  g e a r s ,  h o w e v e r, s u i t a b l e  h e a t  t r e a t ­
m ent s h o u ld  re d u c e  th e  i n i t i a l  s t r e s s e s  t o  a n  a c c e p ta b l e  l e v e l  o r ,  a s  i n  th e  
c a s e  o f  s u r f a c e  h a rd e n e d  g e a r s ,  i n t r o d u c e  su c h  s t r e s s e s  a s  t o  p ro d u c e  a  
b e n e f i c i a l  e f f e c t  on f a t i g u e  l i f e .
Problems of excessive temperature (k) should only arise in the event of 
lubrication failure and steps must be taken to reduce this possibility 
to a minimum.
Of the contact stress failure mechanisms referred to in this section?
the author is led to support the suggestions of J o h n s o n ^ 160) an(^
(?)Almen who attribute contact stress failures to local plastic flow at 
inclusions? particularly in the case of failures occurring some period 
after a known overload application. The overload is sufficient to produce 
the initial plastic flow and successive cycles then extend the region of 
plasticity and crack propogation commences. It would be valuable to confirm 
this by further electron microscope studies of fractured gears.
Undoubtedly cracks can also initiate at the surface? in general 
producing the "pitting" type of failure. The evidence available to date 
suggests that the cracks initiate at the position of maximum tensile stress 
in the contact surface and propogation is then influenced by the presence of 
the lubricant.
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B (d) PRELIMINARY TWO-DIMENSIONAL PHOTOELASTIC TESTS 
OF PLANET WHEEL STRESSES
This work was carried out by the author in conjunction with W. H. Allen 
as a preliminary to the work of this thesis and is fully described in an
f Dq'\
internal report of the company.'
Photoelastic tests were carried out initially on a ring in a gravitational 
field with localised, i.e. point, support at the inner boundary.. This was 
included as a proving trial for the rig to assess the degree of reliance which 
could be placed on the results from further models. The photoelastic results 
obtained showed good correlation with theory and established confidence in the 
methods adopted.
Tests followed on model planet wheels under both gravitational and tooth 
loadings. Owing to the design of the rig which included steel support members 
and araldite models considerable problems were encountered with differential 
expansions and load sharing between the three planet wheels incorporated in 
the model, was impossible to attain. See figure Bl5 * Nevertheless, the 
results clearly indicated that the. general shape of boundary stress variation 
achieved agree more closely with curves' predicted by a theory incorporating a 
distributed support than with a theory based on a point support, see Appendices 
5 and 6 .
Finally tests were conducted to establish the effects of axial weight 
reducing holes. Since this work is not relevant to the thesis no further 
comments wall be included.
fiie tests were of considerable value in establishing the type of 
difficulty which would be encountered in the full three--dimensional tests 
of this thesis. In particular the tremendous problem of differential thermal 
expansion in models containing dissimilar materials was very well emphasised 
as was the resulting difficulty of load sharing.
As a result the following suggestions were incorporated in the three- 
dimensional models:
(a) The entire model should, be constructed from Araldite.
(b) The floating sun wheel should be held central by an 
accurately located central shaft.
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In a recent paper entitled "Selecting Gear Skin Thicknesses To Suit 
( o c'i)Stresses" Tuplin' outlines the procedures for establishing thickness 
of tooth skins in relation to allowable stresses for gears hardened by 
any process. He points out that since the direct stress due to bending 
varies uniformly across a section, the stress at 1 0 %' depth is 80% that 
at the surface. With the tensile strength of the case material often 
two and a half times that o'f the core, the latter is therefore the limiting 
factor on bending strength unless it constitutes less than 1+0% of the total 
thickness, i.e. the case depth needs to be at least .30% of the total 
tliickness if the core strength is not to be the limitation on the applied 
load,
(it is questionable here whether the fatigue strengths of the material 
might not be a more relevant criterion than the tensile strengths.)
Tuplin goes on to indicate that photoelastic examinations of loaded 
teeth present a brighter picture, the stress concentrations at the root 
fillets being the most significant in estimating endurance. Discussing 
what purports to be a direct stress variation across.the root section from 
tensile stress concentration to compressive stress concentration (and is, 
in fact, shear stress and therefore probably more relevant anyway for 
ductile materials) and assuming the tensile strength of the core to be not
less than a quarter that of the skin he shows that the minimum K at the
root fillets is given by;
1  I j .. qbc |
•7 -5  j ' ° b s
•L. ~.J
if the strength of the core is not to be the limiting factor on bending 
moment.
B( e ) SELECTION OF GEAR SKIN THICKNESS
where k = +case depth tooth pitch
= basic allowable tensile stress for core material 
abs = basic allowable tensile stress for skin material
Whilst this represents? it is believed? the first genuine attempt at 
a rational method for predicting gear skin thicknesses the approach is 
questionable.
As noted earlier? it would seem relevant under fatigue conditions for 
the fatigue strengths of the case and core to be used in place of o-^ G- and
abs*
The chosen base for the stress plot across the root section is an
arbitrary one? i.e. a straight line from tensile concentration to compressive "j
4:|
concentration in the opposite fillet. It could well be more relevant to the
calculation procedure to plot the stress variation perpendicular to the stres'j
\
face at the tensile stress concentration when a true p i c t u r e  of stress jr
s / )variation with depth would be achieved.
Continuing his approach to contact stress considerations? Tuplin 
develops an expression for a contact stress criterion Sc which? presumably 
due to a typesetting error? is incorrect.
The formula should read:
11*7 Mq
d-i2 f
1 +
Rr
This does not affect the general sense of the article? however.
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a = semi-contact width,
cx - distance from gear axis to point of contact.
d = distance of centre of slice from, gear centre.
D0 = outside diameter.
%  = inside diameter.
E = Young’s Modulus,
f = material fringe value (lb/in2 per fringe per in)
Fq = tangential tooth load.
Fn = normal tooth load.
G ’= shear modulus.
H = tensile force in ring.
I = second moment of area.
J = polar second moment of area.
Ks = stress concentration factor for shear.
Kq = stress concentration factor for bending.
Ip = linear dimension of prototype.
lm = equivalent linear dimension of model.
M  ~ bending moment,
n = fringe order.
N = rotational speed of disc in rev/sec.
P = tooth load.
Pp = prototype load.
Pm = model load.
Pq = normal contact load/unit- length based on depth
of maximum shear s t r e s s  r e s u l t s .
normal contact load/unit length based on relative 
radius of curvature.
R = inertial load, 
maximum contact pressure, 
rim load on disc, 
radius.
radius of centre of mass of rim load.
radius at which rim load is applied to the disc.
outer radius of disc.
inner radius of disc.
pitch circle radius of engagement.
cylindrical polar co-ordinates.
inertia load.
radius of curvature of one gear in the transverse plane.
radius of curvature of mating gear in the transverse plane.
normal relative radius of curvature = sec a 0 «
(Rp + R 2)
torque.
torque on planet wheel, 
torque on sunwheel. 
thickness.
distance of contact from machined datum on slices, 
distance of contact from tip of tooth.
d.epth of maximum shear stress.
angle between path of contact and normal to the line 
of centres of two gears in mesh, 
angle of twist, 
coefficient of friction.
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T
T max 
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specific mass of calibration disc material, 
helix angle, 
base helix angle.
principal stresses in three dimensions.
hoop stress in disc.
radial stress in disc.
maximum compressive stress.
prototype stress.
model stress.
bending stress.
maximum shear stress in the outer surface of the torque tube, 
nominal stress in the torque tube = 
shear stress, 
maximum shear stress,
maximum reversed or alternating shear stress, 
surface shear strain, 
normal pressure angle.
angle between normal line of path of contact and the line 
from the axis of the gear to the point of contact, 
angular velocity of disc.
P o isso n ’s r a t i o .
Additional Notation for derivation of empirical formula on the 
basis of two-dimensional test results? see figure P5 ? page 429 •
b = width of nominal section AB,
x? y  = co-ordinate position of load application point on
gear flank.
0 = inclination of load W.
p = station on gear centre line specifying line of action
of load W.
e = eccentricity of load about datum
= np cos 0 = y  cos 0 - x sin 9.
k = optical sensitivity of plate material = f/t
a+ = angle defining position T of stress concentration in
the 'tensile1 fillet. 
ac = angle defining position T of stress concentration in
the 'compressive' fillet. 
a s = angle defining position S of the maximum fillet stress
due to transverse shear load above, 
a;-, ' = angle defining position R of the maximum fillet stress
due to bending or radial load.
a„,r. = = nominal shear stress on section AB.-\y b t
a = W/bt
6 We W  sin 0 6 / , „ \
“ - j S T " ’ d (y 00t 6 " x)
= nominal bending stress on section AB.
Wjsin 9 _ nominal compressive stress on section AB
a yJv , bt due to direct load.
Ks = stress concentration factor for shear.
Kv = stress concentration factor for direct load,
Kb = stress concentration factor for bending.
K+ = stress concentration factor for bending in 'tensile1 fillet.
Kc = s t r e s s  co n cen tra tio n  fa c to r  fo r  bending in  'com pressive ' f i l l e
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Following the decision to proceed with a full three-dimensional 
photo-elastic study of epicyclic gears, W» II. Allen produced an initial 
design, (Drg. No. BP 809680), incorporating the features which were of 
major interest. This was essentially a sketch of a modified epicyclic 
gear unit which was to act as the basis of discussions between ¥. H. Allen, 
Dr. I. M. Allison and E. J. Hearn. Following these discussions a number 
of modifications were suggested and six further drawings were issued 
before complete agreement was reached,, see figure DI.
The reasons for {modification of each of the drawings were included 
in Interim Report No. 1 of 16th October, 1969., but a summary of the 
major decisions affecting the design are included here;
1. Following the failure to obtain equal load sharing between* 
planet wheels in a similar two-dimensional test with a 
floating sunwheel (see page 7s )5 it was decided to carry 
the centre shaft through to bearings in the carriers.
2. Introduction of torque and inertial load into the system 
in a single stress-freezing operation was considered to 
be unsatisfactory since some of the torque would, almost 
certainly be lost when the model deflected at the stress- 
freezing temperature. A two-stage stress-freezing operation 
was therefore suggested, the torque being applied during the 
first cycle and inertial loads added in the second cycle..
3. The face-width of the planet gear wheels were modified to 
achieve at least one full line of contact across the face 
at both the planet-sun and planet-annulus contacts.
D(a) DEVELOPMENT OF THE MODEL DESIGN:
Hie design was arranged to permit sufficient lateral 
movement to allow the helices to align themselves 
correctly.
A modified annulus arrangement was considered since 
the original sketch indicated no outer coupling ring 
as with production units. Hie increased complexity? 
cost and size involved in this exercise was deemed 
unnecessary since the main,object of the tests was 
to examine the stresses in the planet and sun wheels 
only.
The number of teeth on the sun wheel was made divisible 
by three to,, aid equal load sharing between the three 
planets.
In order to eliminate thermal expansion effects introduced 
at steel/Araldite joints? itftwas decided to manufacture 
the whole model in Araldite CT200 with cemented joints 
(Araldite MY75>3) adopted where possible; Araldite bolts 
or dowels as an alternative.' .
Consideration was given to the problem of friction between 
the planets and their spindles. Tests were commenced to 
determine the possible advantages of P.T.F'.E* or Rulon 
bearings (see page 102 ).
At the request of W. H. Allen? it was decided that the 
effect of oil holes and lifting holes be investigated. 
These were? therefore? included in the final design.
Dept. of 
Afech. Eng., 
University 
of 
Surrey. 
Scale. 
30 
A/oi/ 
/968.
At stress-freezing conditions it was considered that the 
original central araldite shaft was likely to bend under 
the weight of the assembly. The shaft was, therefore, 
modified to tubular form with a central steel support 
shaft.
A calibration disc was provided for the inertia loading 
model to monitor material fringe value and density under 
C.F, conditions.
Assessment of the cost of the material alone to produce the 
suggested 3* 5  DP model (ffrOO) indicated that a reduction in 
size liras necessary on economic grounds. The scale was, 
therefore, reduced to 0*7 of the original, i.e. to a 5 DP , 
model. This reduced the material cost to approximately £li|0.
Pre-shrunk Araldite collars were provided on the main 
spindle (maintaining a close fit on the spindle during 
the stress freezing cycle) to yield a good bearing surface 
necessary to locate the carrier concentric with the spindle.
Considerable attention was given to the cementing procedures 
to be carried out between the two stress-freezing cycles in 
order to "lock" the torque into the system. Several small 
design modifications were necessary.
I . Choice Of Model Material
The choice of a suitable model material, is severely restricted by 
the combination of mechanical and optical, properties which is required 
for the application of photo-elastic techniques for stress analysis. 
Materials which are to be acceptable for three dimensional analysis 
must exhibit the following essential features:
1* The property of stress or strain induced artificial 
birefringence, thereby Implying that the material is 
transparent to visible electromagnetic radiation and 
that the optical effect satisfies the Maxwell-Neumann 
• relationships.
2. Be homogeneous, mechanically isotropic and exhibit a 
linear response in terms of the deformation associated 
with the applied loads.
3. Be obtainable in the form of thin sheets and mouldings 
which have been cast to size or machined to the desired 
shape without imposing an unacceptably high level of 
initial birefringence.
Be stable, with mechanical and optical properties which 
are sensibly independent of the load application time 
and normal changes in environmental conditions,
5’. Exhibit a glass-rubber transition with an acceptable 
temperature range and thus possess the characteristic 
property required for the stress freezing process,
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D(b) PREPARATION OF CASTINGS;
The range of hot setting epoxy resins which have become available 
since 19 + 5 have proved to be superior to the other possible alternatives 
in so many respects that these are employed almost exclusively in the 
construction of both two and three dimensional photo-elastic models.
For the present tests it was decided to make use of a particular resin- 
hardener combination with which considerable experience had already been 
gained in the casting? machining and fabrication of large and complex 
models. The material? Araldite CT 200? is supplied in the form of a 
basic resin which is polymerised by the addition of phthalic anhydride. 
Initial mixing of the components is undertaken with both the resin and 
hardener in the liquid state? thereby providing the best conditions for 
the preparation of a homogeneous product with a minimum of entrained air.
•to
2, Mould Design
Curing of the resin takes place at elevated temperature. The 
polymerisation process continues after solidification of the mix and 
this is accompanied by a small reduction in volume. A considerably 
larger reduction in size is associated with the thermal contraction 
which occurs when the casting is cooled’ to room temperature? and it is 
usually not possible to guarantee the dimensions or optical quality of 
fine details. For this reason it has become established practice to 
machine the profile of all important components from relatively simple 
castings which have been poured in oversize metal moulds using Silicone 
oil or grease as a release agent.
In the case of the epicyclic gear models? twelve different moulds 
were used in preparing the castings. Details of these? including the 
identification of the various components? are given in Interim Report 
No. 1. (Ref. 2+0.)
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The majority of the moulds were manufactured from dural tubing with 
the bases being machined from dural sheet. Hie cylindrical shells of the 
annuluar gear and carrier ring moulds were made from mild steel sheet.
The moulds for the sun wheel, planets, central torque tube and annular 
gear were each provided with a removable core which could be withdrawn 
using a threaded extractor prior to cooling the castings In order to 
reduce costs the core of the annular gear mould was fabricated from 
laminations thick chipboard, which was subsequently sealed by applying 
several coats of cold setting Araldite resin.
To ensure satisfactory penetration of the release agent the moulds 
were subjected to a series of short annealing cycles after the surfaces 
had been treated with either Silicone oil or grease. On final assembly 
before casting,the mould joints were sealed with a mixture of Kaolin and 
Eeleasil grease.
3. Casting Procedure
To minimise variations in the mechanical and optical properties of 
the individual components a standard procedure was adopted for the 
preparation of the castings. All of the resin required for these tests 
was taken from the same batch and close control was maintained over ‘the 
proportions of the mix which comprised eighty parts of resin to twenty 
parts of hardener by weight. A consistent time and temperature history 
was ensured by using a programmed oven for both the casting and 
subsequent annealing processes.
.The casting procedure was as follows;
1. The hardener and. resin were melted separately"’at
temperatures of li|0°C and 120°C respectively, mixed, 
and stirred thoroughly.
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2. The mix was filtered and returned to the oven to allow 
entrained air to escape.
3. The mix was poured into pre-heated moulds which were 
allowed to stand outside the,oven until the mix 
temperature had fallen to between 110 and ll5°C.
+. 1 The moulds were then returned to the oven and the
resin was allowedi to set and'cure for 1 6  hours at 
110°C.
5* The outer shells of the moulds were dismantled and 
the oven temperature raised to 1 +0°G.
6 . • The cores were extracted andrfhe castings cooled
slowly to room temperature at 2jr°C per hour.
The maximum amount of Araldite which could be poured at one time 
was limited by the available oven space to about +5 lb and successive 
casting cycles were required to complete sufficient mouldings for the 
assembly of two similar models. To avoid delays in the event of an 
accident during the subsequent machining operations? -spare castings 
were provided for the sun wheel? two planets and an annulus gear ring. 
The total weight of Araldite and Hardener used was just over 300 lb.
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It was only possible to accommodate sufficient castings for one 
model in the largest available oven and four complete annealing cycle 
had to be performed in order to subject each casting to two separate 
annealing cycles. The thermal cycle used in each case consisted of 
the following sequence;
1. The oven temperature was raised from 60°C to lI}.0oC 
at 2§-°C per hour.
2. The temperature was maintained at lls.O°C for four hours.
3. The temperature was reduced at 2f0G per hour to ambient.
b . Annealing Of The C astings
The two identical three dimensional epicyclic gear models were 
manufactured from the Araldite CT 200 castings? prepared as stated 
in the previous section? using conventional unmodified machine tools.
The personnel concerned with the machining were provided with 
recommended cutting speeds? feeds? and tool profiles from experience 
gained by other users of the material before any work commenced. The 
recommendations in general were based on the need for high cutting 
speeds? adequate coolant and negative? or at least zero rake on the 
cutting tools.
During early stages of manufacture? it was apparent that machine
V,
operators had to become personally accustomed to the characteristics 
of the material and recommended procedures were occasionally disregarded. 
The material was either cut as a metal would, be? or as previous experience 
had shown other plastics should be machined. Hie Araldite was in 
consequence overstained as a direct result of high cutting feeds.
Problems were also encountered with clamping techniques which in some 
instances had to be modified to minimd.se the local pressures on the 
components which again would have produced excessive strains in the 
models.
The majority of components were turned on production lathes and 
once initial problems had been resolved? no difficulties were encountered. 
Sections from 18 inch diameter down to 0*12 inch thick wall section 
were handled successfully. Negative rake tools were not found to be 
necessary. Gear cutting of helical and spur teeth? both external and 
internal in form was done on production gear hobbing and shaping 
machines.
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D(c) MANUFACTURE OF MODELS:
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Apart from adopting higher cutting speeds than those used on metal gears, 
no modifications to the hobs or cutters was made or found to be necessary. 
The surface finish on the teeth was excellent and apart from slight 
chipping at the ends of the teeth, at the point of cutter run out, 
the operation was trouble-free. Nevertheless, great care was taken 
by the operators concerned at this stage and close attention was paid 
to coolant flow and cutter feed.
Drilling operations on the models were again successfully done 
with standard drills but? in this field par-ticularly?initial problems 
were encountered with high speeds. Tapped holes were produced by 
hand with standard machine shop tools.
The manufacture of the ,Araldite bolts, necessary for the test 
assembly of the model, presented great difficulty. Despite many 
variations in cutting techniques, fracture of the bolt during the 
thread cutting operation occurred regularly. Alternative means of 
producing the bolt components were therefore adopted. This involved 
the development of a new technique in which the bolts were cast using 
room temperature curing Araldite and silicon rubber moulds. With the 
correct curing schedule, this process was found to produce entirely 
satisfactory results.
Figure D2 shows the full set of components for a single model 
prior to assembly and Figure D3 shows the completed gear assembly.
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Introduction
With the very small torques which would be involved in the stres 
freezing cycles, it was felt to be vitally important that the amount 
lost in overcoming friction be reduced to an absolute minimum. In 
order to determine a procedure by which this could be achieved and 
indeed to understand more fully the friction behaviour of Araldite 
CT 2.00 surfaces a series of subsidiary tests were carried out prior 
to final design of the model.
" • These tests were carried out using the standard inclined plane 
procedure to determine:
(a) The static co-efficient of friction (that at 
the point where sliding commences) and
(b) The sliding co-efficient (that which prevails 
when sliding is maintained, at a uniform rate).
Te st Re suits
As seems usual with friction tests of any type, the results were 
somewhat erratic and extreme care was necessary in cleaning of the 
mating surfaces with acetone prior to each test as the presence of 
even small, amounts of foreign material was sufficient to produce 
considerable variation of results.
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D(d) FRICTION TESTS;
Probably the most alarming result obtained was the very considerable 
increase in friction co-efficient (p.) at the elevated stress freezing 
temperature? (125°C). Typical values for two mating CT 200 surfaces were
Static p Sliding jj_
Room Temperature 0 • 2 - 0 * 5 0 • 2 - 0 • 3
1 2 5 °C 0*6-- 0*8 0*6
NB. These results compare quite favourably with those of limited tests
carried out by Ollerton and Haynes? (Ref. 2+8)? at Nottingham
University? e.g. static p = 0*3 at room temperature and 0*63 at
the stress freezing temperature.
It would? therefore? appear that the problem is indeed quite 
formidable at the elevated temperatures required for stress freezing. 
Further tests were therefore initiated in order to achieve a reduction 
in these values by some means.
As prime interest was in the rotation of the planetary gears on 
their spindles the possibility of P.T.F.E. or 'Rulon1 (filled P.T.F.E.) 
bearings was considered.
Tests with Araldite on P.T.F.E. and Araldite on Rulon were therefore 
carried out. In each case? the p values were reduced? marginally for 
Rulon and by up to 30$ for P.T.F.E. at. both room temperature and 125°C.
Since the first torque loading cycle required immersion of the 
model in a tank of fluid whose density approaches that of Araldite (to 
overcome body-weight effects) the effect of various immersion fluids 
was next considered.
Shell Voluta +6 oil was found to increase the p values still further 
from those originally quoted by between 37 and +7$? both for Araldite on 
Araldite and Araldite on P.T.F.E. Glycerine proved to be marginally 
better.
-  103 -
Hie presence of silicone release agent produced a. slight reduction in 
values at room temperature, but had no noticable effect at the elevated 
temperature, particularly when in the presence of immersion fluids.
The apparent advantage of P.T.F.E. having been outweighed by the 
increase in values due to the immersion fluids further work was obviously 
required in order to reduce friction to an acceptable level. A very low 
amplitude, high frequency, (l Kc/s) vibration was therefore applied to 
the rig and this reduced the Araldite on Araldite p values by up to 100%,
i.e. reduced the elevated temperature values to very nearly those at room 
temperature. (The same advantage was not obtained with .Araldite 011 P.T.F* 
values, reductions there being of the order of 50%.) It was felt that thi 
•was probably the best result which could be achieved and it was therefore 
decided that the proposed Araldite planet on Araldite spindle be retained, 
the model being vibrated at intervals throughout the stress freezing cycle 
with low amplitude, high frequency vibration.
Further Information Obtained During The Tests
The friction co-efficients were found to depend 011s
(a) Surface finish.
(b) Pressure between the surfaces.
(c ) Temperatur e .
(a) Surface Finish
The Araldite surfaces used throughout these tests were as machined 
producing a mean centre-line average value of 1+5 pin. This compared 
with the ground surface values of Haines and Ollertoh of 35 pin.
Variations in the quality of the surface finish obviously 
contributes to the scatter in the results previously mentioned.
(b) Pressure
Haines and Ollerton showed that y values were dependent on the 
pressure between the surfaces. They worked on relatively high pressures 
of between 5 and 80 lbf/in2 to achieve their results showing a variation 
of up to 20$ on y values across this range. The tests reported here were 
carried out at pressures below 1  lbf/in2 to approach the value expected 
when the model is immersed and the friction values should therefore be 
increased for higher pressure conditions? e.g. at tooth contact.
. A
(c) Temperature
It has been shown that y values increase with temperature and limited 
tests prove that above 125°C the values rose further. Especially at high 
temperature there is also a danger of 'cold welding*. This is a fusion 
process similar to that which occurs when two aluminium surfaces are placed 
together and subjected only to pressure. It is felt that the introduction 
of vibration as previously suggested should help to obviate this effect.
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The beneficial effects of introducing a residual compressive stress 
layer in the surface of a component subjected to fatigue conditions are 
well known. The method chosen for the introduction of the residual 
stresses in the gears in question is nitriding, for the following reasons:
1. No troubles arise from distortion or quenching 
cracks as are often experienced with other forms 
of surface-hardening,
2. The hardness is largely retained up to the temperature 
at which the nitriding process is carried out. Thus 
any local over-heating caused by a temporary fault in 
lubrication is less likely to cause seizing or scuffing 
than would be the case with surface-hardened materials.
3. The increased hardness achieved at the surface reduces 
gradually as the case merges with the core, see figure 
D#. There is no sudden fall-off in hardness producing 
a distinct case-core junction as with carburising. The 
nitriding process is generally carried out on low-alloy 
steels containing one or more of the following alloys: 
Aluminium, Chromium, Molybdenum and Vanadium, It is felt 
by the sponsor fiim that Aluminium-bearing steels could 
lead to cracking or spalling owing to the high surface 
hardness and relatively shallow case and are thus unsuitable 
for gearing applications. The preferred steels containing
*
particular amounts of the other three ^ .alloying elements 
produce adequate surface hardness with a gradual, transition 
In hardness from case to core* A very thin'and relatively 
soft surface film or "white layer" is additionally produced 
with the chosen steels and this is not removed.
D(e) RESIDUAL STRESSES AND THE NITRIDED LAYER:
3. This layer is thought to be in no way harmful and is 
Cont.
believed to assist the initial running-in of the gear.
+. During the nitriding process the ammonium gas dissociates 
to produce atomic nitrogen which then diffuses into the 
steel to form alloy nitrides. These nitrides are stable 
and produce a hard case without the need for further 
treatment. There is a slight increase in size associated 
with the process? but<it is a uniform expansion and one 
which can be allowed for in machining. For all practical 
purposes? distortion is negligible. Subsequent grinding 
operations are? therefore? not essential and the possibility 
of post-hardening grinding cracks is eliminated.
The nitriding process used is as follows:
The components are machined in the hardened and tempered condition 
prior to nitriding. They are thoroughly cleaned and de-greased and 
placed in a container which is both heat-resistant and resistant to the 
action of ammonia gas. Free circulation of the gas is ensured and the 
cover placed in position with a gas-tight seal. The sealed container? 
which is provided with inlet and outlet pipes for the ammonia gas? is 
then raised to a temperature between 500° and 5l0°C the gas being 
circulated throughout the treatment. The depth of case achieved depends 
on the period of nitriding which for most components lies in the range 
50 - 100 hours. At the end of this period the work is allowed to cool 
within the container whilst maintaining the circulation of ammonia until 
the. temper a t m 1 e has reached approximately 80°C at which time the cover 
is removed.
Any parts of the components which do not require nitriding are 
coated with a protective paint prior to the nitriding treatment. The 
bores of the planet wheels are polished by honing as a final operation.
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With plain carbon steels the nitriding process produces a distinct 
case-core junction and the formation of a brittle white layer of iron 
nitride at the surface. With nitriding steels containing alloying 
elements such as Aluminium, Chromium. Molybdenum? etc,? alloy nitrides 
are formed and these precipitate out as needles within the original 
matrix. (Some iron nitride is again produced to give the white layer, 
but this can be controlled to within very small proportions.) The effect 
of the precipitation is to produce an increase in volume at the outer 
layers and hence result in compressive stresses in the case balanced by 
tensile forces in the core. There is no longer a definite case-core 
junction since? particularly with the type of steel used at the sponsor 
company? the hardness-depth curve? figure Dlj. ? is almost flat. The 
effective case depth is taken as the point at which the hardness has 
reduced to 650 Vickers? i.e. approximately 0* 0 10 - 0 * 0 12 in? depending 
on the nitriding schedule. As stated above no post-nitriding treatment 
is necessary.
RESIDUAL STRESS SIMULATION:
It will be evident that the residual stress layer produced by 
nitriding has a significant effect on the stress distribution in the 
loaded component and on the resulting strength of the design, The 
photoelastic tests on models of uniform modulus throughout m i l  not? 
therefore? fully represent the total stress conditions present.
i
Additional tests are necessary if some effort is to be made to assess 
the significance of the nitrided layer and two proposals were put 
forward..
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(a) The information available on the distribution of stress
through nitrided layers is very limited and in most cases 
achieved with suspect technique.
It was, therefore, felt advisable that a serious attempt 
be made to achieve an accurate stress distribution through ' 
a typical nitrided layer using the X-ray technique which 
was believed to be the most accurate technique available.
(Even today the results of different methods show very 
wide discrepancies.)
It was suggested by the author that the sponsor company 
approach Dr. D. Kirk of the Lanchester Polytechnic who 
was known to have had some experience with residual stress 
X-ray analysis of carburised'gears. Owing to the difficulties 
involved in working on curved surfaces the required work was 
carried out on a rectangular specimen, full details of the 
work being given in an Internal, report to ¥. H. Alien, Sons 
and Co. Ltd. The results are summarised, however, in figure Bp 
and the following comments are offered as relevant;
1. The size of block used in the tests was chosen to 
simulate the quencliing rates of small gear teeth.
" 2, The results obtained are not intended to accurately
establish the residual stress variation in gear teeth, 
this being influenced by the gear profile, but merely 
to establish a reliable trend.
23. The maximum compressive residual stress of 120 000 lb/In 
occurs at a depth of approximately 0-018 in. This latter 
value is larger than the expected, and normally quoted, 
figure of 0 * 0 12 - 0 * 0 1 5 is, but it is interesting to note 
that it compares very favourably with the depth of crack
• . -  1 1 0  -

3. branching, (and possible initiation) shown on figures A6 
Cont.
and A7 • This would seem to indicate that the residual 
stresses may play a significant role In the development 
of sub-surface fatigue.
The maximum compressive stress value quoted above would
be associated with a maximum residual shear of 60 000 
2
lb/in . This is practically identical to the quoted 
yield shear .value for the material used (Gk 3) without 
any applied load. This raises the question of the 
suitability of the material for the application in 
question. In this respect it is important to note 
that the higher the mechanical properties of the steel 
used, the less chance there is of local plastic deformation 
to accommodate the high local contact stresses.
5* The variation of Young’s modulus value through the case 
may well have a significant effect on the values quoted, 
e.g. similar carburised specimen tests show a l£>% change. 
The fundamental shape of stress variation will not change, 
however.
6 . Accuracy of results would probably be improved with a 60° 
rosette X-ray analysis and the effect of cutting out of 
teeth from a gear body with strain gauges attached to 
record body relaxation could well be a useful additional 
test to determine whether single tooth results are 
representative.
7. It is extremely likely that, by the nature of the tests 
used, the graph shown is one of average stresses achieved 
over fairly large "gauge lengths”, i.e. on a macroscopic 
level.
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7* At a microscopic level there are probably superimposed 
Cont.
variations due to local stress concentrations set up 
by the shape of the nitride crystals themselves, which 
are essentially rather sharp, spiky items. It is further 
likely that this effect is greatest afyor near, the case- 
core junction where relatively fewer of these concentrations 
exist, each therefore having a greater stress concentration 
effect. This would result in significantly higher stresses 
than expected in this region and, at least partly, contribute 
to the initiation of yield sub-surface as discussed on page
8. The X-ray technique measures the crystal lattice deformation 
in thet predominate phase of a material at, or very near to, 
the surface. When more than one phase exists, as in the 
nitrided layer, difficulties, arise and no technique has 
yet been developed to obtain the strain in several phases 
simultaneously. The strain recorded in the predominate 
phase is therefore taken as the average strain.
Further difficulties arise due to the variation of Young's 
modulus value in the various phases. For the purposes of 
evaluation of the results recorded here, Dr. Kirk estimates 
the elastic moduli from a knowledge of the phases and their 
proportions within the case. This is a further source of 
possible inaccuracy.
(b) Having noted the mechanism of the nitriding process it' was
realised that a similar phenomenon exists in photoelasticity.
This is the so-called ntime-edgen effect which is usually 
regarded as one of the largest detrimental effects of photo­
elastic model materials. It is an effect produced when model 
materials absorb moisture from the atmosphere into their 
boundaries producing an increase in volume and hence a
-  113 -


(b) compressive residual stress system at the surface. This is 
Cont.
normally overcome by storing models in an oven at 60° ~ 70°C 
since a completely stress-free model is desirable prior to 
loading. Since both systems involve diffusion and expansion 
processes? it was decided in this case to deliberately introduce 
time-edge effect into sheets of photoelastic material by allowing 
them to absorb moisture from the atmosphere, The slides of the 
plates were covered in an attempt to restrict moisture ingress 
through the edge only and not the face of the plate. Photo­
elastic observations were then taken to determine the stress 
distribution throughout the depth in the hope that it would be 
similar to that previously shown to exist in nitrided layers.
In the case of the nitrided layer it is not the nitrogen 
itself which causes the increase in volume since this 
would simply take up an interstitial position in the 
material matrix if it did not react as previously stated.
I't is the chemical change producing the alloy nitrides 
which gives the volume change. In the photoelastic, material 
there is no such chemical change? simply an absorption of 
moisture into the outer layer. The two processes are not? 
therefore? identical but there would seem to be such a 
close similarity that further investigation was deemed 
advisable.
Figure 1)6 shows a graph of fringe order? and hence stress? with depth 
due to time-edge effects in a flat plate after periods of three and five days-
From the limited information available on residual stress variations 
in nitrided layers the general trend of variation with depth would appear
^ p
to be of the form shown in figure 137 with typical Qqriax values of +0 000 lbf/in 
to 1+0 000 lbf/in2 . Figure .137 is for a steel of similar composition to the 
steel used by the sponsor company.
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the form hoped for. It was anticipated that the X-ray results would allow *
*calibration of these curves in terms of the stress distribution in the 
nitrided layer. Similar graphs could then be produced for the gear models 
under test by deliberately allowing Mtime-edgen to occur in the slices after * 
all useful results have been extracted or in equivalent two-dimensional models. 
These results would then take into account the true form of the gear, (i.e.- »
not a simple flat surface), and could be superimposed on the results of the 
conventional tests to establish an accurate picture of stress distribution 
in the nitrided gears.
The fr in g e  order r e s u l t s  would, th e re fo re , seem to  fo llow  approxim ately
m
Unfortunately it will be seen from figure D 5 'that the results which were*
*produced later by Dr. Kirk indicate a significantly different stress distri­
bution than that previously assumed. Other efforts were made to reproduce . 
photoelastically, Dr. Kirk's results, but these were not successful, and this * 
aspect of the work was discontinued.
Alternative approaches:
1. The hardness variation of figure D# shows a marked similarity 
to the expected residual stress variation of figure D7 • Some 
relationship between the two quantities is, therefore, suggested. 
An extensive literature survey produced a similar suggestion, in 
part substantiated by Oppe^and other workers, (ref 238 to 2# 2) .
Oppel working with a knoop diamond hardness tester shows that 
the two principal stresses at any point are given by:
2l = |  ffiHi + AH 2 + -| [AH, - AHzJ
and
a? _ a 
E* “ 2 AH] + AH?]  - |  [ aH2 -  aH2J
where AH = H - I-I0
H
and H = Hardness at stressed condition.
H ~ Unstressed hardness,
1. Suffices 1 and 2 denote the principal stress directions and 
Cont.
those in which the diamond indentation was made.
It follows, therefore, that if the X-ray analysis were extended 
to produce a graph of results normal to the first set, a simple 
programme could he evolved to check the validity of Oppels work 
in more exacting conditions, in the hope that bi-axial hardness 
measurements on the gears could be used to estimate the residual 
stress variation therein.
Also commenting on the effect of strain on surface hardness, 
Sines and Carlson/^ 0 )  discuss the results of Kokubo who shelved 
that applied tensile stress, in ,general, produces considerably 
reduced surface hardness whilst applied compressive stress 
produces no effect or slight increases in hardness.
They suggest that this behaviour could xvell. lead to a new 
technique for residual stress measurement where external loads 
are applied to a part whilst hardness measurements are taken.
A state will eventually be reached where the applied stress 
exactly nullifies the residual stress and a transition will 
occur in the hardness measurements. This transition will be 
of two different forms depending on whether the residual 
stresses are tensile or compressive. If they are compressive, 
an applied compressive stress will show little effect as will 
a tensile stress as long as the nett stress is compressive. 
Immediately the tensile applied stress exceeds the compressive 
residuals, however, the material will appear significantly 
softer. Alternatively, if the metal, appears to increase in 
hardness, albeit marginally, as the applied compressive stress 
is increased the nett stress, i.e. the sum of the applied and 
residual stresses, must still be tensile. Mien an applied 
compressive stress is reached which gives no further increase 
in hardness the nett stress must have become compressive.
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1. The residual stress in each case is equal to the applied stress 
Cont.
which has produced transition.
Whilst the method is not easily applicable to gear teeth? it is 
certainly leasable for standard calibration specimens? e.g. 
rectangular bars? which can be nitrided under similar conditions 
to the gears. The results should be at least as accurate as the 
X-ray diffraction results quoted earlier? particularly if the 
sensitivity of the hardness measurements is increased as suggested 
by Blain^238^ .
The measurements consist of finding the smallest load on a 10 mm 
ball which will cause permanent deformation as ascertained 
visually by., observing the reflection of light on the polished 
specimen surface. The variation in hardness with applied stress 
of only a few per cent as measured by Rockwell and Brinell. hardness 
testers changes to about +00 per cent using this modified procedure 
Blain applied the process to studies of applied bi-axial stresses? 
but there is no reason to suppose that it would not be equa!3.y 
effective with uniaxial stress conditions.
Other methods of using hardness measurements for residual stress 
evaluation have been proposed but they have not been introduced 
since they either use destructive m e t h o d s o r  require too 
highly refined techniques^2^ ^ . It is evident? therefore? that 
the above method should be fully developed as it represents the 
only non-destructive method other than X-ray diffraction? the 
latter having numerous limitations.
-  1 1 9  -

-  1 2 1  -
E. E Q U I P M E N T
Stress-freezing of the models was carried out in a large stress- 
freezing oven which required some modification in order to incorporate 
the spinning device necessary for the rotational test of the second 
model. The speed of rotation of this model was controlled within 
+0 *5% by a special speed controller designed and manufactured by 
W. H. Allen Co. Ltd. at Bedford.
Details of the equipment used to slice the models is given on 
page 138. Manufacture of the models is likewise considered on pages 
98 and 300.
Slices from the three-dimensional models were mounted in a Jessop- 
Leech oblique incidence device immersed in a tank of fluid, the refractive 
index of which was identical to that of the model material. The 
constituents of the immersion fluid are "Arcelor" (chlorinated diphenyl) 
and liquid paraffin in proportions of approximately 3 to 1. The complete 
unit was then mounted in a Sharpies 15 in diffused light polariscope 
using both monochromatic sodium and white, light illumination, figure El .
Initially readings were taken with the aid of a vernier telescope, 
but in order to obtain increased magnification a Zeiss Stereomicroscope 
was later adapted onto the post of the vernier telescope as,shown in 
figure E2 . Magnifications of up to lOOx were then obtainable.
In order to plot the Isoclinics, a Sharpies f-% in transmission 
po3.ariscope, fitted with a tracing screen, was used.
Two-dimensional tests were carried out using a specially designed 
rig which incorporates the facility for applying different proportions 
of tangential and normal load at the contact point, see figure S3
The equipment used fo r  the t e s t  programme was as fo llow s;
- 122 -
Figure E. 1. "Sharpies 15 in diffused light 
polariscope".
Figure E.2. "Zeiss stereo microscope 
head adapted for measurements in the 
polariscope".
Figure E.3. "Initial two-dimensional 
test loading frame and model".
S e c h o n  F
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Fn MODEL NO. 1. T O R Q U E  L O A D I N G  O N L Y
F(a) PRELIMINARY CALCULATIONS FOR MODEL NO. 1 
USING'¥T II. ALLEN DESIGN “PROCEDURES:
BASIC DATA;
Tooth Particulars
Sun Planet Annulus■WWOTMt
21 20 ’ 63
+•8+97 + *6188 1 + * 5+92
22*5° 22*5° 22*5°
ooeft 30°
ooeft
5 ft, 5 5
2-00 2-00 1*375
i-5 o 1*50 0*8?5
Number Of Teeth 
P.C.D. (inches)
Pressure Angle 
Helix Angle 
Normal D.P.
Root Facewidth (inches) 
Tip Fac ewidth (inche s)
TORQUE LOADING CALCULATIONS:
The torque to be applied to the gear and hence the loads on the 
teeth? was selected to give the minimum number of fringes in the sun 
and planet gear teeth consistent with adequate data for analysis. On 
this basis? the load on the teeth was fixed at 2 lb/inch of contact,
From BP 809800 (Fig. FI.)
Minimum length of lines of contact
F
2 * 1 inches/helix
Now Ft Sec a- Sec \bn
Where F^ „ = Tangential Tooth Load On Two Helices
F = Normal Tooth Load On Two Helices
*. ..kJfe. U. - '
= -N orm al P r e s s u r e  A n g le
F t  = 6 -7 2  l b
T o rq u e  To Be A p p l ie d  To Sun W heel
T = |  x  Ft  x  P .C .D . = 1+8*8 l b / i n
F o r  BP 809692  T o rq u e  Tube
J  = P o l a r  M oment Of I n e r t i a  ~ 0*331+ i n 4
ffs = 4 B  =
a s s u m in g  t h a t  t o r q u e  i s  a p p l i e d  
t o  b o t h  e n d s  o f  t h e  tu b e  e q u a l l y .
T o r s i o n a l  d e f l e c t i o n  o f  t h e  t u b e  w i l l  b e  e s t i m a t e d  b y  a s s u m in g  t h e  
t o o t h e d  s e c t i o n s  a r e  r i g i d ,  a n d  t h a t  d e f l e c t i o n  o c c u r s  o v e r  a  l e n g t h  o f  
2*63  i n c h e s .
'  T I
8 ■ h
T a k in g  G a s  0  • 81+5 x  1 0 3 l b / i n 2 
0 = 13°
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cf = H elix  Angle
GEAR TOOTH STRESSES:
Surface Stresses
Helical teeth in mesh are equivalent to two conic frustra in contact. 
Solution of the Hertzian equations may be made with sufficient accuracy by- 
adopting the formulae for two cylinders, normally loaded..
where
where
c
pr
E
*]
Rf
0 * 1 0 - 8 P 1 E
127 -
Rq + R2'
Rq R 2
. 2Maximum Compressive Stress At Surface lb/in 
Load/inch Of Line Of Contact
Modulus Of Elasticity. (Similar Materials Assumed
For Both Cylinders.)
Radii of curvature of the contacting cylinders.
For, the gear teeth the convention adopted is to 
determine the radius of curvature of the tooth 
profile at the pitch point of engagement. If 
desired the radius can be caluclated at any 
point on the profile.
69 *!| l b / i n 2 Sun Wheel/Planet Mesh
6l *0 lb/in* Planet/Annulus Mesh
Tmax 0-30 a
20-8 lb/in2
l 8 *li lb/in*
Sun Wheel/Planet Mesh
Planet/Annulus Mesh
max
Maximum And Surface Shear Stress
3*0# r (
R1 R2 > 
E \,Rq + R 2
0*039 inches Sun Wheel/Planet Mesh
Q ‘ 077 inches Planet/Annulus Mesh
Length Of Contact Area Semi-Axis
1 2 8  --
Bending S tre sses
The gear tooth is treated as a short cantilever beam. The root bending
stress is calculated for the tensile fillet.on the assumption that a section
of teeth may be treated as a lamina-with, the load applied at the point of
tip contact. This is the worst possible condition. The formula given below
( 90) and modified by B, W, Kelley and
R. P e d e r s e n a s  described on page 37 ; see figure B 8 « The formula is
.(195)
was originally derived by R„ B. Heywood 
(121)
also quoted in Roark
ab
W
t 1 + 0*26 *1
1 * 5  a sin 3 0-+5
TbSJ?
Tooth Bending Stresses
Sun Wheel 
Planet With Sun 
Planet With Annulus
29 lb/in2 
29-2 lb/in2 
)i8-8 lb/in2
2Assuming a material fringe value f of 1*+ lb/in /fringe/in
2it follows that 1+ lb/in are required to produce each fringe, in 
a slice 0 * 1 in thick.
From the stress values quoted above? an estimate of the approximate 
maximum fringe orders at contact and at the root fillets can be obtained,
2e.g. Maximum shear stress = 20*8 lb /in
~ 1 * 5  fringes for the sun wheel/planet 
v mesh.
Maximum tooth root bending stresses:
Sun Wheel 
Planet With Sun 
Planet With Annulut
29 lb/in 
29*2 ,lb/in£ 
+8* +
2
2 fringes. 
2 fringes. 
3 * 5 fringes.
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(i) Applied Loads
The torque to he applied to the model during the stress- 
freezing cycle was determined on the basis of a tooth load 
of 2 lb/inch of contact to be #8*8 lb in (see page 126 ).
A suitable pulley system was therefore arranged to introduce 
half the above .torque at each end of the model. Figure F2 
shows the practical arrangement of the system.
Since, during the stress-freezing cycle, the model and loading 
weights are immersed in oil of density comparable to that of
Araldite -GT 200 (i.e. that of the model) in order to obviate
stresses induced by self-weight of the model, preliminary 
tests were carried out to establish the buoyancy effect on 
the weights. The factor to be- allowed for weight submersion 
was determined to be 0 *8 7 1 .
Thus, with a pulley diameter of 2*875 ins
T = 2¥ x 2-875 x 0*871 = # 8-8 lb in
w •
(ii) Torque Tube Stress Levels
In order to eliminate torsional wind-up occurring in the
model, i.e. more torque, and hence twist, at one end than
the other, it was decided that half the torque should be 
introduced at each end of the splined torque tube
(b) LOADING OF THE MODEL %
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Thus torque to be introduced at each end 
J  x 1+8*8 = 2l+*i+ lb in.
, Hie torque tube dimensions are;
Wall Thickness - 0*12-3 in.
Inside Diameter = 1*379 in.
Outside Diameter = 1*625 in.
-  132 -
 8 x 214.* 1+
if x i fi x~8*58
~ 2-L§B fringes
The extreme fibre stress is given by:
az(j>
16 T Dn ^ 16 x  21+*1+ x 1*625 
ir ti (8*58 x 0 *78)
60 *3 lb/in2
(iii) Torque Tube Twist - Preliminary Calculations To Assess The
Likely Angle Of Twist Of The Torque Tube
0ijy
Twist of torque tube = -j-g^  radians
Surface shear strain <f> = ~g~ x
2Now c; = 6 0 * 3  lb/in25Cf>
G • °z<b m_ 60*3 x 360 x £<j> tt x D e T o
Assuming E = 3 000 lb/in2 and v = 0*88
E 3 000
G “ T j r r v j  -  T T T f f E
= 1  0 1 3 lb/in2
60*3 x 360 x. 2*75 r*>
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The torque, tube was used to achieve the necessary calibration of 
material properties as follows;
From the previous theory;
F(c) CALIBRATION;
16 T D __ o
max 'ix ~(pT^' - D.^ ") o i
(1)
and n -= -     - - (2)
„ f (Do + D . O
16 T d>o2 “ 0 )
ir (D  ^ -  eY ) 2 fO X
16 _T = 2 nf
TT (D Ll~- D.^) (B 2 “ D.2)O 1 O X
2 nf D0
• ’ • =  7— 2— r S T  D °  “  T T ? - T 5 T  ( n i +  n 2 )  f' max (D - D. ) (D - D. )' o x o x
Where n-j and n2 are the fringe orders through the thickness of the 
tube on either side.
By measurement; nq = 8*02 tq 0*123 in
n2  = 8*22. t 2 f= 0 * 1 2 5  in 0 = 10*2
' I). = 1*377 in B0 = 1 * 6 2 5  in
(8*02 + 8 -22) x  2*397 
^max l '3 7 7 r r r :^ -  1 * 3771
f ' ‘ '
~ 3#*6 fringes/in
Thus? in order to establish an approximate idea of the absolute 
value of the maximum stress in the torque tube? it is necessary to 
assume a value for Jf'? the "material fringe value" of the Araldite 
model material. From experience this can be estimated to within at 
least 1 0$ accuracy.
2Assuming f = !•+ lb/in /fringe/in
a A = + 8 -+ lb/in2Z(j>
-  13+ -
,T ^ z (j) G8 / \
Now R = T   3^)
G
a , x  360  x  £
 _ _ _
rr x  D x  9 o
A ls o ;  E = 2G (1  + v)
= 920 x  2 ( l* + 8 )
-  2 720  l b / i n 2
The e s t i m a t e d  a n g le  o f  t w i s t  o f  t h e  t o r q u e  tu b e  u n d e r  s t r e s s -  
f r e e z i n g  c o n d i t i o n s  w as 3 .1*5° b a s e d  o n  m a t e r i a l  p r o p e r t i e s  o f
E = 3 0 0 0  l b / i n 2 a n d  G . = 1  013  l b / i n 2
Measuring the relative rotation of the splines on the torque tube 
at the centre and the ends after stress-freezing showed the actual 
angle of twist achieved to be 10*2°. A satisfactory introduction 
of 'torque into the system was thus indicated? i.e. friction losses 
did not seem to be severe.
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F(d) EVALUATION OF TORQUE AND MATERIAL CONSTANTS IN TERMS OF 
THE "NOMINAL STRESS" IN THE' TORQUE TUBE;
The E and G values calculated above are obviously dependent on the 
value of f chosen and are included merely to indicate the likely order 
of each quantity. The assumption of an *f5 value was necessary since it 
proved impossible to evaluate f directly. Additional tests carried out 
on samples cut from the model would not have yielded reliable results 
since;
(a) the mode], would have aged by virtue of its storage 
at elevated temperature since the stress-freezing 
cycle was carried out? and
(b) a further stress-freezing cycle required to stress 
a calibration piece removed from the model would 
alter the material properties and hence the f value.
However? it is possible to express all loads? torques and material
constants in terms of the nominal stress, i.e. the maximum stress in the
outside surface of the torque tube? a ? and hence to obtain a realistic^ 5 nonr
and accurate comparison of torque input and measured torque.
a = a nom z <pmax
The applied torques? nominal stresses and elastic constants are 
first, expressed in terms cf the unknown material fringe value j.’ thus
$max
T"""“
2 D0 n Equation (1) Page 133
it  (»o2 + m 2) from Equation (2) Page j 33
r 3Iiax 
“f " R9 from Equation (3) Page 134
2 D n  2%o
+ djTTDo -n q y  x dg e
8 nL
(d0 + q 7 T n 0 - Dil~ e
A ls o ,  s i n c e  E = 2G ( 1  + v )
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In order to obtain an acceptable estimate of the elastic constants 
an accurate value of the rotation 0 is required. The experimental value 
of 1 0 *2° mentioned previously was thus checked by measuring the deflection 
produced, on annealing the tube, between datum marks scribed on a 2 in 
gauge length in the uniform part of the tube. The rotation over the gauge 
length was found to be 0*0681 radians. (This is in fact identical with 
the 1 0 *2° previously obtained for % ~ 2 * 7 5 in.)
With D0 = 1*625 in, Dp = 1* 3 7 7  in and mean n = 8*12, the above 
equations become:
uz$ = 38*5 fringes/in 
f
T 2j  - 1 8 * 8  fringe in
~  = 6 8 0  fringes/in
anG ~  = 2 020 fringes/in
assuming v = 0 * 8 8  for the Araldite material, an assumption which, in 
most cases, on past experience, can be shown to be valid within y 2%.
Also, since
etc.
azd> = 2 D nYmax °
f iD0" r D D i y  - 5jj
2 D0 n
a 2 D0 nnom ■ °
0-0282 in/fringe 
f = 0-0282 a .nom
It is thus possible to evaluate all loads, torques, elastic constant
, in terms of a using the above relationships,
9 nom. -
e.g. The torque in the torque tube is given by
T « .18*8 f
«= 18*8 X 0-028 Cfnom
Total torque = 2 x 18 * 8 x 0-02 8 a^ nom
= 0 * 8l8 onom
This is the actual value of torque applied to the sun wheel and 
should equate to the torque obtained from fringe order measurements.
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F(e) SLICING OF THREE-DIMENSIONAL EPICYCLIC GEAR MODEL:
(i) Introduction
In investigating the contact conditions between mating gears 
or examining the stress concentrations in the fillet root radius, 
it is important to make optical measurements close to the surface 
of the gear tooth, and it is this requirement which determined the 
slicing plan for the individual gears. It was decided to cut a 
set of parallel slices covering the full face width of the gear 
in the contact region and containing planes normal to the 
generating helix at the centre of the contact face. It follows 
that the contact face is not quite normal to the plane of the
‘‘ / *1 O \
slice for locations away from the datum plane. Monc.h and Roy J 
have examined the error introduced by this approximation and 
satisfactorily demonstrated that it is not significant for the 
relatively small face widths considered here, see (iv).
(ii) Slicing Of Planet
In order to confirm the uniformity of the loading in the 
axial direction it was decided to examine the stresses in both 
the left and right hand helices of one of the planets at the 
sun-planet contact. A number of methods involving cutting 
slices by hand using previously scribed marks were considered 
but these were abandoned in favour of the technique described 
here, which proved to be more suitable for dealing with the very 
large number of slices involved in this analysis. Details of the 
slices to be cut on the planet wheel contact and from other regions 
of potential stress concentration are shown in figure F3« The 
technique for performing the initial removal of the slices from 
a particular contact using a diamond impregnated slitting saw is 
illustrated in figure Fi|.
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(ii) The gear was mounted in a jig, bolted to a rotating table which 
Cont.
was in turn attached to the bed of a horizontal grinding machine. 
Accurate circumferential location of the contact position was 
ensured by reference to datum marks scribed on to the surface of 
the planet before removal of the complete gear assembly. Once in 
the correct position in the supporting jig the planet was secured 
by dowels inserted through suitable holes drilled in the ends of 
the jig. The jig incorporated datum faces from which a second 
datum at the centre' of the planet, shown in figure could he 
established.
The turntable was ^rotated through 30° to the axis of the 
grinding table to provide the correction for the helix angle of 
the gear and a series of slits were cut working inwards from the 
outer surface and using the graduated table traverses to determine 
the correct nominal position for each slit. The diamond wheel was 
run at 2 000 rev/m.in, the maximum speed of the spindle. To maintain 
reasonably parallel surfaces in the slices the depth of cut was 
'maintained below 0*010 inches, and slow table feeds were used. A 
copious supply of coolant was used throughout to ensure that the 
surface temperature of the slices was maintained at a sufficiently 
low level. The slices were removed by hand, again working from 
the outside of the helix. Before removal of each slice an accurate 
measurement was made of the distance from the jig datum to the outer 
surface. A subsequent measurement of the slice thickness provided 
sufficient information for the spatial position of the mid-plane to 
be. located accurately with respect to the gear datum, It was found 
that the thickness of slices cut by this procedure could not be 
guaranteed to an accuracy of better than +0*01” and that the 
acceptable fringe definition could only be obtained by fly cutting 
both surfaces of each slice using a single point diamond tipped 
tool.
(ii) Equal quantities of material were removed from each surface 
Cont.
thus maintaining the original position of the mid-plane of 
the slice. It should be noted that the problem, of high quality- 
fringe definition was particularly acute in view of the except­
ionally low fringe orders which were expected in the bulk of 
the slices from the gear models.
In identifying the datum plane, containing the sun and 
planet axes and passing through the centre of the original 
contact, it was necessary to undertake the initial marking 
out.of the gears in situ, within the fully assembled epicyclic 
gear. This is a relatively complicated procedure and a mistake 
in the marking out introduced a further delay as the error could 
not be detected until the first planet was sliced. A second 
planet was then set out and sliced successfully. A preliminary 
examination of these slices in a polariscope indicated that the 
isoclinic patterns were satisfactory, the maximum fringe orders . 
compared favourably with the expected values and the contact 
positions were well defined. The analysis proposed for these 
slices focussed attention upon the contact stresses, stress 
concentrations and loads applied to the gear tooth and no 
provision had been made for identifying the spatial position 
of the line of contact with respect to the original gear axis.
In discussion it was suggested that this was a parameter which 
appeared directly in helical gear calculations and would be of 
considerable interest and, further, that the quality of the fringe 
patterns would make possible accurate location of the line of 
contact through successive slices. A feasibility study of 
methods of re-locating datum marks on slices which had already 
been cut indicated that the time required to manufacture a 
suitable jig would be so great as to be impracticable. It was 
possible, however, to arrange for vertical and horizontal datum
-  181 -
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(ii) marks to be incorporated into the slicing procedure for future 
Cont.
gears at the expense of additional time for setting up, marking 
and machining operations. It was decided to introduce this 
procedure in slicing the sun wheel and to utilise observations 
on the corresponding set of slices in studying the sun-planet 
contact conditions.
(iii) Slicing Of Sun Wheel
Visual examination in a polariscope of slices cut from 
the planet indicated that a reasonably even distribution of 
tooth loads had been obtained between the left and right hand 
helices. In analysing the sun wheel contacts it was decided 
■to assess the uniformity of the circumferential load distribution 
by examining all three sun planet contacts on the right hand 
helix. To provide a measure of the accuracy with which tooth 
loads can be assessed, slices were also cut from the left hand 
helix at the contact of the planet which had been examined 
previously. The slicing plan for the sun is shorn in figure F5*. 
The procedure adopted for setting up, slicing and determining 
location of the mid-plane of each slice was exactly similar to 
that used in the case of the planets, with the correct 120° 
orientation between successive contact positions being maintained 
by use of suitable locating dowels. As before acceptable fringe 
definition was ensured at the edge of each slice by removing 
equal quantities of material from the surfaces using a single 
point diamond tipped fly cutter.
(iv) Errors Introduced By The Slicing Procedure
In helical gears the. general contact situation approximates
to that of two parallel cylinders with their axes parallel to
the line of contact and a common pe.rpendicular to the tooth 
flank,
103

Normal
Incidence
Oblique
Incidence
Principal Stresses In The Root Radius Of 
A Model Slice
(iv) In the centre of the tooth width the maximum stresses are 
Cont.
very nearly in the plane of the normal section. At an 
unloaded end face? however? the principal stresses must 
be in the plane of the face.
Thus? if the three-dimensional photoelastic model is 
cut into slices parallel to the normal section at the centre? 
examination of the slices will, not yield? directly? the 
principal stresses at all positions. It Is not possible to 
take plane sections in such a way that the tooth flanks are 
everywhere intersected at right angles, but the error remains 
very small.
Figure F6 represents a slice taken from the model? F 
being the free surface and S the cut surface. If the slice, 
is viewed in a photoelastic bench under normal observation?
I
i.e. along the chain dotted line, the fringe order fn r yields 
the value of the secondary principal stress? Op? normal to the 
line of observation where
2 . ? nf*Op = cr-^ cos'-a + sin 'a “ r r
aq and 02 being the true principal stresses at the point of 
observation.
If the slice is viewed under oblique incidence? i.e. if 
the slice is rotated about the direction of principal stress 
0q through an angle of first + y and subsequently -y the 
new fringe order being noted? it is possible to determine the 
values of 0^ and 02 separately. In the evaluation of root 
bending stresses the error involved between taking the value 
of 04 from this procedure or by assuming 0p under normal 
observation to be nearly equal to is very small.
“ 1+ 6 -
(iv) Monch and Roy ' have shown that Y was always less
than 7° on the gears in their investigation.
Nevertheless, inaccuracies are introduced and with 
varying tooth forms errors up to 10% are possible at the 
end of teeth. This applies to contact fringe orders 
equally as much as the previously mentioned root bending 
stresses and should be taken into account when considering 
the results of load distribution evaluated on the basis of 
the contact stresses.
-  %  -
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_80?™G_USED_FgR_SLICES__
FOUR LETTER CODINGS all refer to PLANET-SUN contacts
e.g. P2L5
letter refers to the wheel from which the slice is taken 
- planet; S - sun).
letter (figure) refers to the number of the PLANET wheel
contact (1, 2 or 3).
letter, L or R, refers to the helix from which the slice
taken (left or right).
letter (figure) refers to the number of the slice (1 to 11).
Thus: P2L5 refers to slice No. 5 taken from
planet 2, L.H. helix.
S3R6 refers to slice No. 6 from the sun
wheel at contact with planet 3,
R.H. helix.
FIVE LETTER CODINGS all refer to ANNULUS-PLANET contacts
The code again commences with the wheel from which the slices are taken
Thus: P2AL8 refers to slice No. 8 from the
annulus where it contacts with 
planet 2, L.H. helix.
P2AL3 refers to slice No. 3 from
planet 2, where it contacts
w i th  t h e  a n n u lu s ,  L .H . h e l i x .
The 1st 
(P
The 2nd 
at
The 3rd 
is
The 8th

Stress freezing and slicing of the model were both successful 
producing slices of excellent clarity? uniform thickness and 
zero machining or ’time edge' stresses.
The slices were stored'in an oven at a uniform temperature 
of 70°C? no deterioration of their quality being expected 
over a considerable period.
The following slices were taken;
DISCUSSION OF RESULTS OF MODEL NO. 1  -
TORQUE LOADING- ONLY
PLANET 2 Sun-planet contact LH helix
PLANET 2 Sun-planet contact RH helix
PLANET 2 Planet-annulus contact RH helix
PLANET 2 Planet-annulus contact LPI helix
SUN WHEEL Sun-planet 1 contact RH helix
SUN WHEEL Sun-planet 2 contact RH helix
SUN WHEEL Sun-planet 2 contact LH helix
SUN WHEEL Sun-planet 3 contact RH helix
SUN WHEEL Sun-planet 3 contact LH helix
Eleven slices from each contact? 99 slices in all.
A typical slicing plan showing the method of measurement used 
for the location of slices is shown in figure F3» The dimension 
’d ’? the distance of the centre of any slice from the gear centre? 
is then the base dimension for the majority of graphs included in
A summary of the slice thicknesses for the first seven sets of 
slices is given in Table 1. Highly consistent thicknesses were 
achieved and for ease of calculation a thickness of 0*1 in has 
therefore been used throughout. The overall error introduced 
by this assumption is less than 2%.
Nominal fringe values of 20 fringes/in which are required to
i-estrict strains within reasonable limits under stress freezing
conditions were achieved, i.e. maximum fringe order = approx.
1 ”2 in yq slice. Contact occurred on a maximum of two teeth,
Fears were expressed prior to the test that excessive 
strains would produce contact on four or five teeth and 
thus render the results invalid.
A typical fringe pattern for a slice with two-tooth contact 
is shown in figure Gl, page 158.
Analysis of the slices confirms that:
(a) Load sharing between the left and right hand 
helices of any wheel is fair.
(b) Load sharing between the planets is very good 
and would seem to confirm the fixed - sun - 
model arrangement for future tests.
Considering these aspects in more detail, the following results 
were achieved:
Graph 1 shows the contact fringe order results.for the three sun 
wheel - planet contacts. These show good correlation and sugges' 
excellent load sharing between the planets as stated above.
6. Graphs 2 ancl 3 show the contact fringe orders for the planet 
Cont.
2/sun wheel contacts, planet LH and RH helix respectively. In 
each case the two readings at any one slice position refer to 
precisely the same contact and should be similar, (assuming 
that the difference in radii of curvature of the wheels at 
contact are small enough to have a minimal effect on the sub­
surface stress values). The results show fair agreement thus 
verifying the method and validity of the measurements.
It should be noted that the predicted level of fringe order- at 
the maximum shear position was approx. 1*5 (see page i_2g) * This 
was based on a uniform line loading of 2 lb /’in. and a material 
fringe value of l*h lb/in2/fringe/inch. In practice, considerably 
higlier values of sub-surface shear are achieved, due mainly to the 
fluctuations in loading and particularly the large increase at the 
ends of the teeth. It is evident, therefore, that there is a 
significant source of error in the design calculations used, to 
estimate the ‘surface stress' or 'contact stress’ strength of 
W. H. Allen gears. Load variations will be covered in greater 
detail later in this report.
Hie symmetry of the contact fringe pattern on all slices indicates 
the absence of any shear, i.e. tangential friction, as would be 
expected in this static test.
7. Graphs 1 and 2 have been combined in Graph which therefore 
represents, effectively, the results of six contact conditions. 
(This assumes that, as with the RH helix results, all three contac 
on the LH helix would show good agreement, i.e. that Graph 2 would 
be repeated, for contacts Pl/Sl and P3/S3.)
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7* No attempt has been made to smooth ..the ’irregularities' in
Cont.
these curves since they seem to be substantially confirmed 
by the results. A detailed examination of the results 
achieved by West at B.S.R.A. shows similar variations from 
his smoothed curves.
The same results have been re-plotted in Graph 5? on a base of 
contact position on the tooth flank. It will be noticed from 
this graph and the load line of Graph 1+? that? at both ends? the ■ 
load is either coming on tooth A or leaving tooth B at approximately 
mid-depth. Inspection of the contact lines discussed on page 
shows that this agrees with-the theoretical meshing diagram.
Considering tooth A the load maintains a high value until 
approximately 0*075 in from the tip of the tooth at which point 
there is a sudden reduction to zero as contact ceases.
8. The results of Graph 3 do not agree with those of Graph +?
particularly at the ends of the teeth where there is a reduction 
in fringe order. For this reason further slices were taken from 
the sunwheel LH helix and the results are shown in Graph 6 super­
imposed on the previously obtained lines. These give reasonable 
confirmation of the lines with the exception that they suggest no 
reduction in load at the outside end of tooth A as obtained 
previously. Definite confirmation of- the drop in tooth load at 
the inside end of tooth B is achieved? proving a marked discrepancy 
with the results of the other helix where a sharp rise is evident.
This disturbing result can only be accounted for by;
(a) The effect of the non-representative annulus?
details of which will be discussed under Item 12.
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8. (b) The Tact that the ends of the teeth are not entirely
Cont.
regular. It would appear that some of the edges have 
been 'smoothed', by hand filing perhaps, giving a 
chamfer on these edges. All edges do not seem to 
have had the same treatment, however, and this could 
well give rise to discrepancies.
It is understood that this situation can often arise 
on production units. The photoelastic model, however, 
because of the nature of the material, is much more 
sensitive to such profile modifications.
Under the high magnification necessary to produce the 
profile of the gear mentioned under Item 10, other 
irregularities are also evident at the ends of some 
teeth.
or (c) The presence of some misalignment in the gear. The 
misalignment effect would be most noticeable at the 
ends of the teeth, i.e. at positions where a sharp 
corner would be brought harder into contact.
It should be noted here that ggth the model misalignment 
would produce the same result on a steel gear with 
approximately 60 times the modulus, Misalignment, effects 
are thus very critical.
Whilst every effort was made to keep misalignment effects 
to a minimum, they cannot be ignored,
9. Tooth Loads
In the original programme of work it was expected that calculations 
of normal load from fringe order should be made In two ways:
- i5h  -
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9 .
C o n t .
(a) From fringe order and depth of maximum 
shear stress (z)?
(b) From fringe order and relative radius of 
curvature (Rr ),
the relevant equations being quoted below.
In practice? however? the depth of the maximum shear stress position 
was found to be very difficult to measure accurately and consistently 
due to a number of factors? the main one being the relatively 
inconclusive definition of the position - it is more a region than 
a precise point.
There appeared t'o be a far better definition of the contact width 
(2a) when the sD.ices were viewed in plane polarised light in the 
presence of the isoclinics. For this reason attempts were made to 
achieve more consistent results by measurement of the contact width? 
since Hertzian theory states that z = 0*78a.
Graph 7 shows the results obtained for 0*78a for one pair of contacts 
plotted against the ’theoretical* z obtained by equating the two load 
formulae? (see Appendix l).
Agreement is fair but by no means perfect. It was therefore 
evident that calculations of normal load should be more accurately 
obtained from the maximum fringe order readings together with a 
knowledge of the relative radius of curvature at each contact 
position? the latter value being obtained by theoretical calculations 
at W« H. Allen Sons and Co. Ltd.
= -3*357 fnz and P2 = -0*00+95 f2 n 2 Rr
whence ■ z = k n RR
0*0232 n Rr
9* It was felt that any errors introduced to the Rp value due to 
Cont.
deflection of the gears under stress freezing conditions would 
he minimal compared with those introduced by the alternative 
approach.
10. The results of Graph 0 may be converted to load via the relationship
P = p2 =. 0*00095 n2 Rr
-  1 5 6  -
-  0*97 Rjj assuming f = 1*0
where n = -fringe order
Rr  = relative radius of curvature 
and P = load/unit length
This procedure was first attempted using the mean of the planet 
and sun ‘wheel contact fringe order results. For both this loading 
case, i.e. torque only, and the C.F. loading case which will be 
discussed later, discrepancies of up to 18$ are achieved when one 
attempts to compare the input and measured torque values, Attempts 
were therefore made to discover the source of the discrepancies 
which were felt to be unusually large for photoelastic tests which 
are carried out with reasonable care and precision.
It is evident from Graph 0 that fringe order results for the 
planet wheel are lower than the corresponding sun wheel values, 
differences in relative radii of curvature then producing the 
necessary balance of loads. It should be stressed here that since
Oloads are proportional to iff any differences in fringe order !n f 
can produce significant changes in the load values.
1 0 .
C o n t.
The calculations were? therefore? repeated using planet wheel 
fringe order and relative radii of curvature? the results being 
shown on Graph 8. The curves are naturally of similar form to 
those of Graph + and show a distinct increase in load level at 
the ends of the teeth. This apparently agrees with recent 
experiences of gear failure and suggests that the
effects of end relief might be investigated. (Figure G2.)
It is understood'that no profile or tip relief was carried 
out on the model during manufacture at W. H. Allen as would 
be normal practice with a production gear unit.
It will be shown later that these revised calculations lead to a 
torque balance within ly%.
Alternatively? working on the sun wheel results with values of 
RR? etc.? corresponding to the sun wheel gives the results of 
Graph 9,
Superimposing the extremities of contact to the load graphs as 
described in item 1+? page 163, yields contact lengths normal to
the teeth of 2.2 in. This? together with the area of the load
graphs? enables the ratios of maximum to mean load to be obtained 
in each case.
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For Graph 8 Max load _ 3*05 _ .-i .go
Mean load 1 * 65
For Graph 9 Max load _ 2*75 _ i .} c
ifeVTSSd ■ r w  " 1
These values are considerably in excess of the value suggested 
( 33 )by Buckingham' ' of 1*3 and? as stated earlier? represent a 
significant source of design error.
Figure G.l. "Typical fringe patterns from a three- 
dimensional model slice showing contact on two teeth 
and relatively small fringe orders".
Figure G.2. "Photograph of damaged gear showing clear 
evidence of high load at the ends of the helical teeth".
10. It has been noted previously that the loads applied to. the model 
Cont.
during the stress freezing cycle were evaluated on the assumption 
of a uniform line 3_oading of 2 3_b/in on the teeth. Hie mean load 
values quoted above are considerably lower than this value owing 
mainly to friction losses reducing the total load applied. This, 
and other losses, are discussed further on page J?,29.
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11. Under the high magnification required for measurements the
presence of small ’foreign' fringes becomes evident at the surface 
of the occasional slice. This is presumed, to be due to the effects 
of local asperities in the .surface or 'foreign' material in the 
immersion fluid. These are only present in a small minority of 
slices and, in general, are not large enough to cause undue concern.
There are a few exceptions, however, when 'Tardy' compensation 
techniques to determine fractional fringe orders at the maximum 
sub-surface shear position, proved extremely difficult, if not 
impossible. It is presumed that the effects mentioned above cause 
rotation of the principal, stresses through the thickness of the 
slice. Away from the local effects, however, these slices gave 
fringe orders which could be recorded easily and these were there­
fore recorded along a line running perpendicularly to the edge 
towards the contact position. These results and those from a 
similar exercise carried out on a good slice were plotted on the 
same axes as shown in Graph 10. A simple scaling procedure was 
then used to establish the correct maximum fringe order required. 
This method, provided good correlation of results with those of 
similar slices taken from the mating gear.
-  1 6 0  -
12.
Graph 11 shows the fringe order results at maximum shear positions 
for the planet annulus contact. These are disappointing in two 
respects:
(a) Two teeth appear to be sharing the load across 
considerably less than the normal contact width, 
no contact being evident in either tooth for 
slice positions 8 to 11.
This would seem to suggest that twisting of the 
annulus has taken place producing harder contact 
at one end of the helix. It -will be seen from the 
G.A. drawing (Figure DI ), that one end of each 
annulus section is cemented to the carrier end 
plate thus allowing torsion to take place. When 
designing the model it was recognised that the 
annulus system would not be fully representative 
of production epicyclic units which have annulus 
rings held in place by a system of coupling rings.
It is evident, therefore, that the annulus cannot 
be relied upon to give entirely representative 
results.
In particular, the radial component of load in 
the model will tend to "bell" out the annulus 
section causing some asperities which would not 
• be present in a production gear unit.
Despite these comments, however, it can be shown 
that in the production units, the axial forces, 
in particular, produce an out-of-balance moment 
which tends to twist the annulus ring and produce 
harder contact at one end of the helix.
A n n u lu s  C o n ta c t
12. In this context it is important to establish the
Cont.
direction of rotation of the annulus. A study of 
the model contacts allows this, and the results 
are indicated in figure G3 , Similarly, torsional 
wind-up of the carrier may occur, the effects of 
which may add to, or tend to cancel, the above 
effects.
It is clear, therefore, that perfect loading is 
seldom achieved in the production gears and however 
unrepresentative the model annulus system, it can be 
considered to give valuable suggestions as to the 
effects of abnormalities in loading on the stress 
distributions.
The errors in the annulus loading may well 
be the cause of the inconsistencies in the 
loading results at the planet/sun contacts 
mentioned previously in Item 8.
(b) In a number of slices the fringe pattern at contact
is poor, similar to that which would be achieved when 
two uneven surfaces are in contact or where dirt is 
present between the surfaces. There seems to be no 
logical reason why there should be more foreign 
material present here than elsewhere in the gear or 
why the surface finish of the gears at these locations 
should be any worse except to note that the planet and 
sun wheel teeth were hobbed whilst the internal teeth 
of the annulus were shaped. It is possible that the 
latter process could cause a lower quality of surface 
finish.
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12. Initially only one planet-annulus contact was examined.
Cont.
Following the suggestion that twisting might be present? the 
opposite helix was also examined? producing the results of 
Graph 12. The previous abnormal results are verified with 
’hard’ contact at the outside end of the helix and no contact 
on either tooth for slice positions 8 to 11. Twisting of the 
annulus would therefore seem to be confirmed.
13. Bending Stresses
Graphs 13 to 16 show the variation of maximum root bending 
stresses for the right hand and left hand helices of two 
contact positions. In all cases? as expected on the basis
( 55 )of the work of other investigators' J ? the maximum root 
compressive stress exceeds the maximum tensile stress by 
amounts up to 50$ depending on the position and magnitude 
of the load. This is essentially due to the presence of shear 
loading across the base of the tooth producing an increase in 
stress at the compressive fillet.
Preliminary calculations (page 128) indicated expected maximum 
tensile bending stress values of 29 lb/in ? i.e. approximately 
• 2 fringes. These stresses are derived assuming load to be 
applied at the tip of the tooth. This is naturally the worst 
possible loading condition for bending stress and it is not 
surprising that the model values should be somewhat lower.
When one considers? however? that the theoretical values are 
achieved with a nominal loading of 2 lb/in and it has been 
shown that local loading can rise to twice this value, one 
would expect the model values to rise correspondingly to near 
or indeed above the theoretical values. From the.graphs the 
maximum tensile fringe order achieved for all readings is only 
1 *0? i.e. equivalent to a stress of 3-+ lb/in2 .
-  16 2  -
Such a considerable reduction in stress value would therefore 
suggest that the teeth are considerably stronger in bending 
than anticipated. t •
Lines Of Contact
A complete and realistic representation of the contact of 
helical gears has been achieved. . . .
Figures G0,5 and 6 indicate how measurements of the gear 
profile and of the stress-frozen slices have been utilised 
to produce first a plan view and, subsequently, a full 
orthogonal projection of the teeth and their respective lines 
of loading.
It should be noted that figures G5 and G6 indicate little, 
if any, change of helix angle from the 30° nominal value after 
stress-freezing. This confirms that model strains have been 
satisfactorily held within acceptable limits.
Superimposed on the tooth- profiles, figure G6 shows the 
contact lines obtained from measurements on the slices of x and 
y, the distances of contact from the machined datum cuts mentioned 
on page 142. The 'theoretical1 straight lines used in all helical 
gear calculations (see figure FI ) are achieved; to the writers 
knowledge, after a considerable literature survey, it is the first 
occasion that this assumption has been proved experimentally. It 
should be noted that the txvo lines in each view corresponding to 
load on two different teeth are not always parallel for two 
possible reasons;
(a) The greater deflection of the tooth when load 
is applied nearer the tip.
 ^ * '.w; v..'
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1+. (b) The effective rotation of the gear between the
Cont,
two teeth to which the contact lines refer? the 
datum planes being common to both teeth and not 
accounting for the angular positions.
Figure G7 show the load results of Graph 8 superimposed on the 
contact lines. The views clearly show when load is leaving a 
tooth via the tip or the end and allow a more realistic assess­
ment of contact length to be determined. They also allow base 
dimensions for fringe order? loading and torque graphs to be 
obtained'.
It is evident that when contact is lost through the tip of a 
tooth? there is a reduction of load level at this point. Again? 
this is probably as a result of two effects;
(a) The extra deflection which is possible at the 
tooth tip? and
(b) The presence of tip relief? intentional or 
otherwise? as mentioned earlier? where chamfers 
are evident at the edge of the tooth tip. This 
would suggest that tip relief is valuable as a 
method of reducing load c one entration at the tip.
Similarly it is evident that when contact leaves from the end 
of a tooth there is a definite rise? and? at times? a dramatic 
rise of load (see figure G7 ). This suggests the need for end 
relief to reduce the load concentration at these positions. It 
would perhaps be advisable to note that the tip and end reliefs 
should preferably be in the form of a' small blend radius rather 
than a precise chamfer since the chamfer would only tend to push 
the peak load back from the edge of the tooth.
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10. The blend radius would not only perform this function but 
Cont.
also reduce the magnitude of the peak value.
The true length of the lines of contact for the R.H. and 
LcH. helices are 2.32 in and 2*3 in respectively. These 
show excellent correlation and are within the range of 
values predicted by the theoretical, diagram BP 809800 
(figure FI ). It is interesting to note that this diagram 
is obtained by adding the contact lines from planet tip to 
P.C.E. and from, sun tip toP.C.E., i.e. the overall shape is 
that of the contact 'shadow1 achieved on an actual planet 
gear face. Theoretically this should give the same total 
contact length as that on the planet wheel alone and the 
model confirms this.
l5. Torque
The loads of Graphs 8 and 9 have been converted to torque as 
shown in figure G8 and the results are given in Graphs 17 arid 
18. The relevant calculations for b and gear centre to contact 
distance GX are shown in Appendix 3.
The areas of these graphs have been measured to obtain the 
torque on one helix and hence the total sun wheel torque.
Thus, for the planet wheel results of Graph 17
Total torque on planet - 13*36 lb in (See page 200 )
Sun'wheel torque 3 x 13*36 x (See figure G9 )
\
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= 0 2 * 5  l b  i n
- Iff-' -
15= or? more accurately? in terms of the nominal stress in the 
Cont.
torque tube
pSun wheel torque = +2*5 x 1*9+ x 10“ a nom
- 0 * 825 an0m
Compared with the input torque value of 0*81+ anom
this represents less than a !§-$ error.
Alternatively? for the sun wheel results of Graph 18
Sun wheel torque = +7 lb in or 0*912 0nom
Mean of torque results = ++*7 lb in or 0*868 0nom
giving an overall accuracy of 6jjr$„
The following sources of error are suggested:
(a) The above results have been evaluated using planet 
L.H. helix/sun wheel R.H. helix readings only?
i.e. assuming equal load sharing between the helices 
of any wheel. It will be noted from the remarks of 
page 133 that the results for the other helix contact 
are considerably lower (approximately 10$). If a 
similar procedure were adopted with these results 
and an overall mean taken? the above error would 
be reduced.
(b) Inaccuracies of experimental measurement of fringe 
order, and contact position.
(c) Errors in estimates of the precise termination of 
contact on the loading lines.
-  17 2  -
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15. (d) Errors in RR values due to deflection of the gears 
Cont.
under stress-freezing conditions.
(e) Errors in line of action of loads due to deflection 
of the teeth? lines of action having been obtained 
theoretically.
It is surprising that all the errors appear to be in the sun 
wheel results; no logical explanation for this can be suggested 
at present.
NB, Because of the high accuracy of the planet wheel results 
these have been used for comparison purposes with the 
torque plus Inertia load results of Model No. 2.
16. Oil Holes
Particular interest was expressed in other stress concentration 
areas such as the oil holes present at some root radii for 
lubrication purposes. On examination of the relevant slices 
through these holes there appears to be little.? if any? stress 
concentration effect under the torque loading alone.
Two slices contained the hole in the root radius between two 
loaded teeth whilst a third slice contained the hole on the 
radius adjacent to the first of two loaded teeth. Despite 
this? however? the stress pattern achieved in each case proved 
to be practically identical to the patterns in identical slices 
without the oil hole present. Its location in the region of 
stress change-over from tension to compression is presumably 
the reason for the small effect of the hole.
-- 17.3 -
16.
Confc.
The maximum tensile fringe order at the edge of any hole was 
only 0*25, i.e. equivalent to a stress of 3*5 lb/in2 .
It should not be assumed at this stage, however, that the 
lubrication holes have an insignificant effect on the stresses 
in the production unit since it is anticipated that they may 
well have a significant contribution in the subsequent tests 
involving combined torque and inertial, loading.
Any stress crm  in’ the model derived in this report may 
be converted to the corresponding stress in the prototype 
using the following relationship;
-  1 7 0  -
•°p = °m x  Pp x %  2
Fm %>
where: a = stress in prototype.ir
am  = stress in model..
Pp = a load applied to the prototype.
Pm = a load applied to the model.
= a linear dimension on the prototype.
£m  = the same linear dimension on the model.
Thus, for a prototype gear of the same size as the model with 
a loading of 1 200 lb/in the maximum tensile stress at the edge 
of the oil. hole quoted above becomes:
on = 35 x 1 200 x  1 = 2 100 lb/in2ir *“ o "
A summary of the maximum stresses in the region of all 
‘oil and lifting holes is included on page 284 .
It should be noted that deformation of the photoelastic model 
during the stress-freezing process is greater than that of a 
steel gear so that dimensional similarity is no longer exact.
In particular, the width ' 2af of' the contact zones in each 
case will not' be equal.
It may be assumed with reasonable accuracy, however, that the 
overall bending deflection of the teeth and hence any root 
stresses not in the immediate vicinity of the contact point 
will be proportional to the loading independently of 'a1 and 
that for small contact areas the tooth surface may be 
approximated to a plane infinite surface and the body of the 
tooth to a semi-infinite solid.
The Hertz theory then indicates that for equal values of p 0, 
the maximum central contact pressure, the load P is proportional 
to ’a 1 and the point of equal values (- -0*788 pQ) is depressed 
proportionally with !a l- and.hence with P. It is fair to say, 
therefore, that all the deflections are approximately proportional 
to the loading and simple similarity as suggested above can be 
used without significant error.
Additionally assuming a state of plane strain, the difference 
in Poissons ratio for steel and for the three-dimensional model 
effects only the relatively unimportant stress normal to the 
plane of the section and any possible dissimilarity in the 
length of contact is negligible compared with the total length 
involved.
Isoclinics And Stress Trajectories
Figures G9 to G12 show isoclinic and stress trajectory patterns 
for four slices.
Sl
ic
e 
No
. 
P2
L2
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'Isoclinics1 are the loci of points at which the two principal 
stresses have constant inclinations to a given reference direction.
e.g. * At all points on a 30° isoclinic the principal 
stresses are inclined at 30° to the vertical 
and 30° to the horizontal.
The 'Isoclinics are used as the basis of construction for the 
'stress trajectories' which show the actual directions of the 
two principal stresses at every point. Since the principal 
stresses- are always at right angles the stress trajectories 
form an orthogonal set of lines covering the entire model.
The four slices have been chosen to show the effects of;
(a) Different helix - P2f2 and P2R2
show good agreement.
(b) Different load position - P2R2 and P2R9.
(c) Two - tooth contact - S3h 5*
In all cases the isoclinics were clearly defined and provided 
an accurate basis for the construction of the stress trajectories 
which showed good correlation with trajectories obtained from 
two-dimensional tests carried out during previous investigations 
for W.H. Allen. (Figure G13 .)
Accordingly It was suggested that one of the primary objectives 
of subsequent two-dimensional tests on the research programme, 
involving two-dimensional virtual spur gears, should be to 
confirm this agreement with the three-dimensional helical gear 
stress field.
F u r t h e r  com m ents on  t h e  s i g n i f i c a n c e  o f  t h e  s t r e s s  t r a j e c t o r i e s

It has been shown above that the load on'the teeth can be 
determined in two ways:
(a) From Pd = 0*0986 nz <Jnom
t
and (b) From Po - 1*88 x 10-2 n2 Rp, aN ' t- & nom
Since the depth of maximum shear stress, Z, is important from 
fracture initiation considerations, see page 292 , and this 
has proved difficult to measure accurately, it was decided that 
the above formulae should be equated to yield an equation for Z 
in terms ox the., maximum fringe order and the relative radius of 
curvature. Thus:
Z = 1*99 x 1CT2 n Rr
Graphs 19 and 20 then show the values of Z plotted against slice 
position for the two helices. It should be noted that throughout 
practically the whole meshing cycle, on both teeth, the depth of
_ O
the maximum shear stress lies in the region 20 - 25 x 10"'" in 
below the surface. This could well be significant when considered 
in relation to the residual stress work of Dr. D. Kirk at the 
Lanchester Polytechnic which indicates the peak residual stress 
to occur at a depth of 18 x IO”3 in below the surface. The 
combination of the high residual stress and the large applied 
shear stress could well initiate failure sub-surface. Dr. Kirk's 
results are shown in Graph 21. In addition, H. Mur&<Xhas shown 
that residual stresses produced under rolling contact conditions 
are characterised by a compressive residual stress peak at the 
depth corresponding to the maximum shear stress position, the 
magnitude of the peak increasing with number of cycles. It 
should be noted, however, that this work was carried out on 
only slightly hardened gears.
-  182 -
1 8 ,  D e p th  Of  Maximum S h e a r
18. The variation in hardness and the residual stress pattern 
Cont.
present in Nitrided gears would obviously affect the above 
result? but it is felt that the trend might well be similar.
Under fatigue conditions the maximum reversed orthogonal shear 
stress becomes significant. This occurs at approximately ~V8 
the depth of the maximum shear stress mentioned above? i.e. 
.throughout most of the meshing cycle the maximum orthogonal 
shear stress will lie even closer to the maximum residual 
stress position namely at a depth of approximately 16 x 10~3 in. 
Again? this could well be the cause of sub-surface crack . 
initiation and it is suggested that this aspect could well be 
investigated In more detail.
-  1 8 3  -
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INTRODUCTION;
This section deals with the stresses resulting from both applied 
torque and inertia loading, the latter produced by rotation of the whole 
model about the gear axis. The effect of rotation of the planet wheels 
about .their own axis is therefore neglected. (Theoretical calculations 
indicate that this effect is small in comparison with the model rotation.)
The results of this section, together with those of Model No, 1 thus 
indicate the effects of:
(a) torque only,
(b) torque plus inertia loading.
Renee, by deduction, the effects of inertia loading only may be 
evaluated.
For simplicity of graph titles, etc., the torque plus
inertia load results have been termed "C.F. load" results.
H(a) PRELIMINARY CALCULATIONS: MODEL NO. 2
In order to obtain the rotational speed of the model which would
produce a realistic relationship between torque and inertia loads, an
analysis of this relationship was carried out on a large number of 
¥. H. Allen gears at present in service. This work is summarised below 
and indicates that a model speed of 200 rev/min would give a typical
.load ing  r a t i o  betw een  to rq u e  and i n e r t i a  lo a d s .
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PROPERTIES OF PLANET CROSS SECTION
G - Q Q
F ig u re  H I. P la n e t ' C ro ss  S e c t io n
Cross Sectional Area - neglecting holes but adding 6$ for effect of teeth
A = 6*50 in2
Radius to Neutral Axis? allowing 6% for effect of teeth
Rr 1-70 in
Second Moment of Area about N.A.
I = 0*60 in^ -
Volurae of planet? including gear teeth but deducting all holes
73*6 cu inches
T ak in g  density of Araldite CT 200 as 0-0+56 lb/in3 as determined experimentally
Of Planet = 3 * 35 lb
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RELATIONSHIP BETWEEN LOADS ON PLANET DUE
TO TOOTH FORCES AND CENTRIFUGAL INERTIA
TbotU f«. o<\L
r\nu Iu S .. r - '  o  / - i -— f r. .trjcict, w
i ootVv !. cjcviL c&k-
5au«\. = rr.
Planet
Wheel
Loading
Fig u re  FI2
Tangential tooth force Ft
Load on Planet Spindle from tooth forces = 2 Ft
Load on Planet Spindle due to inertia - 13*88 lb
C.F W Rc w2 
g
BC.F ~ ^ Bc NC
If Nc = 200 RPM
C.F 18*3' lb
jaKroaiirsisiaMaflEa an
Then PC.F 
2 F t’
1*38
In practice, this relationship varies in a wide range of gears 
between 0*7 and 2*0 with an arithmetic mean at 1*23.
The chosen speed of 200 RPM for this model is there!ore typtca..;.,
H(b) LOADING THE MODEL.. .......i . ^
The simultaneous application of both torque and inertia loads during
one stress freezing operation would have required an excessively complicated ”
*
loading arrangement? and also presented difficulties in maintaining 4
sufficiently accurate control over the magnitude of the applied loads. For 
these reasons it was decided to utilize the stress freezing properties of *
Araldite CT 200 and adopt the procedure used in the first test to lock the c
torsional deformations into the gear and carrier ring assembly. Following *
Aa check on the residual Isochromatic fringe pattern in the calibration tube
A
to ensure that the initial torque loading sequence had been completed k
successfully? the epicyclic gear model was mounted in the spinning rig
shown in figure H3. "Correct alignment of the central shaft of the
spinning rig was obtained by suitable adjustments of the levelling
screws on the independent model supporting frame which is contained *-
Awithin the oven. Initial difficulties in maintaining a supply of
csuitable lubricant were overcome by adding gravity feed pipes to the main 
spindle bearings in the oven and arranging to top-up the oil supply at
%•
intervals throughout the freezing cycle. It was essential to maintain the
*
angular velocity within very close limits throughout the 18 hours required 
to reduce the oven temperature from 175°C to 93°C and this was successfully
A
achieved using an electric motor and speed control unit which had been 
designed and manufactured at W. H. Allen Limited? Bedford. Both the motor
*and control unit were located outside the oven with the torque being trans- 
mitted through a drive shaft which incorporated flexible couplings to „
accommodate axial expansion and any misalignment introduced during the G
A
thermal cycle. This arrangement worked well in practice and allowed the
speed to be maintained to within +0*5 per cent throughout the stress 5
- A
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The stress distribution in the model is a function of the speed of 
rotation, the specific mass and optical sensitivity of the photoelastic 
material. To avoid the possible introduction of additional errors by 
undertaking separate evaluations of each of these parameters and to 
provide an independent check on the stress freezing process, it was 
decided to calibrate the model test by measuring the optical pattern in a 
disc of uniform thickness, manufactured from the same batch of resin as 
the gear model and subjected to inertia loading during the same stress 
freezing cycle. By chposing a suitable calibration disc configuration, 
it was possible to express the isochromatic fringe distribution along a 
radial line in terms of the available analytical axi-symmetric solution 
and thus obtain a composite calibration factor which involved all the 
unknown parameters. Preliminary calculations indicated that an acceptable 
optical pattern would be obtained in a 12" diameter disc of uniform thick­
ness. However in order to maintain the concentricity of the calibration 
disc throughout the stress freezing cycle, it was necessary to neutralize 
the effects of the large differential expansion at the interface between 
the Araldite CT 200 disc and the steel boss, which was employed in mounting 
the disc on to the main model support spindle. This was achieved by 
establishing an interference fit between the components by pressing a disc 
with undersize bore on to a suitably shaped boss during a preliminary stress 
freezing cycle. •The components employed in this assembly process are shown 
in figure H0 « Unfortunately it was found that the magnitude of the residua 
optical pattern produced by a sufficiently large interference to prevent 
interface separation was too high to allow an accurate determination of 
the inertia stresses.
In an attempt to overcome this problem it was decided to utilise the 
technique which had been successfully employed in providing a bearing for 
the carrier rings of the epicyclic gear model, This involved manufacturing 
a three-part assembly in which the calibration disc and boss were separated 
by an intermediate Araldite ring.
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Initially the intermediate ring was assembled on to the boss with sufficient 
Interference to overcome the differential expansion using the procedure 
employed for the assembly of the original disc. On completion of the 
thermal cycle? the stress frozen intermediate ring was cemented on to the 
boss using a cold setting epoxy adhesive. After curing the cemented joint 
the outer surface of the intermediate ring was skimmed to maintain the 
concentricity of the assembly? and the calibration disc was then cemented 
on to the intermediate ring using a very small Interference to ensure the 
quality of the cemented joint. Again, annealing of the assembly produced 
an unsatisfactory fringe pattern and it was decided to abandon this method 
of calibrating the optical sensitivity of the model material.
A possible alternative which avoided the problem of imposing an 
additional optical pattern by virtue of the mode of support was to suspend 
the calibration disc in a centreless device arranged so that the radial 
movements due to inertia loading and thermal expansion were not constrained? 
although the correct centre of rotation was maintained. In this case? it is 
possible to bore a hole in the centre of the disc and thus increase the 
applied stresses and hence optical effect produced by a given load. 
Calculations showed that it would be necessary to apply an additional rim 
load in order to obtain an entirely satisfactory fringe pattern and provision 
was made for this to be done using the configuration shown in figure H5 •
In this case the disc was supported on six equi-spaced pins located in the 
radial slots machined between the attachment lugs for the additional weights i 
which provided the rim load. (See figures H5 and H6.) Before proceeding 
with the manufacture of this rather complex design a preliminary test was 
undertaken to confirm the strength of the rim loading attachment point by 
applying a suitable deadload to the test specimen. The arrangements for 
supporting the model- and attaching the rim load proved to be entirely 
satisfactory in practice and an axi-symmetric isochromatic pattern with
!
acceptable fringe orders for accurate observations was obtained on attempting J 
to stress freeze inertia loads into the gear model at a speed of 200 rev/min.
- 21J2-
-  213 -
60d•H
ft-SCO ft 
ft 0
s
oCO
fi
ri
o r i  
•H 0
s  a
P i o  ri 0 
• H  CO
•s CO 
O  - P  
r i  ft 60 O -H 0
d ri
60 ri§ 0 
r i  
P i cd
1 A
ft
0
P i
&
fi
A"
L ,
-  215 -
Fi
gu
re
 
H
.6
. 
E
pi
cy
cl
ic
 
Ge
ar 
M
od
el 
A
ss
em
bl
ed
 
In 
Su
pp
or
tin
g 
Fr
am
e 
Pr
io
r 
To 
St
re
ss
 
Fr
ee
zi
ng
 
Un
de
r 
Co
m
bi
ne
d 
To
rq
ue
 
An
d 
In
er
ti
a 
L
oa
di
ng
.
The derivation of 'the relationship between the isochromatic fringe 
numbers and the stresses induced in a thin disc pierced by a central hole 
and subjected to combined inertia and rim loading is given in Appendix 1, 
from which it is apparent that:
r2n = A + 4~r h
where n is the isochromatic fringe number at a radius r and A and B are
tconstants, with B = 33*88 y* Experimental observations of n are recorded 
in figure K?* The close approximation of the experimental results to a 
-straight line confirms the acceptability of the test. The slope of this 
line is equal to the constant B and yields a calibration factor
± _ 1 '83 Ibf/fringe inch
216 -
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H(c) TORQUE AND INERTIA LOAD CALIBRATION
D im en sio n s  o f  c a l i b r a t i o n  tu b e :
Outside diameter D0 = 1*625 in
Inside diameter Di 1*378 in
W all t h i c k n e s s e s : M easu red  f r i n g e  v a lu e s
tq = 0*123 in
t2 = 0*120 in
nq = 7 ‘05
np 7 '52
From p ag e  135
= anom = 2 Fo n = Ro (nl *h n2)
~£ f  x v + % r t D 0 - v j  i ¥ ~ r Di
1*625 x 10*97 oo n -p • /•
3*003™ x  '0*207 (1)
an d
•nit (D0 2 + D i2 ) ( 7 X 5  + 7 -5 2 )  . it
X  0*50
13 * 35 f r i n g e / i n (2)
By m easu rem en t
p A = 0*0075
32*8
#•0075 691 f r i n g e s / i n (3)
and. „ E _ Ct 2 ( l  -  v ) » 2000 f r i n g e s / i n ( 0 )
I t  w i l l  b e  s e e n  t h a t  th e  m easu red  f r i n g e  v a lu e s ,  an d  h en c e  th e  
a p p l i e d  lo a d s  a n d  to r q u e s ,  a r e  som ewhat lo w e r  i n  th is -  c a s e  th a n  
th o s e  o f  - th e  to r q u e  o n ly  m o d e l. T h is  i-s d i s c u s s e d  f u l l y  i n
iite-a p ag e **\ *? vi
11(d) EVALUATION OF TORQUE I N TERMS OF THE NOMINAL 
STRESS IN  THE TORQUE TUBE (S ee  P age )
As f o r  m odel No. 1? i t  i s  s u g g e s te d  t h a t  to rq u e  a n d  3„oad e v a lu a t io n s  
s h o u ld  b e  com pared  on th e  b a s i s  o f  th e  n o m in a l s t r e s s  i n  t h e  to rq u e  tu b e  
r a t h e r  th a n  o n  an  assum ed  m a t e r i a l  f r i n g e  v a lu e .
From th e . c a l i b r a t i o n  d a t a  o f  p ag e  218 ? th e  f o l lo w in g  r e l a t i o n s h i p s
h o ld ;
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°nom = 3 2 - 8  f r i n g e s / i n  . f  = 0 • O3()50nom
f
and -z = 693. f r i n g e s / i n
Now fro m  e q u a t io n  (3 ) ?  P age
p2 = 17 (1 - v) x 2 (1 + v) £ x £ x n£_RR
° ' 36 E a nom t2
o\.
TT (1 " v) x  £  x  _ £ _  1)2 RR ff
0*36 G °nom
-r x 0 - 52 1 .. n2 Rp
x “  x 0*°3°5 w y  anom 0-36 691 0*1“
= 2 n 2 RR a nom x  1 0 “ 2 . . . . .  (1 )
But assuming f = 1*+ 3.b/in2/fringe/in
P2 = 0-97 n2 RR   (2)
. ‘ . To c o n v e r t  a l l  lo a d  an d  to r q u e  -va lues c a l c u l a t e d  on t h e  b a s i s  o f  
f  = 1*1). m u l t i p l y  b y  t h e  f a c t o r
2 x 10“2 a  
" 0*97 ~ n°m
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i . e .  2*06 x  10~2 anom . . . . .  ( 3)
A g a in , from  th e  c a l i b r a t i o n  d a t a  o f  p ag e
y (D02 + Dp2) = 13*35 fringe in2
T = 13*35 x  O*0305 anom = 0*8075 o nom
T h is  i s  th e  to r q u e  in t r o d u c e d  a t  e a c h  en d .
T o ta l  i n p u t  to rq u e  = 0 * 8 l5  crnom . . . . .
f
4
-  2 2 1  -
No. 1 an d  i s  d e s c r ib e d  f u l l y  on p ag e  1 3 8 .
A d d i t io n a l  s l i c e s  w ere  t a k e n ,  h o w ev er, fro m  th e  p o s i t i o n  o f  
o i l  h o le s  an d  l i f t i n g  h o le s  i n  t h e  b o d y  o f  th e  g e a r .
H(e)  SLICING OF THE MODEL
1 . The s l i c i n g  p ro ce d u re  u se d  was i d e n t i c a l  to  t h a t  u sed  on Model
E x c e p t f o r  th e  d i f f i c u l t i e s  w i th  th e  c a l i b r a t i o n  d i s c  m e n tio n e d  
on p ag e  211  ^ t h e  s t r e s s  f r e e z i n g  and  s l i c i n g  o f  t h e  s e c o n d  t h r e e -  
d im e n s io n a l  m odel w ere  s u c c e s s f u l l y  c o m p le te d  a n d , a s  w i th  t h e  f i r s t  
m o d e l, th e  s l i c e s  o b ta in e d  w ere  o f  h ig h  q u a l i t y .
The f o l lo w in g  s l i c e s  w e re  a n a ly s e d ;
Sun w h ee l S u n - p la n e t  1 c o n t a c t R.H. h e l i x
S u n - p la n e t  1 c o n ta c t L .H . h e l i x
S u n -p la .n e t  2 c o n t a c t R .H . h e l i x
S u n - p la n e t  2 c o n t a c t L .H , h e l i x
S u n - p la n e t  3 c o n t a c t R.H. h e l i x
S u n - p la n e t  3 c o n ta c t L .H . h e l i x
P la n e t  2 S u n - p la n e t  c o n t a c t R .H . h e l i x
S u n - p la n e t  c o n t a c t L .H . h e l i x
P la n e t - a n n u lu s  c o n ta c t R.H. h e l i x
P I  an  e t  -  a n n u lu s  c o n t .act L .H . h e l i x
P la n e t S u n - p la n e t  c o n t a c t R .H . h e l i x
S u n - p la n e t  c o n ta c t L .H . h e l i x
E le v e n s l i c e s  from, e a c h  c o n ta c t -  132
T ra n sv e r s e  s l i c e s  fro m  l i f t i n g  h o l e s , e t c . \14
T o ta l  num ber o f  s.l i c e s «= 136
T o ta l num ber o f  m easu rem en ts  on b o th m odels '1 5 /
The slicing plan used for the main slices was as for the first 
model except that? in error? the slices for planet 2? sun-planet 
contact? are displaced from other sets of slices by 0*1 in. (This? 
however? merely causes inconvenience and does not affect the accuracy 
of the results in any way.)
As with Model No. 1 consistency of slice thicknesses were achieved 
within very close limits and a uniform thickness of 0*1 in has again 
been assumed throughout for ease of calculation.
The same slice coding .system has been used. ias for Model No. 1.
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Maximum fringe values of 20 fringes/in? which are required to 
restrict strains within reasonable limits under.stress-freezing
conditions? have been achieved? i.e. maximum fringe order = approx.
12 in a in slice. Contact occurs on a maximum of two teeth as 
desired.
Graphs 22? 23 and 2+ show the maximum contact fringe order results 
for the three sun wheel-planet contacts, measurements being made on the 
sun wheel.
In all three graphs the agreement between the L.H. and R.H. helix 
results? with very few exceptions? is excellent, This represents a 
distinct improvement on the results of Model No, 1. The graphs show 
an identical pattern of fringe order, and hence load? variation and 
Indicate a distinct rise'in load when all contact moves from tooth 
A on to tooth B.
The exceptions mentioned above are the results of slices No. 9 
and 10 of the sun wheel-planet 2 contact? which show unusually high 
scatter. These have been checked repeatedly and can only be assumed 
to be the result of small differences in profile at contact or local 
misalignment effects.
Graph 25 shows all the sun wheel results plotted on common axes 
and. again? with the exception of slices .9 and 10. these show excellent 
correlation. The required load sharing between the planets has thus 
been achieved and the fixed--sun arrangement of the model has been 
confirmed, as satisfactory under torque plus inertia loading conditions. 
It should be noted-that the results of-slices 9 and.10? when converted 
to load? could give significantly higher values than those indicated 
by the calculations made from the mean curve.
2Cont,
As w i th  M odel No. 1 t h e  m ax im u m 'frin g e  o rd e r s  a t  c o n ta c t  a r e
r fi
c o n s id e r a b ly  i n  e x c e s s  o f  2 as  p r e d ic t e d .c n  th e  a s s u m p tio n  o f  a  u n ifo rm
l i n e  lo a d in g  o f  2. l b / i n .  I t  w i l l  b e  shown l a t e r  t h a t  th e  mean lo a d in g  on
t h i s  m odel i s ,  i n  f a c t ,  c o n s id e r a b ly  b e lo w  2 l b / i n ;  ( i . e .  1 .5 2  l b / i n )  th e
* j . '
v a r i a t i o n s  from  t h e  m ean, h o w e v e r, a r e  su ch  t h a t  th e  maximum f r i n g e  o rd e r s
I ' * ,
a r e  in c r e a s e d  s u b s t a n t i a l l y  above th e  e x p e c te d  l e v e l .
3. \> Graph 26 .shows the results of slices taken from planet 2 at the
sun-planet ..contacts. Again, the agreement between results of the two 
helices is excellent. The results, of the sun wheel.slices mentioned 
above would seem to indicate that the apparent peak.of load at one 
end of tooth B is not fully achieved - hence the dotted curve. The 
fringe ..orders achieved .are .similar .to’ those of- the sun. wheel slices , 
except at one end of tooth B, i.e. from d = 1*7 .to d =- 2* 1- in, where 
values are substantially lower, see Graph 27.
This does not necessarily indicate an .equal discrepancy in load 
and torque values since other factors are involved, e.g. relative 
radius of curvature. ,~t-.
i r , *. .
Closer inspection of the torque only results of Report No. 2 show
. a similar reduction.in planet values from those of the sun wheel. The
significance of this result will be .discussed, further, in item . 8 on 
page 229 .
8‘ Graph 28 shows a comparison between the mean planet and sun wheel
results for torque only and-torque plus inertia loading. These, show 
exceptionally good correlation for tooth B suggesting -identical loading 
■ on this tooth for.both models. Tooth A', however,- shows a marked change
• iii load distribution,- fringe.orders being higher-during the one-tooth-
contact region -and decreasing to zero as contact moves across, onto, 
tooth B.
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0. Since loads are evaluated from the relationship P = Kn2 Rr (see 
Cont.
page 156 ), and Rr values are fairly constant, it follows that load 
curves would be similar in form to the fringe order results. Thus 
the total load indicated by the areas under the curves will be seen 
to be slightly lower for the C.F. loading case. This is confirmed 
by the calibration results of page 133.
Bearing in mind the lower applied loading of the C.F. case, 
the similarity of the,curves seems to confirm that the tooth loads 
on epicyclic gears are related to the torques applied to them in 
exactly the same way as for gears running on fixed axes and are 
unaffected by the relative movement of the axes. (See also page 
270 for comparison of load curves.)
5* The planet-annulus results are similar to the torque only case
with contact on two teeth simultaneously for seven slice positions 
and no contact elsewhere, i.e. ’hard' contact at one end due to 
twisting of the annulus as described previously.. Graph 2.9 
again shows good agreement between the L.H. and R.H, helix results 
on tooth B, but some discrepancy on tooth A, (See Item 10.) Graph 
30 shows the mean of these results compared with similar annulus 
results for the torque only condition. These show good correlation 
confirming the similar behaviour pattern of both models.
6 * Root Bending Stresses
Graphs 31 and 32 show the maximum root bending stresses for 
planet contacts P2R and P2L. As with Model. No. 1 the levels of 
maximum root fringe order are much lower than predicted (maximum 
values between 1 and 1;3 compared with a predicted value of 1*5') 
particularly in view of the non--uniformity, i.e. local increases, 
of load. It .must be noted, however, that the predictions of the 
preliminary design calculations were based on torque only condition 
and no allowance was made for the effects of C.F. loading.
■- 2 2 6  -
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6. Under, the torque only conditions of Model No. 1? the maximum
Cont.
root compressive stress was seen to exceed the maximum tensile stress 
by amounts up to 50 per cent. In this case a. somewhat surprising 
result is achieved where in most cases the maximum tensile stress 
exceeds the maximum compressive stress by amounts up to 30$ depending
on loid position. (See graphs 33 and 3h*)
Possible reasons for this effect are discussed, on page 275 * 
Graphs 35 said 36 indicate a similar trend for the sun wheel results 
but sjomewhat lower in magnitude.
. !>
j . For mean load = 1*5 lb/in
7 • Tooth; Loads
As with Model No. 1? loads have been calculated from the maximum
i -I
fringq orders at contact using the equation;
j t
\ i
■ I;;. - P = 0-97 n2 Rr   (l)
assuming f = 1*+ lb/in2/fringe/in
~ \ I .
. and, where n = fringe order
; ji; ’ Rp ~ relative radius of curvature
• i P = load/unit length.r
f • Alternatively? and more accurately? the loads may again be
evaluated in terms of the nominal stress in the torque tube? unom?
as shown on page , This avoids the assumption of a value for f«
, f \
/ L Thus P = 0*97 n2 Rp x 2*06 x 10“2 anom
\ j * -
I I ’ = °-°2 »2 Rr ghom   (2)
\ | i.e. load values determined from equation (l)
I I
| o• • multiplied by 2*06 x 1Q‘~'~ anom.
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7.
C ont.
Graph 37 shows th e  mean f r i n g e  o rd e r  r e s u l t s  o f  p la n e t  2 L.H.
and R.H. helices converted to load via equation (l) above. These 
are naturally similar in form to the fringe order graphs bub 
exaggerated siiice 'n' is now squared. As with Model No. 1 the curves 
indicate substantial increases in load at the ends of contact on both 
teeth, particularly tooth B» There does appear to be a slight reduction 
in load at the. extreme end of this tooth due either to increased tooth 
deflection or the presence of relief, intentional or otherwise. For a 
clearer understanding of the load variation, the curves have been added 
to the lines of loading of figure 0,6 and discussion of those points is 
referred to item 9*
From the areas of the curves, however, the mean loading on the 
model has been established as has the maximum to mean load ratio;
Area of tooth B curve 5*92 in2
scale 0 * 05 lb/cm'
Area of tooth A curve
load B 5*92 x 6*05 x  0*05 = 1*91 i b  
0*05 i-i2
load A 0*05 x 6*05 x 0*05 - 1*035 lb
total load 1*91 + 1*035 = 3*305 lb
Length of contact = (2*1-1) + (2*5-1*0) - 2*2 in
Mean loading ~ =1*52 lb /in (0*031 unom)
From Graph 37, maximum loading 3*5 lb/in (0*072 aJ1QDl)
Maximum load 
Mean load" JL "J > d
Two points of interest arise from these results
(a) The mean loading on the model is significantly beloi<
intended mean load of 2 lb/in and represents an 8 per eei:
c a l i b r a t i o n  r e s u l t s  o f  page 133*
7. (a) Hie difference between the achieved model load and. the
Cont.
nominal loading of 2 lb/in is due partly to the friction 
losses and partly to the system used to ’lock' the torque ' 
into the model. The process used involved cementing a 
stress frozen carrier body to the splined carrier ring and 
annealing. The difference in the final load/torque on the 
model and that theoretically applied is the loss, on 
annealing, due to the residual elasticity of the structure 
when it is made into a self-loading device, i.e. some stress 
is lost on annealing.
It should be remembered here that the torque is 
. introduced into the model through the annulus and hence 
via the gears to the torque tube. Friction losses at each 
contact and at the planet and sun wheel spindles can thus 
account for a large proportion of the losses involved in 
the low calibration figures.
(b) The maximum to mean load ratio is extremely high, much
higher than that for the torque only case. Load variations 
, above the mean are therefore very significant and the comments
\on page x52 regarding the effect of such variations on design
{
■; jerror are even more applicable in this case. It must be
stressed, therefore, that the assumption of uniform line
j .[loading in the strength calculation of epicyclic gears
jirepresents a very real, and potentially dangerous, source of
j
/error.
i
8. Torque
Hie loads of graph 37, i.e. the planet wheel results, have been
.!
converted to torque as for Model No. 1 and are shown on graph 38.
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8.
C o n t.
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Now a r e a  o f  t o o t h  B c u rv e
s c a l e  
to r q u e  B 
s i m i l a r l y  to r q u e  A 
t o r q u e / h e l i x  
t o r q u e / p l a n e t
T o ta l  to r q u e
o r  a l t e r n a t i v e l y ,  t o t a l  to r q u e
5*53 i n 2 
0*1 l b  in /c m 2
5*53 x  2*582 x  0*1 = 3*56 lb  i n
8*26 X 6*85 X 0*1 = 2*78 lb i n
3*56 + 2*78 = 6*3 l b  i n
12*6 l b  i n
3 x  12*6 x  t—8*8897TFSIH8 
39*7 x  2*06 x  10“2 anom 
0-818 onom
3 9 ' 7  l b  i n
T h is  com pares e x c e p t i o n a l l y  w e l l  w i th  th e  i n p u t  to r q u e  o b ta in e d  
fro m  th e  c a l i b r a t i o n  r e s u l t s  o f  p ag e  220 o f  0*815 cr]' nom
A l t e r n a t i v e  A pproach
I t  h a s  b e e n  s t a t e d  e a r l i e r  t h a t  t o o th  l o a d  i s  g iv e n  b y  t h e  
e q u a t io n  s
P = K n 2 %    ( I )
w here  K i s  a  c o n s t a n t
an d  Rp i s  th e  r e l a t i v e  r a d i u s  o f  c u r v a tu r e
R1 r 2 
IR !  + R*2)
s e c  oo
T hus, a t  a n y  c o n t a c t  p o s i t i o n  Rp w i l l  be  c o n s t a n t  f o r  b o th  m esh in g  
g e a r s .  S in c e  t h e  t o o t h  lo a d  b e tw e e n  th e s e  g e a r s  m u st b e  e q u a l ,  i t  
f o l lo w s  fro m  ( l )  a b o v e , t h a t  th e  f r i n g e  o r d e r s  i n  b o th  g e a r s  s h o u ld  
a l s o  b e  e q u a l .
I t  w ould  t h e r e f o r e  seem r e a s o n a b le  t o  e v a lu a t e  to o th  lo a d s  and  
t o r q u e s  on t h i s  b a s i s  o f  e q u a l  l o a d / u n i t  l e n g t h  on t h e  su n  an d  p l a n e t  
an d  t o  w ork fro m  t h e  mean o f  th e  p l a n e t  an d  su n  w h e e l f r i n g e  o r d e r  
r e s u l t s .
8.
C ont.
These mean fringe orders have been determined from graph 27 and used, 
in conjunction with, firstly, the planet wheel Rr, \p and CX data, and, 
secondly, the sun wheel values to determine tooth loads and torques.
Graph 39 shows the load results to fit correctly onto a single 
curve thus establishing the equality of load/unit length criteria. 
From this graph:
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Mean loading
Maximum/mean load
1*66 lb/in 
1*96
Graph 00 shows the torque results which indicate the torque 
evaluated on bhe basis of the sun wheel data to be fractionally below 
that from the planet data. With equal tooth loads and different 
diameters, a difference in torque values is to be expected. 
Unfortunately one would expect the sun wheel torque values to be higher 
because of the slightly larger dimensions. This is not the case, how­
ever, and can only point to a small error in the caluculations or in 
the computed values of R.r, ip or CX.
Continuing, however, the curves of Graph 00 give the following 
torque results:
From planet wheel data
From sun wheel data
Tp = 6*62 lb in per helix 
Ts = 02 • 2 lb in or 0 * 866 cr.,nom
6*0 lb in per helix conta
•■= 38*0 lb in or 0*792 °n0IT]
*. Mean Torque = 0 * 829 o'noin
This represents less than a 2 per cent discrepancy with the 
input torque.
Froiii measurements of x and y, the distances of contact from 
machined datum cuts, the contact lines have been superimposed on 
the tooth profiles as for Model No. 1 to give a more realistic 
picture of contact and load variation.
A typical result is shown in figure J'l with the corresponding 
load results superimposed. The following points are evident:
(a) As with Model No. 1, the helix angle achieved after stress- 
freezing shows little if any change from the 30° nominal 
value, thus demonstrating that model strains have been 
satisfactorily controlled„
(b) The 'theoretical1 straight contact lines are again achieved.
(c) The true length of the contact lines in each case lie within 
the range of values predicted by the theoretical diagram
BP 809800 (figure FI ) which was presumably prepared for 
torque loading conditions only. It would appear, therefore, 
that the use of this diagram for the true loading condition 
011 the gear is acceptable. The contact lengths for the L.H. 
and R.H. helices again show good correlation giving values 
of 2*18 in and 2*22 in respectively, and a mean of 2*2 in.
(d) The results show that, as with the torque only case, when 
load is lost through the tip of a tooth there is a reduction 
of load to near zero. Possible reasons for this are noted on 
page 168 •
. The amount of tip relief present on the model is obviously 
sufficient. It should be noted, however, that materials with 
a higher modulus might well require more relief to produce the 
same effect since tip deflections would be correspondingly small1
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9- (e) Once again it is clearly evident that when contact leaves from
Cont.
the end of a tooth there Is a distinct and? at times? very 
substantial rise in load level. It would appear that in this 
model unlike No. 1? small local relief? intentional or other­
wise? at the extreme end of contact? produces a slight relief 
of load at this point. The need for substantial end relief 
is therefore emphasised.
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(f) Whilst irrelevant in terms of the actual loading on any tooth ?
graph +1 has been Included to show the total loading on a tooth
pair at contact? i.e. the results of tooth B and tooth A have 
been added together? contact travelling from right to left.
The graph shows a reduction of total load? from a mean of 
approximately 2 lb/in? at each changeover point from single- 
tooth to double-tooth contact and again a large rise at the 
end of tooth B. •
(g) In addition to the need for end relief it would seem appropriate 
to investigate the effect of limiting the face width of the gears 
to keep the mean loading high. If the load rise at the ends of 
the teeth is not a stress-concentration-type effect the ratio of 
maximum to mean load then might well be reduced.
It should be noted, that the end faces of the gear are chamfered 
at 60° to reduce the stress concentration effect where the root 
section is partly cut away by the end face of the tooth. There
remains? however? a small section of the tooth?
at which the buttress effect of the tooth form is essentially 
lost. This reduces the stiffness of the tooth in this region? 
allowing increased deflections? and? theoretically could account 
for the slight reduction in peak load at the extreme end of 
contact. This seems doubtful? however? since a similar effect 
was not present cn Model No. 1 which was nominally identical in 
form.
Figure J2 shows the contact lines for the slices taken at the 
planet-annulus contact. This wa.s not possible In Model No. 1 since 
the decision to introduce the necessary datum cuts was taken 
subsequent to the slicing of the relevant contact region. The contact 
line for tooth A seems to confirm the suspicion of twisting of the 
annulus and ’hard’ contact at the end of the gear most remote from 
the gear centre. Contact at this end is normally on tooth A only 
and any discrepancies in loading would therefore be expected to be 
mainly on this tooth. The annulus fringe order results of graph 29 
also indicate that tooth A Is the major source of discrepancies.
The effects of the assumed annulus twisting are therefore:
(a) To deform the loading line of tooth A from its theoretical 
linearity. In this respect it is rather surprising that 
the majority of the effect is limited within a relatively 
small region of the facewidth.
(b) To move contacts on both teeth nearer the tip.
( c )  To m o d ify  t h e  i n c l i n a t i o n s  o f  th e  l o a d in g  l i n e s  su c h  t h a t ,  
i n  t h e  p la n  v ie w , b o th  c o n t a c t s  ru n  n e a r l y  p a r a l l e l  w i th  
th e  t i p  o f  th e  t o o t h ,  t h a t  o f  t o o t h  B b e in g  v e r y  c lo s e  
t o  th e  t i p .
Body S t r e s s e s
As would be expected the body stresses are higher in the C.F. 
loading conditions than those for torque only, the percentage 
increase in regions adjacent to the loaded teeth varying between 
17 and.60 per cent, depending on location - see figure J3 -
L in e s  Of Loading (P la n e t-A n n u lu s )
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11» The main effects of this increase are to modify the stress
Cont.
conditions at the root fillets as discussed in item 6, page 226j 
and to increase slightly the stresses at the oil holes which are 
present in some of the fillets. This is discussed further below,
12, Oil Holes
HB. All results quoted here are those for the sun wheel in which 
the C.F. effects can be expected to be lower than, e.g. a 
planet wheel.
Examination of the oil holes present in some of the fillet radii 
show surprisingly little increase in stress from the torque only 
situation, particularly where the oil hole is situated in the fillet 
of the loaded tooth. Maximum tensile fringe orders at this location 
increase only marginally from 0-2 for torque only, to 0*26 for the 
C.F, loading case, i.e. in both cases approximately 0*16? x maximum 
root stress (¥. II. Allen design figure). This should not be treated 
as a direct comparison, however, since the locations of the holes are. 
different in the two cases. In the torque only case the hole is 
between two loaded teeth whereas in the C.F. loading case the slicing 
is such that the hole occurs 'outside' the first of two loaded teeth. 
It would be expected, therefore, that a hole between the loaded teeth 
in this loading condition would have yielded a higher value than the 
0*26 quoted, but probably not significantly higher. As with Model 
No. 1, the stress pattern in the relevant slice is practically 
identical to an equivalent slice without the oil hole present. Once 
again this can. only be presumed to be due to the location of the hole 
at, or near, the zero stress change-over position from tensile to 
compressive stress.
In slices where the hole occurs in an unloaded tooth fillet, 
the stresses are considerably increased from the torque only case.
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12. fringe orders increasing, from near zero in the torque only case to 
Cont.
0*28 in the C.F. loading case. This is to be expected in the presence 
of the increased body stresses mentioned above. Once again, however, 
owing to differences in the slice positions and contact on the gear, 
a direct comparison is not possible. In the torque only case, the 
hole is in a fillet one tooth spacing away from a loaded tooth whilst 
in the C.F. load case the hole is in a fillet adjacent to the first 
of two loaded teeth.
A summary of the maximum stresses near oil holes is given on 
page 2.85 •
13• Isoclinlcs And Stress Trajectories
Figures J0 and J5 show the isoclinics and stress trajectories 
for a sun wheel and a planet slice. The isoclinics were clearly 
defined and provided an accurate basis for the construction of the 
stress trajectories.
The general effects of the C.F. loading on the planet wheel 
stresses are;
(a) The direction of the principal stresses at the tension side of 
a loaded tooth base are modified so as to remove the isotropic 
points" which are present in the torque only condition - see 
also page jso . The modification to stress directions resulting 
from this change is not very great, however.
(b) There seems to be very little effect on the stress directions 
in the loaded tooth itself, i.e. local contact load conditions 
dictate the directions of the stresses within the tooth.
(c) There are slight modifications to the stress directions in teeth 
adjacent to the loaded teeth.
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13* The C.F. effect on the sun wheel is not so large because of the
Gont.
reduced radius and the modifications to the stress directions in the 
sun wheel are, therefore, not as great. The general effects are, 
however, similar.
> Note Re. Isotropic Points
Isotropic points are points through which isoclinics of many 
parameters pass. At such points the principal stresses are equal 
and there is no shear on any plane through the point. Normal stresses 
are equal in all directions and the actual directions of the principal, 
stresses are thus indeterminate.
Isoclinics tend to be rather vague near isotropic points and 
often the positions of the isotropic points could only be determined
by joining branches of the isoclinics on either side.
It will be seen that in the torque only isoclinics of the gears 
in questions the isotropic points occur in pairs in the body of the 
gear near the tensile fillet of a loaded tooth. One isotropic point 
is then termed a positive point and the other a negative point. The 
network of isoclinics will be seen to interlock around the former and 
skirt around the latter.
.10. Depth Of- Maximum Shear Stress
Graph 02 shows the depths of:
(a) maximum shear stress, and
(b) maximum alternating or reversing shear stress,
based on planet wheel results with a mean loading of 1*52 lb/in.
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COMPARISON OF RESULTS OF MODELS 1 AND 2 AND GENERAL DISCUSSION
) Model Loadings
The surface properties of Araldite GT 200 at elevated 
temperature imply that the frictional forces developed between 
surfaces on which relative movements occur during the stress 
. freezing cycle can be large when compared with the externally 
applied loads. During the test on the first model the frictional 
force at the carrier ring bearing was overcome by rotating both 
carrier rings through the same pre-selected angle, using coupled 
wire straps. The magnitude of the carrier ring rotation was 
arbitrarily chosen on the basis of the expected torque tube 
deflection with an allowance being made for the spring back which 
would occur during locking of the torque load into the carrier 
ring assembly. Throughout the stress freezing cycle the carrier 
ring was maintained in its displaced position by the externally 
applied loads and the whole model was vibrated through a range of 
frequencies in an attempt to minimise the local effects of friction 
between mating gears and through spindles. The vibration cycles 
were repeated at intervals while the oven temperature was reduced 
to 20°C.
Subsequently the carrier ring splined boss was cemented into 
. place and the torque was locked into.the carrier ring, planet, sun 
and internal torque tube assembly by means of a further stress 
freezing cycle during which some spring back occurred with a consequent- 
small reduction in the applied torque <
Integrated values of the contact stresses obtained from the 
tests on the first model yield a nominal tooth loading of 1 ‘65 ib/in.
(i) For this model the magnitude of the loading is relatively unimportant 
Cont.
provided the overall strains and deflections, are within acceptable 
limits since the results are expressed in terms of a suitable nominal 
stress and will? therefore? be independent of the magnitude of the 
loads applied during the stress freezing cycles. For the second 
model? however? care was necessary to achieve the correct balance 
between the relative effects of the torque and the - superimposed 
inertial loading. The torque loading was therefore reduced by 
following essentially the same loading procedure as described above 
except that the initial rotation of the carrier rings was slightly 
reduced. This resulted in a nominal tooth loading of 1*52 lb/in for 
the second model.
In any subsequent comparison between torque only and torque + 
C.F. results all values have been reduced to the same mean 
load conditions.
(ii) Tooth Loads And Sub-Surface Shear
Based on a uniform line loading of 2 lb/in? the estimated fringe 
order at the maximum shear position in the models using W. Ii. Allen 
design procedures was 1*5. Despite the fact that the loading on both 
models was considerably below this figure? the maximum fringe orders 
achieved in the tests were up to twice the estimated figure. It has 
been stated earlier that this is predominantly due to the large 
variations of loading across the gear teeth? maximum to mean load 
ratios ranging from 1*5 to 2-3 with associated increases of the same 
proportion on the sub-surface shear stress values.
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Whilst it is certainly true to say that designers are aware 
that the assumption of uniform loading is a source of error, I 
feel certain that the magnitude of the load variation has not. 
been fully appreciated, e.g. Tup.lin^2'*'8  ^ recognises the departure 
from uniform loading but states that in relation to other 
uncertainties the departure from uniformity can be taken as 
negligible when developing a formula for tho load capacity of gears 
In the light of the results quoted above, this would seem most un­
wise, to say the least.
(2°MThis has been confirmed by Walker 1 who, discussing helical 
gear action, states that although the action is normally visualised 
as being based on contact along a series of straight lines bearing 
uniform rate of loading, in practice it certainly does not conform, 
to this ideal condition owing to distortion of the teeth and of the 
tooth surfaces. In an attempt to qualify this statement, Walker 
carried out tests on a steel spur rack tooth and concludes that 
even the most cautious interpretation of the results applied to 
helical gears would indicate a maximum to mean load ratio of three. 
Likewise Davies quotes a figure of 1*67.
In contrast, however, Merritt , in a theoretical treatment 
concludes that the greatest load will occur in the centre of the 
contact line with a maximum, to mean load ratio of 1*5»
In view of its obvious importance, it is surprising that the 
problem of load distribution on helical gears has not been treated 
extensively. Despite a considerable literature survey the only 
other practical investigation discovered, in addition to the tests
/ O’! £ \ ...
of Walker, was that of Trbojevic ' who noted the wide divergence 
in views of Walker and. Merritt and considered further testing was 
called for.
Carrying out deflection tests-on a rubber rack tooth, Trbojevic 
found that load distribution was nearly uniform. Considerable 
scatter of results was noted, however, and doubts expressed as 
to the suitability of the rubber used and the method of conversion 
of results from the straight teeth to the helical teeth in question. ' 
In addition, it would appear to the author that it is the relative 
stiffness and action of a tooth pair which gives rise to the load 
distribution and this can not necessarily be deduced faithfully 
from tests on a single tooth loaded in the manner of Trbojevic's 
tests.
It is perhaps convenient to note here that helical gears are 
at their best when the ratio between axial length of teeth and the 
axial pitch is an integer. Under these conditions the total length 
of contact line is constant for any phase of action and there should 
be little variation in load distribution. Fortunately, even if load 
fluctuations do occur, they are unlikely to affect the uniformity of 
transmission of the helical gear.
Short helical gears, however, having a contact ratio less than 
2 are known to suffer sudden load increases when a single pair comes 
into contact and are usually considered as less satisfactory than 
the corresponding spur gear.
Returning to the test results, in both the torque only and 
torque plus C.F. loading cases a distinct load rise occurs at the 
end of the tooth where a sharp surface of the adjacent tooth contacts 
the flat surface. The incompatibility of strains at such a contact 
is certainly one influence which contributes to this effect.
The rise in load is in fact characteristic of the termination 
of contact between any two bodies and parallel results are 
evidenced in the failure of discs and roller bearings which 
normally fail at the edges. For this reason these components 
are often "barrelled" to overcome the above-mentioned contact 
condition at the edges.
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Graph +3 shows a comparison of the loading results for the 
torque only and torque plus inertia loading conditions. Because 
of the higher loading of Model No. 1? the former results have been 
factored by the ratio of the maximum, stresses in the torque tubes 
in each case? (i.e. 32*8/3+'6 = 0*9+8). This is more direct than 
using the ratio of the mean loads and does not involve errors in 
load determination.
The total areas under each of the two sets of curves are equal? 
as would be expected? but there are distinct changes in loading 
distribution. The C.F. loading case can be clearly seen to increase 
the loads at each end of the teeth. It wd.ll be shown later that 
load is leaving or entering via the end of the teeth at these points? 
not the tip. in addition? some extra load is transferred from tooth 
A to tooth B? (i.e. area of tooth A curve for C.F. loading is less 
than that for torque only)? resulting in a much increased, peak load 
on tooth B and hence a higher maximum load to mean load ratio.
In any discussion of gear loading? it is essential to consider 
the effects of tooth errors and the resulting ’dynamic loads’ or 
’dynamic increments'. The dynamic load is made up of the normally- 
transmitted load plus a load increment caused by tooth errors going 
through mesh. As this error goes through mesh there is normally an 
acceleration and a deceleration period which can produce an impulse 
sufficient to separate the teeth. The teeth then close with an
/ ft ft \
impact and Buckingham has shown that it is quite easy to obtain 
dynamic loads up to six. times as great as the transmitted load. 
Whilst the majority of his comments are concerned with spar gearing 
(and. .helical gearing will presumably achieve a smoother transfer of 
load) it is a factor which must be regarded with some significance, ■
The dynamic load increments cannot always be predicted with 
accuracy, and are often liable to increase as a result of extraneous 
changes or deterioration of the gearset. Dynamic effects causing 
overload include transmitted shock, torsional vibration (particularly, 
when this is so excessive as to lead to tooth separation, i.e. 
chattering), lack of dynamic balance, misalignment of the gears, 
distortion of the casing or mounting, excessive shaft deflection, 
and bearing wear. Some design, procedures attempt to overcome the 
effects by the introduction of a ’speed factor’,
T u p l i i / s t a t e s  that ” . it is suggested that the tendency
towards larger errors in tooth dimensions of large gears than of
small ones implies larger dynamic loads on the teeth of large
gears and that this prevents large gears from showing as much
advantage in load capacity as is expected from simple analysis
based on smaller gear behaviour.’’ B.S. formulae therefore take
0*8allowable tooth loading proportional to (linear dimension)
In the opinion of the author it is imperative that further 
experimental work is carried out to determine a more realistic 
maximum to mean load ratio than that suggested by Buckingham and 
to adjust the safety factor used in design calculations accordingly,
Misalignment is a well-known source of load increase particularly 
at the ends of the teeth. Whilst misalignment effects in the model 
cannot be ruled, out entirely, considerable care was taken in both the 
design.and manufacture of the model and loading arrangements to ensure 
accurate alignment. Further, the relatively large strains at which 
the photoelastic model is tested allows correspondingly greater 
manufacturing tolerances and since the photoelastic models have been, 
manufactured generally within the standard gear tolerances the model 
conditions are believed to bo considerably better than those achieved 
for production units.
In both models the superposition of loading values on the 
contact lines indicate clearly that when contact is lost at the 
end of a tooth it is associated with a substantial rise in load 
level. There is thus, evidently, a requirement for the introduction 
of considerable end relief. Further tests to qualify the amount and 
nature of relief required would be advisable but since this would 
inevitably involve further three-dimensional tests, which are both 
expensive and. time consuming, it was not deemed appropriate to proceed 
further along these lines in the work of this thesis.
(iii) Torque Balance
Despite the inevitable losses due to friction in the system, 
the use of the maximum stress in the torque tube as a nominal stress 
. for calculation purposes has enabled very satisfactory balance to be 
obtained between the input and measured torque of both models. This 
would indicate that 'the other results can be viewed with some 
confidence.
For comparison of torque only versus torque plus C.F. loading 
the planet wheel results of Model No. 2 are compared with the 
modified }?2I, results of Model No. 1 which also show high 
accuracy, these having been reduced to the same mean loading 
for both models.
Ideally, in addition to 'the torque balance there are additional, 
requirements for moment balance and axial force balance. In the model, 
however, these are difficult to obtain for a number of reasons:
1. Unlike commercial steel gears, the dead' weight of the
Araldite model gears are extremely Important with respect 
to the stress distribution. It was suspected that a spiggot 
attached to the carrier and introduced for aliglnaca.it purposes, 
(figure Bl), could possibly have taken some of the weight and
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1 , that this and the central splined "bearing" could affect the 
Cont.
load and? in particular? the moment distribution? small 
variations in load at large distances from the moment datum 
producing an inordinately large effect.
It should be noted? however? that the effect of the 
spiggot cannot be unduly high as negligible distortion was 
found in this region and the deformed gear rotated quite 
smoothly. (Slices taken from this region confirmed the 
stresses in the region of the spiggot to be small.)
2. No measurement was made of the tangential? friction?
forces at contact. It is not possible? therefore? to produce 
an accurate axial resolution of forces to check axial balance.
The slices from both models were? however? inspected for 
signs of assymmetry.of the contact stress fringe pattern as 
would be achieved if tangential forces were present. Model 1? 
as expected? showed no indication of such forces and model 2 
only a small degree of assymmetry. This suggests that the 
tangential friction effects are minimal In comparison with the 
forces considered in the torque balance.
(iv) Tooth Bending
Despite the high variations In loading along the gear teeth 
noted previously? the maximum root bending stresses in both models 
are not as high as expected on the basis of W. H. Allen design 
procedures. This would suggest that these procedures leave some 
room for improvement if an optimum design producing an economic 
tooth form of the required strength is to be achieved.
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The variation in results between the two model tests requires 
detailed consideration and for convenience the major points are 
summarised below:
(a) For torque only, the maximum compressive stress exceeds 
the .maximum tensile stress by up to 50 per cent.
This is to be expected from the work of previous 
researchers, as summarised in section B(a).
(b) For torque + inertia loading, in most cases the maximum 
tensile stress exceeds the maximum compressive stress 
by up to 30 per cent depending on load position and 
radius.
i.e. taking W« H. Allen design bending stress for 
loading of 1*5 lb/in = = 1=5 fringes
Maximum tensile stress 0*86
Maximum compressive stress 0*66 cnD
Thus the maximum tensile stresses under torque + 
inertia Increase by between 100 and 150 per cent 
on those for torque only conditions whilst the 
maximum compressive stresses under torque + inertia 
decrease by between 10 and 30 per cent on those for 
torque only conditions.
Since one normally expects the maximum compressive fillet 
stress on gear teeth to exceed the maximum tensile stress, and no 
reference could be found to suggest any experience of the reverse 
being true under any condition, these results raise considerable 
speculation. In particular. if the results are valid, they seem 
to cast considerable, suspicion on the present methods of bending 
strength calculation which involve the use of stress concentration 
factors significantly higher for the compressive, fillet*
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teeth which caused the changed stress situation. In order to check 
this theory? calculations were carried out on the sun wheel since 
this runs on its own axis and gives a convenient and simple starting 
point for the investigation.
Since the sun wheel runs on its own axis? the root sections of 
the teeth can only be subjected to two additional stresses super­
imposed on those caused by torque loading only.
They are:
(i) the circumferential stresses in the body 
of the wheel caused by rotation? and
(ii) the tensile stress at the base of the
tooth caused by the C.F. loading of the 
tooth itself.
Calculations revealed these stresses to be extremely small? 
i.e. 0 * 1 0 5 lb/in2 and 0*038 lb/in2 respectively. Converting the 
fringe orders shown on graph 1|5+ the models indicate a stress 
difference between the two loading cases of approximately 5 * 5 lb/in2 . 
Clearly this difference cannot be explained by the effects 
considered above even when suitable stress concentration factors 
have been introduced on the calculated nominal stress values. It
(i Oo\
should be noted? however? that Kimball' ? considering the effect 
of rotation on the stress distributions in railway motor pinions of 
similar size to the gears considered in this work observes an increab 
of 90% at 1 2 5 0 rev/min on the minimum fillet stresses above the value 
.which he obtained under static torques of the same magnitude. It is 
not clear? however? whether this is due simply to dynamic loading 
effects or to some phenomenon associated with the dynamic effect of 
loaded teeth as distinct from the inertia loading of gears carrying

General discussion of these results by Kimball suggests the latter 
and if this is the case, further detailed investigations are called 
for.
Further consideration suggested that the increased stress 
levels df Model No. 2 might have been caused by spurious effects 
of forces not applied through the tooth contacts, e.g. through the 
two small spiggots which locate the sun wheel centrally within the 
model. In order to investigate this suggestion a detailed examina­
tion was undertaken of the slices in question and of the model in 
the region of the spiggot, yielding the following results.
Both sets of slices, i.e. torque only and torque plus C.F, 
are free from optical defects and exhibit clear isoehromatic 
patterns with well defined isoclinic fringes. There is thus 
no reason to believe that the fringe pattern in either model 
is disturbed by spurious optical effects.
In both cases, particularly on the sun wheel, the fillets 
away from the loaded teeth are virtually free from stress and 
it therefore follows that the observed differences cannot be 
attributed to the effect of G.F. loading on the gear body.
This confirms the calculations above.
The difference in patterns between corresponding slices 
does not appear to be a function of the face width. This, 
together with the absence of a measurable hoop stress at the 
base of the unloaded teeth on the edge of the sun wheel meakes 
interference from the centralising spigot unlikely, A comparison 
of the relevant stiffnesses of the centralising spigot and the 
pinion body, and an inspection of the residual stress level.
I.e. fringe order, in the spigot itself confirms this view.
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A simple analysis of the stress distribution in a transverse 
section located at the base of the tooth was then attempted and 
this indicated that significant changes could be induced in the 
fillet stresses by variations in the direction and position of 
the line of action of the tooth load and further? that with 
friction coefficients of the order to be expected with the 
Araldite? the changes produced could account for the variations 
sought.
At this stage it was decided that further work was necessary 
to determine the accuracy of this statement and this is reported 
on Page 307 * This would be in the nature of two-dimensional tests 
of the type envisaged in the original proposal and would aim to 
confirm the mechanism suggested and qualify the magnitude of the 
effect achieved. It was considered that valuable information could 
also be obtained by examining the shear stress distributions 
on transverse sections located at the base of the tooth since 
the effects of shear had been largely neglected by other workers 
and the work would lead to a better understanding of tooth 
behaviour.
If accurate data could then be made available concerning the 
friction coefficient which is relevant to the prototype configura­
tion. then the corresponding prototype stress distributions should 
be obtainable.
It must be appreciated here? however? that the appropriate 
value of y to be used under hydro-dynamic lubrication conditions 
is likely to be extremely difficult to decide.
Depending on the position of contact on the tooth flank so 
the slide/roll ratio will vary. Conditions will change from 
maximum sliding at the tips and roots of the teeth to pure rolling 
at the pitch circle with varying amounts of rolling and sliding 
occurring simultaneously at all other positions.
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A further complication to any consideration of friction effects is 
that on one side of the pitch circle rolling and sliding occur in 
the same direction, whilst 011 the other side they are in opposite 
directions * SheLl/2^  indicate that the value of the effective 
coefficient of friction at any instant is dependent on the contact 
pressure, film thickness and flash temperatures so that quoted 
values are likely to be of questionable accuracy.
Under hydrodynamic conditions, Shell*' 2^ 9^ indicates the mean 
coefficient of friction to vary between 0*02 and 0*09 depending 
on pitch line velocity, pitch and size of the gear. The higher 
the velocity, the lower the friction coefficient.
Further consideration of this aspect is referred to section 
L which deals with the results of the two-dimensional tests.
(c) Additional results from the slices of Model No. 2
indicate that the positions of maximum stress in the 
root fillets change slightly depending on the load 
conditions. Although this movement was somewhat 
ad-hoc there was a general tendency for the maximum 
stress position for G.F. + torque loading to move up 
'die flank of the gear towards the tip, compared to 
its position under torque only loading.
Since the stress concentration factor will vary with 
the position around the fillet, this could have some 
effect on the variation of values achieved. It is
not felt, however, that the effect, would be sufficiently
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la rg e  to  explain  the d iscrepanc ies  achieved,
(c) As the available bending strength methods rely on a 
fixed, graphically constructed, maximum stress position 
for the basis of their theories, their accuracy is 
questionable when the influence of some unconsidered 
parameter such as shear or "proximity” effects result 
in considerable movement of this position.
(d) In the case of the planet wheels the fillet stresses 
in the roots of non-loaded teeth are significantly 
higher under the torque + C.F. load condition 
presumably due to the rotational stresses'.
In production gears the C.F. effect of rotation about 
their own axis, which is not considered in this test, 
would introduce a further tensile field. On the basis 
of the sun wheel calculations noted earlier, however, 
it is not felt that these would be highly significant.
NB. It has been stated earlier and subsequently 
confirmed by further oblique incidence tests, 
that the error involved in assuming the root 
stresses calculated from the normal fringe 
orders to be principal stresses is negligible*
i.e. The principal root stress can be calculated 
from fringe order using the equation
o-l = nf 
t~
where n is the fringe order
f is the material fringe value
_ 783. -
and t  i s  the  th ickness of s l ic e .
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Figure KI ? shows the bending stresses and the applied loading 
superimposed 011 the lines of contact for one of the planet wheel 
helices. It is immediately evident that high concentrations of 
load are not always reflected in associated increases of bending 
stress owing to the influence of other factors such as:
(a) moment arms.
(b) extra deflections of the teeth, at the ends 
where load increases- tend to occur,
and. (c) the presence of the 60° chamfer on the end 
face of the teeth which tends to reduce, the 
stress concentration factor at the root,
Annulus Loading
The results of both models indicate considerable asperities 
in the loading of the annulus sections,
Despite the fact that the model annulus system is recognised 
as not being entirely representative of the production unit system? 
it has been shown that similar tendencies occur in the production 
gears. However unrepresentative the model system seems to be? it 
can be considered to give valuable suggestions as to the effects 
of abnormalities in loading on the stress distributions.
Whilst? at first sight? it would seem that the effects would 
not be as large in the production units? it must be remembered 
that the amount of deflection of a steel gear required to produce 
the same magnitude of error would be much smaller than that of 
the lower modulus model. It is evident, therefore? that consider­
able care is necessary in the design of the ’annulus’ section if 
the model Irregularities are not to be repeated in the production
Although values of annulus loading were not called for in 
the current programme, a qualitative assessment can be quickly 
made since the nature of the load variation will be similar in 
form to that of the fringe order, graph 8. Approximate values 
of loads can then be obtained by treating the vertical axis of 
this graph as loading in units of lb/in.
(vi) Lines Of Loading (Contact Lines)
One of the major objects of the three-dimensional tests was 
achieved when the contact lines were obtained in three-dimensions. 
In addition to confirming the validity of the assumed linear 
contact for helical gears, the true length of line of contact 
was shown to lie within the range of values indicated by the 
theoretical diagram (figure FI) used by the company, for both 
loading conditions. It would appear, therefore, that the use 
of this diagram for the true loading condition on the gear is 
acceptable since any variants not included in these tests would 
probably not unduly Influence the contact lines, e.g. rotation 
of the planets about their own axis.
(vii) Stresses In The Vicinity Of Oil And Lifting Holes
Having appreciated the presence of other areas of local 
stress concentration in addition to the root fillets, the maximum 
stresses were evaluated in the vicinity of oil holes and the holes 
used for lifting the gears during assembly . - . • ; These
are summarised in the table below and their values expressed in 
‘terms of a maximum, root bending stress for each loading case.
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Summary Of Maximum Stresses In The Photoelastic Models 1 & 2 
In The Vicinity Of Oil And Lifting Holes
(a) Oil holes between teeth of sun wheel - see page
Torque only 
Torque + C.F,
Max
fringe
order
0' 2
0*26
Stress 
in model
2 r 8 lb/in 2
3 * 6 lb./in2
Percentage  ^of 
max, root 
bending^stress
20%
(b) Oil holes in central portion of planet- wheel 
between the two helices
Torque only 
Toroue + C.F,
Max
fringe
order
0*8
0*95
Stress 
in model
5’6 lb/in2 
13*3 lb/in2
Percentage _of 
max. root 
bending^  s_t/re s s
80%
A'A A/O
(c) Liftlng_holes
A. transverse slice across the lifting holes shows the maximum 
stress to occur in the body of the gear near the central hole 
(i.e. not at the surface) and therefore the reading quoted is 
a maximum shear stress,
Torque only 
Torque -f C.F
Max
fringe
order
0*2
0‘?6
Stress 
in model
2-8 lb/in2 
10*6 lb/in*'
NB. In order to convert the model stress to typical 
prototype stress, see page 174.
Surprisingly the stresses around the oil holes in the root 
fillets of the sun wheel teeth showed little or no stress 
concentration effect under either load condition. As has been 
stated previously, this is believed to be due to its location 
at the stress change-over position from tensile to compressive 
stress. The size of the hole used here would obviously be 
critical, however, since any larger diameter would bring a 
potentially high stress concentration near to the position of 
maximum stress. If any lubrication problems exist, a series of 
small holes in the fillets along the facewidth would be preferable 
to any* increase in hole size.
/ Oq\
Heywood'' notes that for gears subjected to very high speeds 
of rotation, care should be taken to avoid any stress concentration 
at the centre of the root since high tensile hoop stresses are 
produced here by the centrifugal forces. Since the speed of rotation 
of the second model was chosen to be representative of a typical ( 
production gear unit in the medium to high speed range the above 
results do not confirm the need for such concern,
(viii) Isoclinics And Stress Trajectories
The isoclinics achieved in both sets of model slices were 
clearly defined and allowed accurate construction of the stress 
trajectories for both planet and sun-wheels. These show clearly 
the direction of the principal stresses at all points in the 
vicinity of the gear teeth and indicate that the effect of the 
added inertial load on the trajectories of Model 2 is minimal, 
particularly near the load application points where the contact 
stress conditions prevail*
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It is interesting to note that the stress trajectories are
( 2ft)proposed by some workers ' ‘ to indicate the possible path of 
fatigue crack initiation and subsequent failure. This obviously 
ignores any re-distribution of stress at yield and is thus a 
proposal open to some criticism. With a nitrided layer? however? 
the work of fracture associated with any plastic region is low and 
the material is not able to adjust the stress concentration effect 
at the tip of a crack? once initiated? to any appreciable extent.
The crack may propogate? therefore? without undue stress field 
change.
Stress trajectories generally indicate the direction in which 
fracture may .commence. The subsequent direction of the crack is 
then not so much dictated by the trajectory route but rather by the 
crack geometry at any instant and the type of loading, In the case 
of gear fractures the load will continue to open up any crack after 
initiation and it is? perhaps? fortuitous that in this case there 
appears to be some correlation between the fracture route and a 
principal stress trajectory. In as far as gear design is concerned, 
any detailed consideration of such correlation? if any? is not 
considered particularly significant since no method can be envisaged 
whereby the direction of crack'propogation can be utilised to effect 
an appropriate redesign. Nevertheless? the stress trajectories 
achieved here show some correlation with the high strain - low cycle 
type of failure of production units which have been subjected to 6 
or 7 times overload. (Type (b)? figure IC2 ). Gear fatigue failures 
would, seem to divide essentially into three main categories? dependin 
on load situation? see figure K2.
(a) Bending.
(b) Contact stress. High strain - low cycle.
(c) Contact stress. Lower intensity load - high cycle,
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Type (a) failures result in complete breakage of the tooth 
across, or near, the root section*
Type (b) produces a crack which would seem to initiate sub­
surface at the contact position and propogate through to the back 
of the tooth, a large section of the tooth then becoming detached.
Type (c) produces cracks which seem to initiate from the 
surface and branch at or near the case-core, junction, (in the 
case of nitrided gears this junction is not clearly defined and 
the statement cannot, therefore, be explicit.) The branches of 
adjacent cracks eventually join up and lead to the flaking of 
material from the loaded surface of the tooth.
It has been suggested that as a general statement, unhardened 
gears fail near the root, nitrided gears at other than the root. 
This statement would appear to the author to be largely confirmed 
by U, H. Allen results, although type (a) failures, i.e. bending' 
failures, at the root of the nitrided gears do occur on some 
occasions, 'fype (b) and (c.) failures, however, are proportionately 
far more common.
This is probably explained by the fact that whereas the 
hardened layer significantly reduces the effect of the maximum 
tensile bending stresses at the surface of the root fillets it 
does not have such a pronounced beneficial effect at the contact 
point where the maximum shear and alternating shear stresses are 
considerably below the tooth surface. At these positions the 
residual stress distribution produced by the hardening process 
together with the associated shears and the applied, loading can 
cause a more severe stress condition than would be present in 
unhardened gears and hence made them, more prone to the types of 
failure mentioned.

It would be reasonable to assume that any re-distribution 
of stress which occurs at the extremity of a crack due to local 
yielding would have more influence on type (c) failures than, 
type (b) purely from the time interval involved, This suggests 
that the stress trajectories would be more appropriately viewed 
in the light of the type (b) failure and this proves to be the 
case. A distinct similarity is evident between the stress 
trajectory emphasized in the S2Lf> slice of figure J+ and the 
type (b) failure path sketched in figure . K2 . This correJation 
seems particularly good when load is applied at positions outside 
the pitch circle.
It must be noted that the stress trajectories achieved do 
not take any account of the residually stressed layer present 
at the surface of the nitrided production gear. It would seem 
probable that the residual stress system would, affect only the 
point of crack initiation and not the propogation across the'tooth 
itself. This would be less true of smaller pitch gears where, for 
similar case depths? the residuals would, have a proportionately 
larger effect and a different type of failure would probably 
result,
This would be difficult to check photoelastically although 
an approximation might well be to utilise the similarity of the 
"time-edge" phenomenon and the nitrided layer mentioned on page
Tests on various two-dimensional gear geometries In which 
"time-edge" has been allowed to develop should indicate any 
difference in the stress trajectories from that of a model with 
no edge effects. This again presumes that tile'time edge is of 
sufficiently high magnitude to fully represent the nitrided gear 
situa Lion»
Whilst it has been, noted that somewhat different mechanisms 
exist in the "time-edgeM and nitriding procedures, it is not 
unreasonable to expect that both types of volume change phenomena 
will produce the same effects for similar proportions of infused 
material. If, indeed, such a one-to-one relationship does exist 
then it is entirely leasable that sufficient tine-edge stress can 
be allowed to develop in the slices from the models in order to 
obtain an appreciation of the effects of the nitride layer on the 
stress distributions. This would not be entirely representative, 
however, since the nitriding process would be applied to the complete 
three-dimensional gear geometry and could not be expected to produce 
the same results as that of time-edge on a two-dimensional slice. 
Unfortunately, the residual stress distribution achieved by X-ray 
methods does not show the expected correlation with that obtained 
from time-edge effects in photoelastic models. How much of this 
disagreement can be .attributed to the errors involved in the X-ray 
technique as discussed earlier on page is not clear* For this
reason, together with the time limitation and the pressure of other 
aspects of the work, no further consideration could be given to 
these proposals. It is, however, considered to be a very valuable 
exercise and a critical one to the strength consideration of 
hardened helical gears, particularly if the present methods cf 
residual stress measurement cannot be refined to produce accurate 
and reliable measurements for real gear configurations and surface 
treatments.
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Graph 06 shows the C.F. loading results normalised to a 
mean loading of 1*65 lb/in for direct comparison with the torque 
only case. In all cases the -depths have been calculated from 
the evaluated loadings as described on page 182 .
It will be clearly seen that the maximum residual stress 
depth l.ies mid-way between the maximum shear and maximum 
reversed shear depths for the majority of the load cycle. This, 
of course, would only be the case for a load on the production 
unit equivalent to the model loading. At a lower load the 
maximum shear stress could well coincide with the peak residual 
stress whilst at a higher load the. maximum reversing shear stress 
will do so. ' .
It has been mentioned previously that there is no well- 
defined case-core junction with nitrided surfaces and the limit 
of the case is- normally taken as the point at which a certain 
value of hardness is maintained, see figure D0 • For ¥. H. Allen 
gears the limiting hardness value chosen is equivalent to a depth 
of case of 0*012 in - 0*015 in. The results mentioned above could 
thus be highly significant when seeking the cause of sub-surface 
crack initiation since the peak residual stress, the maximum shear 
stress and, often, the maximum reversing shear stress occur at 
depths greater than this.
It would, therefore, seem advisable to investigate the effect 
of prototype loadings, details of which are not available to the 
author.
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The design of the models, incorporating a fixed-sun arrangement, 
proved satisfactory and resulted in good load sharing.
2. Load levels were acceptable in both models producing satisfactory 
strains and fringe orders.
.3. . Sub-surface shear stresses proved to be up to 100 per cent higher 
than expected from ¥. IT. Allen design procedures.
8- Maximum root bending stresses are, conversely, 15 to 30 per cent
lower than those indicated by ¥. H. Allen bending strength calculations
5« For torque only loading, the maximum compressive root stress exceeds
i the maximum tensile stress by up to $0 per cent (as would be expected
from the results of previous work on the bending strengths of gears).
6. For torque + C.F. loading, however, the maximum tensile root stress 
exceeds the maximum compressive stress by up to 30 per cent.
7» The results of both models indicate considerable variations in 
loading from the mean value with maximum to mean load ratios of 
1*8, for torque only, and 2*3, for torque + inertia loading. These 
variations are highly significant in the overall design concept, 
which usually involves the assumption of uniform line-loading, since 
they indicate corresponding increases in contact stresses,
8. The most significant load increase occurs when load leaves via the
end of a tooth, as opposed to the tip. This would seem to confirm
the need for end relief.
SUMMARY OF RESULTS OF THREE-DIMM SI QNAL PHOTOELASTIC INVESTIGATIONS i
9, Measurement of the spacial location of the gear contacts has been 
achieved and three-dimensional representations of the load lines 
produced. These give the true length of contact of the loaded 
gears and values obtained agree well with those predicted by 
W. H. A,lien design procedures on the basis of the ideal undeformed 
gear geometry. It is clear? therefore? that the effect of the 
loaded gear geometry does not significantly affect the contact 
lengths and that "ideal" contact conditions have been achieved in 
the models.
It has been possible to superimpose on the load lines the loading 
distributions to produce a clear indication of the loading behaviour 
of double helical epicyclic gears.
10. Excellent correlation has been achieved between the measured torques 
obtained by integration of the infinitessiiaal moments arising from 
the contact stresses and the calibrated input values. In view of the 
difficulties in the measurements involved and the possible sources of 
error in such a complicated model agreements within 2% on both models 
is claimed to be a considerable achievement. The other results can 
therefore be viewed with confidence.
11. Similar agreement is obtained between the torque values for torque 
alone and torque plus inertia loading. It appears? therefore? that 
the tooth loads on epicyclic gears are related to the torques applied 
to them in exactly the same way as for gears running on fixed axes 
and are not affected by any deformation of the carriers? etc.
12. There are? however? distinct changes in load distribution? C.F. 
loading producing clear increases in load level at the ends of 
the teeth.
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13. The results of both models at the planet r annulus contacts show-
considerable irregularities. The loading lines indicate that these 
irregularities are due to the twisting of the annulus sections and 
this has been shown to be not unrepresentative of the production 
unit annulus arrangement. The results are, therefore, of direct 
interest.
10| * .Body stresses in the planet wheels are up to 60 per cent higher 
in the C.F. loading case.
1 5 « Direct comparison of the maximum stresses at the oil holes in the
root fillets for the two loading conditions was not possible.
Results indicate that the.presence of these holes does not represent 
a serious design hazard.
16. Stress trajectories, i.e. paths of the principal stresses, have 
been obtained for the two loading cases and some correlation, 
albeit fortuitous perhaps, made with known failure modes.
It can be seen clearly that C.F. loading does not influence 
significantly the stress directions in the tooth itself, these 
being predominantly a function of the magnitude and position of 
the contact load.
1?. In any hardened gear- the material j^ operties, residual stress
distribution and contact stress distribution vary with depth.
It is not unreasonable, therefore, to suggest that at seme depth 
the addition of the three effects results in a critical state of 
stress. For this reason the load results have been converted on 
the basis of Hertzian contact to indicate the depths of maximum 
shear stress and maximum reversed or alternating shear stress. It 
is significant that for the model load chosen, the maximum residual 
stress (estimated by Dr. Kirk) lies between these values.
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Variations in .load can thus cause the maximum residual stress to 
coincide with either of the maximum shears and thus significantly 
contribute to sub-surface fatigue crack initiation.
The residual stress investigations carried out by Dr. Kirk 
using the X-ray technique were carried out at the suggestion of 
the author in the hope that the results could be simulated in 
photoelastic models using the "time-edge" effect as described 
on page 1 1 3 . Tipis has not been possible to date, owing to the 
nature of the stress distribution resulting from the investigatioi
n  nV, / i i
« .^ ,z
j c  s o s x i  / \
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L. T W O - D I M E N S I O N A L  T E S T S
INTRODUCTION:
Analysis of the measurements made on the three-dimensional models 
indicate that the deformation behaviour of an assembly subjected to 
torque alone is markedly different from that of a gear subjected to 
torque plus inertia loading. The major anomaly is .associated with the 
bending stress concentrations which occur in the fillets of loaded teeth 
at the sun planet contact. Preliminary calculations (see page 276 ) and 
examination of the stresses in adjacent unloaded teeth confirms that the 
observed differences cannot be attributed directly to the effect of 
■inertia loading. Furthermore, although the normal pressure distribution 
.on the flanks of corresponding teeth are essentially similar for both 
loading conditions the magnitude and location of both the tensile and
compressive fillet concentrations display significant and possiblyI
important differences which cannot be simply explained, A careful 
examination of the isochromatic fringe patterns in the relevant slices 
does not provide any support for the suggestion that either model suffers 
from spurious optical or mechanical defects and it must be concluded that 
the observed results are a correct representation of the model behaviour.
A simplified analytical treatment of the tooth bending behaviour 
suggests that the experimental observations could be explained in terms 
of frictional forces which are developed at the contact positions on the 
tooth flank and in order to provide a complete understanding of the three 
dimensional model test results, it was considered necessary to examine 
this effect in more detail. If friction forces do provide a significant 
contribution to the bending moment the possibility exists that the 
critical bending stresses are relatively sensitive to this form of loadin 
both in the model and in the prototype.
(in this context it should be remembered that the high coefficient of 
friction pertaining to the model test is unlikely to be achieved in the 
hydrodynamic contact which occurs in the prototype gear.) It was? 
therefore? decided that further model studies, were needed to provide 
definite information about the relationship between the fillet stresses 
induced by frictional and normal forces on the gear flank and it was 
suggested that this would be provided by undertaking a modified form of 
the two-dimensional photoelastic studies which were included as part of 
the initial test programme'. The objectives of the two-dimensional tests 
were thus:
1. To establish the relationship between bending and 
shearing deformation in determining the critical 
fillet'stresses.
■2. To examine the effect of varying the load positioni
\ on the tooth flank. •
3. To determine the Influence of frictional force at
the contact point on the magnitude of the fillet 
stress concentrations.
+. To correlate the test observations with the 
prediction of a simple theoretical study.
Preparation Of The Two-Dimensional Model
Profile co-ordinate measurements were accurately recorded on 
sections cut from the. three-dimensional model and used to produce 
a master profile ten times full size,
The master profile was photographically reduced to give a four-- 
times scale model this being used to produce? by hand? a template from
which the J/8 in thick photoelastic model was prepared.
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Figures L.l. "Typical fringe patterns obtained in 
the two-dimensional gear model using a monochromatic 
(sodium) light source. Normal loads of 50 lb have been 
applied to both models at different loading positions 
on the tooth flank".
The profile co-ordinates of the resulting model were measured and 
checked against the master profile on a forty-times full size drawing.
Model errors were found to be well within the limits of accuracy of' the 
original profile measurements.
Loading Jig
Figure E3 shows the loading jig which incorporates a single loading 
line which can"be suitably angled to produce various friction equivalents. 
The strain gauged load cell initially provided was replaced by a single 
direct-reading load cell of the proving ring type which proved more 
convenient and was shown by a simple calibration test to be well within 
the limits of accuracy required for the tests.
■ In order to check the functioning and reliability of the loading
i
model arrangement, a simple linearity test was carried out with maximum 
compressive and tensile root fillet stresses determined for increasing 
loads with a single load application position 011 the tooth flank. Straight 
lime results were achieved, thus confirming the loading and measurement 
technique. There was no significant variation in the positions of the 
stress concentrations throughout this test.
Test Results
1. Figure 1,2 shows the effect on the maximum fillet stresses of 
the position of normal load application on the tooth flank.
The following points are evident.
(a) With load applied at positions other than near the root,
the maximum compressive stress exceeds the maximum tensile 
stress.
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1. (b) For load positions near the root the maximum tensile stress
Cont.
j exceeds the maximum compressive stress. No record of similar
results can be found in the work of previous researchers since 
most use a single position of load application and others a 
variation over a small range of positions. It seems probableJ
that these results are in the nature of a "proximity effect" 
and it is important therefore to establish the limits of load 
position on real gears to establish whether any contact will 
occur in practice as low as position 1 of these tests.
Figure L3 shows a detailed drawing of the model spur gear• 
profile indicating the precise locations of load positions 
V- 1 to 6. Comparison with real loading situations shows that
the lowest contact generally lies between load positions 1  
and 2.
' (90)"Proximity effects" have also been observed by Heywood'
and Kelly and Pederson^2^  and attempts have been made
by these workers to include correction in their
theoretical expressions." They did not observe? however?
the change in relationship of the maximum, tensile and
compressive stresses noted above.
O
(c) The positions of the root stress concentrations were found to 
vary with, load position as shown in figure L2 both the 
compressive and tensile maxima .moving around the fillet towards 
the tip as the load moves towards the tip. (Figure L+ shows 
the method of obtaining the angles otc and 04- defining the 
positions of the stress maxima from readings of isoclinic 
angle of these points. This assumes 'a circular fillet.)
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strength calculation procedures which take a constant stress
concentration position as the basis for construction of modified
Lewis parabolae and other similar constructions. As far as the
writer is aware, only one design method exists at present to
account for movement of stress concentration position. This
(121)has been suggested by ICelly and Pederson' on the basis of 
somewhat limited tests and has not received universal accept­
ance to date.
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This r e s u l t  in d ic a te s  the l im ita tio n s  of e x is tin g  bending
Figures L5 and L6 indicate the effects of varying the load 
angle, i.e. introducing contact friction, for three load positions,
Positive y values indicate 
friction forces from tip to 
root.
Negative y values indicate 
friction forces from root to 
tip. See figure L 8 .
Figure L 8
Difficulty was experienced in obtaining these results using 
the loading rig as first manufactured since the contact of the 
steel load "applicator" on the araldite tooth did not allow 
sufficient friction to develop to obtain the desired number of 
experimental points on the graphs. The applicator was modified, 
therefore, to include an araldite roller in order to produce 
araldite on araldite contact. This allowed two extra points to 
be obtained on the graphs which thus became more clearly defined. 
The maximum friction coefficient obtainable, however, was only
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The initial results indicated that whilst the maximum 
compressive fillet stress remains nearly constant over the 
friction range achieved? the maximum tensile stress line shows 
a significant slope. Extrapolation of the lines of figure L5 
suggested that if y values could increase sufficiently the tensile 
stresses? particularly with load at mid-depth (and below) would 
eventually exceed the maximum compressive stresses.
In order to check the validity of the extrapolation suggested 
above? further tests were carried out with increased friction at 
contact. ‘This was achieved by inserting between the contacting 
araldite surfaces a strip of rough emery cloth which had been 
folded over and bonded together with double-sided adhesive tape. 
Without modification to the loading jig? this allowed friction 
coefficients up to 0*25 to be achieved at load position +. Owing
to restrictions imposed by the loading jigs it was only possible to 
somewhat lower friction values in the two other load positions.
Figure L7 clearly indicates intersection of the tension and 
compression lines suggested earlier. For load position +? the 
intersection occurs at y = 0*165 whilst at load position 6? i.e. 
loading near the tooth tip? a higher friction coefficient of 0*25 
is required before the maximum tensile stress exceeds the maximum 
compressive stress.
As indicated in the normal load results of figure L2? the 
maximum tensile stress can be expected to exceed the maximum 
compressive stress for loading near the root and this is shown 
to be so over a wide range of friction values.
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(a) crc  max > c£+ max by up to 50$ for torque 
only loading?
(b) cr-k max > ac max by up to 30$ for torque 
and inertia loading.
This order of change is shown to be possible in the presence 
of tangential friction forces at contact by 'the results of figure 
L7 for load positions 2 and + where friction coefficients of 0*3 
and 0*+? respectively? produce maximum tensile stresses exceeding 
maximum compressive stresses by 30$.
Preliminary friction tests carried out prior to the three-
dimensional tests showed the expected p value for araldite on
araldite at the stress-freezing temperature to lie between 0*3
and 0*6? the lower value being achieved only if vibration of the
model is fully effective. It should be noted here that whilst
the model was subjected to applied mechanical vibration during
•the "torque only" test to reduce torque losses due to friction?
this was not attempted during the rotation test where rotational
vibrations were assumed to be sufficiently effective.
\
Detailed examination of the root bending stress graphs together 
with the appropriate loading lines for the inertia loading test show 
that the above-mentioned 30$ excess of tension over compression is 
achieved at slice positions'corresponding to mid-depth and root 
loading positions. This again correlates well with the two- 
dimensional test results for load positions 2 arid 1. mentioned above. 
The results would? therefore? seem to confirm that the "anomolies" 
of the .inertia loading test can be explained by the effects of 
contact friction.
The three-d im ensional model t e s t  r e s u l ts  suggest th a t :
0. Bearing in mind, however, that the test results quoted above
Cont. . „
relate to a two-dimensional model it might be argued that the
"anomalies" could be explained by fundamental differences in
behaviour between two and three-dimensional models. However,
from detailed observation of slices from the three-dimensional
models it is clear that whilst friction effects are not apparent
in the first, torque only, model there are definite indications
of these effects in the torque plus inertia load model. 7
• ' •'/ . ; k» - ;■ F 'A 6%j v The contact fringe
pattern of the torque only model slice shows symmetrically looped 
fringes whilst that of the inertia load model indicates some 
assymetry; measurements also indicate differences in the location 
of the root stress concentrations in the two cases. Clearly these 
are only qualitative indications of the presence of friction effects 
in .the second model but they do . support the proposal that these are 
almost certainly the source of the differences between the two 
models. Thus any relationship between two-dimensional and three- 
dimensional model results which; in the absence of friction, are 
applicable to the torque only model can also be used for the inertia 
loaded model by making due allowance for a friction effect of an 
appropriate magnitude on the basis of the results quoted above.
These results can thus be used to correct the bending stress results 
of second model.
It should be stressed here that the anomolies mentioned above 
are unlikely to occur in normal gear operation provided that 
hydrodynamic lubrication is maintained, since the prevailing friction 
value under these conditions is expected to be below 0*1. The value, 
of the two-dimensional test results is then to establish ..the. effects 
of only very small friction coefficients on the root fillet stresses.
Further interesting results which arise from these tests are 
discussed below.
- 3 1 2 -
The EiaxmiM compressive stresses remain sensibly constant for 
load positions 8 and 6, i.e. for load positions away from the root. 
At load positions near the root, however, the maximum compressive 
stress changes significantly as direction and magnitude of the 
contact friction is changed.
In all cases, the tensile stress concentration decreases as 
the friction angle increases from -y to + y , i.e. as the frictional 
force is reversed from acting towards the tip to acting towards the 
root.
Dolan and Broghamer' considering the effect of tooth form,
noticed similar results as the form of their model tooth was tapered 
inward to approach the fideal' Lewis parabola.‘
.This would involve a similar change of load angle as experienced 
here. They also note no corresponding change of compressive con­
centration. It should be remembered, however, that friction effects 
were not considered.
Similar effects for low load positions are observed when the 
stress concentration positions are determined for varying friction 
coefficients. The earlier tests had indicated no significant 
variation of position but with y artificially increased as noted 
above, it was found that for load positions near the root the 
value of cq. .showed a 17° change as U varied from -0*15 to +0*2,
&c remaining constant, i.e. the tensile stress concentration moves 
significantly around the fillet aivay from the tip as y changes from 
-vo to +ve: the compressive stress concentration remains at the
same position. At the two other, load positions both concentrations 
remain at, effectively, the same' positions as with normal load.
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6. Since the variation of load angle produced by the presence of
Gont.
friction would vary the proportion of bending? direct and shear 
stress similar to the effect of varying the position of the normal 
load these results' seem surprising in view of the comments of item 
1(d). They seem to indicate that the change in position of the 
stress concentration is more likely to be? again? in the nature of 
a proximity effect? this effect also contributing to the observed 
‘behaviour of item 5*'
Further consideration of the positions of stress concentration 
is referred to subsequent detailed analysis of root fillet behaviour 
reported on pages 334 to 341? when? as a result of more precise 
measurements? it will be shown that the movements of the tensile 
and compressive* stress concentrations are practically the same and 
not as indicated in figuresL ,2^ lAd 1 J*2^  the basis of estimated 
positions.
i ‘
7 • Figure L2 has previously been introduced to show the effect
of varying normal load position. This involves a change in load 
angle as the load moves up the flank and hence gives rise to varying 
proportions of direct stress? shear and bending. The individual 
effects of any of these loading types is therefore difficult to 
assess. To simplify the problem the test was repeated with varying 
load position? but on this occasion the load inclination was main­
tained constant? i.e. the direct and shear components of the load 
remained fixed. Figure L9 shows the results of this test which 
therefore indicate the effects of different amounts of bending 
superimposed on a fixed direct stress and shear system.
.    J14”------------------------------------------------------- ~“
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7.' The model profile of figure L3 shows that the total variation in 
Cont.
j load angle with movement up the flank through the six load positions 
is only 20°, i.e. -12° and +7*5° each side of 2‘3°. Large variation 
in the results from those of figure L2 were therefore not expected. 
Indeed the results are very similar.
The fringe pattern in a photoelastic model yields, at all points, 
the difference in value between the principal stresses at that point* 
Only at an unloaded boundary where the principal stress normal to the 
boundary is known to be zero can the values of the principal stresses 
be determined separately from the fringe orders. As an additional 
means of obtaining a clearer idea of the behaviour of a gear tooth 
under load, it was considered advisable to obtain the separate values 
of -the principal stresses and their Cartesian components across a 
suitable section within the model using a so-called "separation"
’ technique. One such technique known as Tesar's Method was applied
to separate the stresses across a root section for three load positions. 
A typical result is shown in figure LIO and a summary of Tesar rs method 
is given in Appendix 7 for reference. One point immediately evident 
from the lower set of curves of figure L10 is that whilst it can be 
shown that the integrated shear across the section agrees with the 
theoretical value, there is clearly a defined shear concentration 
effect at the fillets. Similar results for load positions near the 
root indicate that shear is the predominant effect except immediately 
at the tensile fillet. It is clear, therefore, that any formula 
developed to represent the strength of gear teeth must take into 
account shear effects..
At this stage, it was decided that extensive efforts should be 
made to derive a theoretical formula which will satisfy the experimental 
re suits ob served.
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ANALYSIS OF EXPERIMENTAL RESULTS FOR COMBINED BENDING,
DIRECT AND SHEAR LOADING
An initial simplified analysis of the stresses in the root fillet 
radius of gear teeth was carried out in. order to include the effect of 
shear loads which are excluded in the majority of other bending strength 
formulae.
Thus, with the notation of figure P5 , the following nominal 
stresses act on the root section:
Nominal bending stress 6W (y_cos_0 - x sin Q)T b
Compressive direct stress ¥ sin 0 tb
Nominal shear stress W cos 9 ~ tb
Assuming a single stress concentration factor for bending and direct 
r \ the(i.e. radial) stress of Kb/resultant tensile stress is given by:/
Ks ¥ cos 0 ^ j ¥ sin 0 6W cos 0 y 6W sin 9 xt = - — - ~ - Kq | —  -
itb tb* tb2 J
Kq W COS 0. 
tb
Ko 6y x—— + —  (l ~ — tan Q) ~ tan 0 Kq d y
and the resultant compressive stress by;
Kq ¥  cos G 
tb
Ko by x~~ + ---■ (1 - tan 9) + tan 8 
Kb d y
Attempts to correlate the values' given by the above theory with thos 
obtained by experiment for both the constant load inclination and varying 
friction tests proved unsuccessful, and it was evident that such a simpli 
analysis could - not adequately represent the true gear behaviour.
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The introduction of a separate stress concentration factor Kv for the 
direct stress term and the use of various combinations of values for 
the stress factors produced only marginal improvement. It was decided, 
therefore, that some account must be taken of the observed movements of 
the positions of maximum stress in the fillets as the load position on 
the gear flank is varied.
It is clear that the relationship between the inclination and position 
of the applied load, and the resulting critical stress is sufficiently 
complex to militate against a simple Interpretation of the experimental 
data. Initially an attempt was made to express the maximum stress in each 
fillet in terms of the combined effects of the bending, shear and radial 
force components acting upon an arbitrarily chosen nominal cross section 
at the base of the fillet. A description of the procedure Is given in 
Appendix 8*1. For a more comprehensive treatment of the procedure out­
lined in this and subsequent appendices, the reader is referred to a full 
report on the two-dimensional tests, (ref. 2£6). For a flank load F, 
applied at a co-ordinate position (x, y) and inclined at angle 9 to the 
tangent plane, the fundamental assumption yields the following 
relationships:
{Ks cot G.sin
and
__W sin 9 
bt Ks cot G.sin
where Its and Kv are stress concentration factors associated with transverse 
and radial loading respectively, and the observed difference between the 
stress increments in the tensile and compressive fillets with Increasing .
moment is catered for by the inclusion of separate bending stress 
concentration factors? Kt and Kc in the fillets concerned. The form 
of the expressions implies that the distribution of the circumferential 
stresses due to the separate loading * components is sinusoidal with the 
maximum value due to transverse load occuring at an angle as. The 
maximum values due to bending and radial load coincide and occur at an 
angle
Although the analysis given in Appendix 8*1 appears to give a good 
correlation insofar as the prediction of bending effects are concerned? 
(figure Pll)? the derived value of the shear stress concentration is less 
reliable when tested against a range"of different loading conditions 
(figure P12). It is clear that somey at least? of the assumptions implied
-j,
in this, analysis are unjustified andi:could be responsible for the anomolous 
predictions of the empirical formulae. The complexity of the relationship 
makes it difficult to identify the source of the discrepancy with any 
degree of certainty but the restrictive form of the circumferential stress 
distribution and the assumed location of the critical stresses due to the 
separate forms of loading are obviously suspect. The possibility of a 
proximity effect associated with the presence of a concentrated load 011 
the tooth flank is an additional factor which if significant will certainly 
influence the fillet stress distribution in a non linear fashion as the 
position of the flank load is changed. The experimental observations were 
carefully made and it seems unlikely that a failure to predict consistent 
trends can be attributed to random errors in the experimental observations 
of the maximum stresses. Furthermore the symmetry of the gear configuratioi 
and loading arrangement makes it difficult to accept that the geometric 
stress concentration factors pertaining to the tensile and compressive 
fillets are intrinsically different.
Accordingly it was decided to undertake independent tests in order 
to establish the location and magnitude of the stress concentration factors 
due to the individual idealised loading cases.
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IINDEPENDENT EVALUATION OF THE STRESS CONCENTRATION FACTORS DUE TO
BENDING AND RADIAL LOAD
(a) Two Dimensional Photoelastic Tests With Simple Loading Cases
To avoid possible load proximity effects a second photoelastic 
model spur gear x+as manufactured with the tip of the test tooth being 
extended to provide a loading fixture. The method of loading the 
model is apparent from figures Lll (a & b), which illustrate the 
light field isochromatic patterns induced first by pure radial load 
and secondly by a combination of radial and bending loads. This 
model was also tested with a pure moment applied to the loading 
fixture. For each loading case observations of the tangential 
stress were made at sufficient stations around each fillet to alloxv 
the complete stress distribution to be plotted. During the tests, 
observations were also made of the optical patterns in the uniform 
part of the tooth extension. These measurements provided confirmation 
that the desired loading had been achieved and allowed the nominal, 
stresses to be evaluated directly in terms of the optical sensitivity 
of the photoelastic material.
(b ) Initial. Analysis' Of Fillet Stress Distributions Induced By Combined 
Bending And Radial Loading
In order to utilise the measured fillet stress distributions 
for the derivation of the stress distributions, and hence critical 
stress induced by more complicated loading conditions,it is necessary 
to express the experimental values in analytical form,
Figure L.11(a) Light field isochromatic pattern for radial loading 
of modified two dimensional gear model
Figure L.11(b) Light field isochromatic pattern for combined radial 
and bending loading of modified two dimensional model
(b) The procedure .for undertaking this operation is given in Appendix 
Cont.
8*2 and yields the following relationships:
Kv = 1*33 + 0-6+ sin 3 (a - 3) (l)
ICb = 0-93 + 0*55 sin 3 (a + 10) (2)
It should be noted that similar values of Kv are derived from 
both the tests involving radial load? either alone or in combination
with a pure bending moment. However the values of Kg derived from
the latter test arc significantly different* from the results of the 
independent pure bending test. On balance the values yielded by the 
bending test would be expected to be more reliable particularly as 
the effective bending moment applied during the combined loading 
test will be reduced by the elastic distortion of the mode].. For 
this reason the value of Kg.given in equation 2 is based on the 
pure bending test.
- 3 2 3 -
(c) Fillet Stress Distribution Under Combined Bending? Transverse And 
Radial Loads
Subsequently a further test under combined loading was under­
taken on the first model and the tangential stress distribution 
around the circumference of both fillets was determined. An oblique 
load, inclined at 23° to the pitch circle tangent plane? was applied 
to the tooth flank at location + (co-ordinate position -0*556? 1*280)
Introducing the relationships:
?t . _K + Mu.S2ie._r...A  K + Ks cot 0 (3)
o d
and. ■ •
S.C. = _K_ - Kb .. Ks cot. 9 '(W
a d
(c)
G ont.
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I t  fo llo w s  t h a t :
tf.b -  a  12  ( y  c o t  0 -  x)
 --------  _ —----------   Kq + 2Kg c o t  0 (> )
an d  in t r o d u c i n g  th e  p re d e te rm in e d  v a lu e s  o f  Kq i t  i s  p o s s i b l e  t o  
d e r iv e  ’th e  d i s t r i b u t i o n  o f  Kg a ro u n d  th e  f i l l e t .  The d e t a i l s  o f  
t h i s  c a l c u l a t i o n  a r e  in c lu d e d  i n  A ppendix  8*2 and  l e a d  t o  th e  
c o n c lu s io n s  t h a t ;
Ks -  -O*03 + O‘O00« + 0*50  s i n  6 ( a  -  36) ( 6)
The a n a l y s i s  i n v o lv e s  ta lc in g  th e  n u m e r ic a l  sum o f  th e  e x p e r im e n ta l  
v a lu e s  o b s e rv e d  a t  c o r r e s p o n d in g  p o i n t s  i n  th e  tw o f i l l e t s  and  su b ­
s e q u e n t ly  s u b t r a c t i n g  a  p a r a m e te r  in v o lv in g  t h e  e x p e r im e n ta l  v a lu e s  
o f  ICq d e te rm in e d  b y  a  p r e v io u s  t e s t .  A lth o u g h  a  v e r y  s a t i s f a c t o r y  
f i t  h a s  b e e n  o b ta in e d  b e tw e e n  th e  r e s i d u a l  v a lu e s  o f  Ks  and an  
e m p i r i c a l  r e l a t i o n s h i p ,  i t  i s  n o t  s u r p r i s i n g  t o  f i n d  t h a t  t h e  
r e c a l c u l a t i o n  o f th e  t a n g e n t i a l  s t r e s s e s  o+/o an d  oc/c r, shown i n  
f i g u r e  1 2 , i s  n o t  p a r t i c u l a r l y  a c c u r a te  w i th  d i f f e r e n c e s  o f  10  p e r  
c e n t  b e in g  e v id e n t  i n  th e  c r i t i c a l  v a l u e s .
A n o th e r  d i s t u r b i n g  f e a t u r e  o f  t h i s  t e s t  i s  i l l u s t r a t e d  b y  t a k i n g  
th e  a l g e b r a i c  sum o f  t h e  e x p e r im e n ta l  o b s e r v a t io n s  w h ich  by  a d d in g  
e q u a t io n s  3 an d  0 i s  s e e n  t o  y i e l d s
The r e s u l t s  o f  t h i s  c a l c u l a t i o n  show a  v e r y  p o o r  c o r r e l a t i o n  
w i th  th e  v a lu e s  o b ta in e d  b y  d i r e c t  m easu rem en t. The e x p e r im e n ta l  
a r ra n g e m e n t f o r  o b l iq u e  lo a d in g  r e s u l t s  i n  r e l a t i v e l y  lo w  v a lu e s  o f  
th e  n o m in a l s t r e s s  a ,  w h ich  c a n n o t  b e  e v a lu a t e d  d i r e c t l y .  U n d o u b te d ly  
t h i s  a c c o u n ts  i n  p a r t  f o r  th e  o b s e rv e d  i n c o n s i s t e n c i e s .  T h ere  i s  a l s o  
th e  p o s s i b i l i t y ,  t o  which, r e f e r e n c e  h a s  a l r e a d y  b e e n  m ade, o f  a 
p r o x im i ty  e f f e c t  due t o  t h e  a p p l i c a t i o n  o f  lo a d  to  t h e  g e a r  f l a n k .
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(d) Bmpirical Relationships For Kv And Kb Obtained As The Average Of 
A Number Of Tests
In an attempt to improve the accuracy of the experimental data
I '
j a series of six; similar tests were conducted with the second model
I
I being subjected to combined bending and axial load and the mean
values calculated. In evaluating the bending stress concentration
factor the nominal bending stress has been corrected for the effects
of model distortion and an acceptable agreement is now obtained with 
the results of the original, pure bending test. The analysis of 
these results is presented in Appendix: 8*3 and yields empirical 
relationships for the stress concentration factors of the form;
Kv = 1*19 + 0*88 sin 2*5 («  + 7 ) (8)
Kb = 0*88 + 0*61 sin 2*5 (a + 15) (9 )
\
A c o m p a r iso n  b e tw e e n  th e  a v e ra g e  e x p e r im e n ta l  v a lu e s  and  th e  
e m p i r i c a l  c u r v e s  i s  p r e s e n t e d  i n  f i g u r e  L13«
(e) Independent Evaluation Of Ks
The numerical difficulties implied by the indirect calculation 
of Ks, from the results of the combined load test on the original 
model, suggested that a more profitable approach would involve 
making an independent experimental determination of ICS. Details 
of the test arrangement for applying a proportionately high transverse 
load with a line of action close to the tooth root are given in figure 
Ll8° Inevitably the line of action does not coincide with the datum 
section and the stress distribution around the fillets includes the 
combined effects of bending and transverse load.
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(e) The simplest theory assumes that these effects will be additive? 
Cont.
with the stresses in the 'tension' and 'compression' fillets being 
given by;
at  = Ks as + Kb db
CTc - Ks as - Kb ag
The procedure for calibrating the model test? and evaluating 
the separate effects due to bending and shear by making measurements 
of the optical fringe patterns across the sections denoted by A and 
B in figureL.14is given in Appendix 8*+.
Considerations of symmetry and the effect of reversing the 
direction of the applied load suggest that similar stress distributions? 
of opposite sign? should be induced in the test fillets. Although this 
proposition is not substantiated by the experimental results? the 
observed fringe values are relatively low and as a consequence will 
be unduly affected by any spurious initial optical effects associated 
with either the method of supporting the model or moisture absorption 
at the edges. As it is to be expected that the stress distributions 
around both fillets would be affected similarly the error can be 
eliminated by taking the difference between corresponding experimental 
observations made in adjacent fillets. The results of this operation 
have been used in deriving the values of Ks presented in figure Ll5? 
which are fitted by the curve;
.where
nominal shear stress? a,*  D
_S_
bt
nominal bending stress, °b ~
1*12 s: (10)
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SUMMARY OF RESULTS
The s t r e s s  c o n c e n t r a t i o n  f a c t o r s  w h ich  p ro v id e  th e  b e s t  o v e r a l l  
f i t  t o  t h e  d a t a  y i e l d e d  b y  th e  s e r i e s  o f  in d e p e n d e n t  t e s t s  a r e  g iv e n  
b y  th e  e x p e r im e n ta l  r e l a t i o n s h i p s :
Kv  = 1*19 + 0*88 s i n  2*5 ( a  + 7) 
Kb = 0*88 + 0*61 s i n  2*5 ( a  + 15)
Ks  = 1*12 s i n  ^  ( a  -  15)
R e c a l c u l a t i o n  Of R e s u l t s  F o r  Com bined L o ad in g  F ra n  In d e p e n d e n t  V a lu e s 
Of KVj> Kb and  Ks
The s t r e s s  d i s t r i b u t i o n s  i n  t h e  't e n s io n *  an d  'c o m p re s s io n *  f i l l e t s  
c a n  "be r e c a l c u l a t e d  u s in g  th e  r e l a t i o n s h i p s :
i
and
E x p e r im e n ta l  v a lu e s  a r e  a l r e a d y  a v a i l a b l e  f o r  th e  c a s e  w here a  
lo a d ,  i n c l i n e d  a t  23° t o  th e  ta n g e n t  p l a n e ,  i s  a p p l i e d  t o  th e  f l a n k  
a t  l o c a t i o n  8» A p p en d ix  8*5 g iv e s  d e t a i l s  o f  th e  c a l c u l a t i o n  u s e d  t o  
o b t a in  th e  c o r re s p o n d in g  d e r iv e d  v a lu e s  o f  an d  a c- an d  t h e i r  n o rm a l is e d
_  4
v a lu e s  a r e  p l o t t e d  i n  f i g u r e  L ie .  A lth o u g h  th e  p o s i t i o n  a n d  m a g n itu d e  o f  
th e  c r i t i c a l  c o m p re s s io n  i s  p r e d i c t e d  s a t i s f a c t o r i l y  th e  co m p a riso n  b e  w e e n  
th e  t e n s i l e  v a lu e s  l e a v e s  much t o  be d e s i r e d ,  and  i s ,  i f  a n y th in g ,  w o rse  u >• 
th a n  t h e  r e s u l t s  r e p o r t e d  p r e v io u s l y .  I n  an  a t te m p t  t o  i d e n t i f y  th e  s o u rc e  *
o f  t h e  d i s c r e p a n c y  v a lu e s  o f  an d  s w h ich  a r e  m ore
d i r e c t l y  r e l a t e d  t o  t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  h av e  a l s o  b e e n  
c a l c u l a t e d  and th e s e  a r e  i l l u s t r a t e d  i n  f i g u r e  L I ? .
C Q M P A R I S O N  B E T W E E N  E X P E R I M E N T A L  A N D  
D E R I V E D "  V A L U E S  O F  F I L L E T  ’ S T R E S S  . :
’ V a lu e s  ctAamccL <A\f£cUi\ 
fro m  Vac cl oL l“e s t s

S i g n i f i c a n t  d i f f e r e n c e s  e x i s t  b e tw e e n  b o th  c u rv e s  an d  th e  c o r re s p o n d in g  
e x p e r im e n ta l  m easu rem en ts?  p a r t i c u l a r l y  f o r  v a lu e s  o f  a  i n  e x c e s s  o f  3 0 ° , 
an d  i t  i s  c l e a r  t h a t  th e  f a i l u r e  t o  p r e d i c t  s a t i s f a c t o r y  v a lu e s  i n  th e  
com bined  lo a d in g  c a s e  c a n n o t  b e  a t t r i b u t e d  s p e c i f i c a l l y  t o  a n y  o f  th e  
t h r e e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  in v o lv e d .
I n  s e e k in g  t o  j u s t i f y  t h i s  c o n c lu s io n ?  a  num ber o f  f a c t o r s  m u s t be 
c o n s id e r e d :  h
1 .  The i n d i v i d u a l  t e s t s  h av e  b e e n  c o n d u c te d  w i th  c a re ?  a n d  th e  s u g g e s te d  
e m p i r i c a l  r e l a t i o n s h i p s  r e p r e s e n t  th e  o p t i m i s a t i o n  o f  a  num ber o f  
d i f f e r e n t  t e s t  r e s u l t s .  I n e v i t a b l y  th e  o r i g i n a l  d a ta  i s  s u b j e c t  t o  
th e  u s u a l  r e a d in g  e r r o r  an d  i t  seem s u n l i k e l y  t h a t  m ore r e l i a b l e  
d i s t r i b u t i o n s  o f  Kg? Kv  and  Ks -co u ld  b e  o b ta in e d  u s in g  th e  p r e s e n t  
t e s t  p r o c e d u r e .
I
2 . The e x p e r im e n t  i n v o l v in g  com bined  lo a d in g  i s  r e p e a t a b l e ?  a n d  o n ly  
l i a b l e  t o  r e a d in g  e r r o r 's  o f  th e  same o r d e r  a s  th o s e  o b ta in e d  i n  
t h e  t e s t s  w i th  s im p le r  l o a d in g  c o n d i t i o n s .
3 . P re v io u s  e x p e r ie n c e  w ou ld  s u g g e s t  t h a t  th e  i n d i v i d u a l  r e s u l t s  w ould 
b e  r e p e a t a b l e  an d  a c c u r a te  t o  b e t t e r  th a n  + 6 p e r  c e n t .
+ . The d i f f e r e n c e  b e tw e e n  t h e  e m p i r i c a l  p r e d i c t i o n s  and th e  r e s u l t s  
o f  d i r e c t  t e s t i n g  c a n n o t be a t t r i b u t e d  to  e x p e r im e n ta l  e r r o r s ?  
b u t  c o u ld  b e  a s s o c i a t e d  w i th  a  p r o x im i ty  e f f e c t  due t o  th e  
a p p l i c a t i o n  o f  lo a d  on t h e  g e a r  f l a n k .
I t  was t h e r e f o r e  d e c id e d  t o  u n d e r ta k e  m ore e x t e n s i v e  t e s t s  on 
tw o d im e n s io n a l  s p u r  g e a r  m o d e ls  s u b je c te d  t o  a  ra n g e  o f  com bined  lo a d in g  
c a s e s  i n  th e  h o p e  o f  e s t a b l i s h i n g  th e  n a t u r e  an d  m a g n itu d e  o f  t h i s  e f f e c t .
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EXAMINATION OF PROXIMITY EFFECTS * '
I n  an a t te m p t  t o  v e r i f y  th e  e x i s t e n c e  o f  p ro x im i ty  e f f e c t s  an d , i f  p o s s ib L  
to  q u a n t i f y  t h e i r  n a tu re ,  and e x t e n t ,  co m p le te  s t r e s s  d i s t r i b u t i o n s  a ro u n d  b o th  
th e  t e n s i l e  and c o m p re s s iv e  f i l l e t s  w e re  m easu red  on t h e  o r i g i n a l  tw o -d im e n s io n a  
g e a r  m odel s u b je c t e d  to  a  c o n s t a n t  lo a d  a p p l i e d  a t  v a r y in g  p o s i t i o n s  on t h e  t o o t  
f l a n k .  T h ro u g h o u t th e  t e s t q  th e  i n c l i n a t i o n  o f  th e  lo a d  was k e p t  c o n s ta n t  a t  
2 3 ° .  G re a t  c a re  was ta k e n  t o  r e c o r d  th e  i n i t i a l  s t r e s s e s  i n  th e  m odel b e f o r e  
and a f t e r  each  lo a d  a p p l i c a t i o n ,  a l lo w a n c e  made f o r  t h e  r e s u l t s  m e a su re d , and 
th e  m odel r e tu r n e d  to  t h e  oven when th e  two s e t s  o f  r e a d in g s  d i f f e r e d  by  m ore 
th a n  G .02 f r i n g e .  The g e a r  to o th  was th u s  s u b je c t e d  to  com bined b e n d in g ,  !
s h e a r  and d i r e c t  lo a d s  and th e  r e s u l t i n g  t a n g e n t i a l  f i l l e t  s t r e s s  d i s t r i b u t i o n s  
a r c  i n d i c a t e d  in  F ig s .  L 18 and L 1 9 . The i n i t i a l  im p re s s io n  o f  t h e s e  f i g u r e s  
i s . t h a t  w h i l s t  th e  c o m p re s s iv e  f i l l e t  c u rv e s  form  a n e a t  fa m ily  o f  l i n e s ,  th o s e  
f o r  th e  t e n s i l e  f i l l e t  show some p e c u l i a r i t i e s  f o r  th e  lo w e r lo a d  p o s i t i o n s ,
At t h i s  s t a g e ,  as a  m easu re  o f  r e p e a t a b i l i t y  o f  th e  tw o -d im e n s io n a l  
t e s t  program m e, i t  was p o s s i b l e  t o  e x t r a c t  from  th e  c u rv e s  b o th  th e  maximum
v a lu e s  o f th e  r o o t  s t r e s s e s  f o r  each  lo a d  p o s i t i o n  and th e  l o c a t i o n  o f th e s e
maxim a, T h ese  w ere  th e n  r e a d i l y  co m p arab le  w i th  th e  c o n s ta n t  i n c l i n a t i o n  
lo a d in g  r e s u l t s  o f  F ig .  L9 w h ich  w ere  ta k e n  some tw e lv e  m onths e a r l i e r .
F ig .  L 20 shows th e  r e s u l t s  o f  t h i s  c o m p a riso n  to  b e  e x c e l l e n t  f o r  th e  maximum 
f i l l e t  s t r e s s e s  b u t  u n l i k e  th e  e a r l i e r  t e s t s  c l e a r l y  i n d i c a t e s  t h a t  th e  movemen 
o f  th e  s t r e s s  maxima i s  s i m i l a r  i n  b o th  f i l l e t s .
The l a t e r  s e t  o f  d a t a  i s  to  b e  p r e f e r r e d  s in c e  i t  was o b ta in e d  -by
c a r e f u l  and p r e c i s e  m easu rem en t o f  th e  d i s t r i b u t i o n s  a ro u n d  th e  f i l l e t s  w h i l s t  
th e  e a r l i e r  d a t a  w e re  p u r e ly  good e s t im a te s  o f  th e  maximum s t r e s s  p o s i t i o n s .
T h is  i s  co n f irm e d  b y  f u r t h e r  d e t a i l e d  a n a ly s i s  o f  s l i c e s  from  b o th  
th re e * -d im e n s io n a l m o d els  when s i m i l a r  movement i s  o b s e rv e d .
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C o n s id e rin g  now th s  r e l a t i o n s h i p s  d e r iv e d  e a r l i e r
i.e . at  + ac * Ky <V = K•V b t
an d
s b ab + Ks c s
t b 2
• K-j-, s i n  9 y  c o t  0 *3
W co s  9
b t
T u 1 x- W NfI n t r o d u c t m g  a “ = *t "Du Z
th e n a t  -  ac 2a j jy  c o t  9 -  x j^  * Kb s i n  9 J j 0  { + Ks  co s  0 
= A K-d + B
w h ere , f o r  c o n s ta n t  l o a d  i n c l i n a t i o n  9 = 2 3 ° , A an d  B a r e  c o n s ta n t .
Now
an d
at  " ac Nt  -  N c 
2N
50
IKT * “    — = 0 -8 6 3
f  1*8 x  60
Rt  Hc
c. x o“* W A Kb + B
I t  i s  th u s  p o s s i b l e  to  u s e  t h e  e x p e r im e n ta l  v a lu e s  o f  th e  f r i n g e
N+ -v a lu e s  Nf, and  Nc a t  th e  f i l l e t s  t o  p l o t  g ra p h s  o f  "o".“p 2^ p  a ga an so  ’che 
p a r a m e te r  A t o  p ro d u c e  s t r a i g h t  l i n e s  o f  .s lo p e  Kb and. i n t e r c e p t  B = Ks co s  
s e e  f i g u r e  L 2 1 , W ith  co s  9 = 0*9205  e x p e r im e n ta l  d i s t r i b u t i o n s  o f  Kb an d  K 
d e te rm in ed , u n d e r  com bined  lo a d in g  a r e  a v a i l a b l e ,  -M"
T h ese  a r e  shown i n  f i g u r e s  L22 an d  L<3 com pared  a g a i n s t  t h e  p r e v io u s ly  
e s t im a te d  ’b e s t 1 r e s u l t s  o f  t h e  p r e v io u s  t e s t s  q u o te d  on pag e  330 -
F ig u re ,  i -21. G R A P H  O F  A G A I N S T  T O O T H
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I n  th e  c a s e  o f  th e  b e n d in g  f a c t o r s ,  t h e  r e s u l t s  com pare f a v o u r a b ly ,  
b u t  f o r  th e  s h e a r  f a c t o r s  t h e r e  a p p e a rs  to  b e  a lm o s t a  f a c t o r  o f  two b e tw e en  
th e  two s e t s  o f  r e s u l t s .  I t  can  b e  show n, h o w ev er, t h a t  e r r o r s  o r  v a r i a t i o n s  
i n  f r i n g e  o r d e r  r e a d in g s  o f o n ly  0 ,1  f r i n g e  can  g iv e  r i s e  to  t h i s  d is c r e p a n c y  
w h ich  i s  t h e r e f o r e  n o t  as s e r io u s  as w ould  seem  a t  f i r s t  s i g h t .
S im i l a r l y  s i n c e :
r x  " ^
Tr W s i n  6 Tr _“  K . ---- -- «= K a s m  0■ v b t  v
th e n
N + N
-F-jr—  = K s i n  0 » 0 .3 9 0 7  K2N v  v
N, + N■* t  c * # ♦C l e a r l y ,  t h e r e f o r e ,  a p l o t  o f  •— a g a i n s t  lo a d  p o s i t i o n
s h o u ld  p ro d u c e  l i n e s  o f  z e ro  s lo p e ,  ( i . e .  in d e p e n d e n t  o f  lo a d  p o s i t i o n ) ,
w i th  i n t e r c e p t s  e q u a l  to  0 .3 9 0 7  K The r e s u l t s  a r e  shown i n  f j ig u re  L24
V  i  . "
and i n d i c a t e  t h a t  t h e  v a lu e  o f  K^, w h i l s t  r e l a t i v e l y  c o n s t a n t  f o r  th e  h ig h e r  
lo a d  p o s i t i o n s ,  i s  c e r t a i n l y  n o t  in d e p e n d e n t  o f  th e  lo a d  p o s i t i o n  f o r  th o s e  
b e lo w  p o s i t i o n  4 , T h e re  i s  c l e a r l y  a  " p ro x im i ty "  e f f e c t  w h ich  h a s  a 
s i g n i f i c a n t  i n f lu e n c e  f o r  lo a d in g  p o s i t i o n s  much h ig h e r  up th e  f l a n k  th a n  
was a n t i c i p a t e d .
S in c e  and Nt  a r e  tw o f r i n g e  o r d e r s  o f  s i m i l a r  m a g n itu d e  b u t  o p p o s i t e  
s ig n  i t  fo l lo w s  t h a t  th e  p ro c e d u re  o u t l in e d  above f o r  t h e  d e te r m in a t io n  o f  K 
in v o lv e s  th e  d i f f e r e n c e  o f  two q u a n t i t i e s  o f  a p p ro x im a te ly  th e  same n u m e r ic a l  
v a lu e .  I n  co m p ariso n  w i th  th e  p r e d ic t e d  v a lu e s  o f  Kb t h e r e f o r e ,  w h ich  
in v o lv e  th e  sum o f  th e  same tw o q u a n t i t i e s ,  th e  r e l a t i v e  a c c u ra c y  can b e  
shown to  b e  re d u c e d  b y  a  f a c t o r  o f  a lm o s t t e n .  T h is  i s  c e r t a i n l y  a  
c o n t r i b u t o r y  f a c t o r  i n  th e  d i s c r e p a n c i e s  e v id e n t  when th e  r e s u l t s  f o r  1C and 
IC a r e  com pared a g a in s t  th e  v a lu e s  o b ta in e d  i n  p re v io u s  t e s t s .  I n  an  a t te m p t
341 -
F i o o f e  L .  2 5 .  C O M P A R I S O N  O F  K„ V A L U E S
 O-----------------       .-----------------------------------------------------------------------------------------------------------------------
K
-  342 ~
t o  overcom e t h i s  p ro b lem  t h e  same s e t  o f  r e s u l t s  h av e  b e e n  a n a ly s e d  in  a 
d i f f e r e n t  w ay.
E q u a tio n s  (3) and (4) o f  p ag e  323 may r e - w r i t t e n  i n  th e  form
5 .5 2 5  N. -  2 .3 6  IC = AIC + 1Ct  S D V
and 5 .5 2 5  N£ + 2 .3 6  Kg = -  (AK^ + K )
P l o t t i n g  th e  l e f t - h a n d  s i d e  o f  each  e q u a tio n  a g a in s t  A f o r  v a r io u s  lo a d
p o s i t i o n s  y i e l d s  s t r a i g h t  l i n e s  o f  s lo p e  1C^  and i n t e r c e p t  K^. U n f o r tu n a te ly
th e  t e s t  r e s u l t s  p ro d u c e  l i n e s  o f  d i f f e r e n t  s lo p e  f o r  t h e  t e n s i o n  and c o m p re s s io
f i l l e t s  and h en c e  s u g g e s t  t h a t  d i f f e r e n t  v a lu e s  o f  o b t a i n  f o r  each  f i l l e t .
I t  h a s  b e e n  c o n f irm e d  p r e v io u s l y  b y  t h e  in d e p e n d e n t  * p u re  b e n d in g  t e s t s ,
h o w e v e r, t h a t  u n d e r  su ch  c o n d i t io n s  h a s  th e  same v a lu e  f o r  b o th  f i l l e t s  so
t h a t  o n ce  a g a in  th e  e v id e n c e  o f  an  unknown f a c t o r  o r  " p ro x im i ty "  e f f e c t  i s
o b s e rv e d .  In  a d d i t i o n  th e  i n t e r c e p t s  on each  s e t  o f  c u rv e s  a r e  so  s m a ll
i n  c o m p a riso n  w i th  v a lu e s  p l o t t e d  t h a t  t h e  p ro c e d u re  d id  n o t  a l lo w  a c c u r a te
d e t e r m in a t io n  o f  K .v
The n o rm al r e l i a b i l i t y ,  a c c u ra c y  an d , i n  p a r t i c u l a r ,  r e p e a t a b i l i t y  
o f  th e  p h o t o e l a s t i c  te c h n iq u e  i s  e v id e n c e d  b y  t h e  co m p a riso n  e a r l i e r  o f  
r e s u l t s  t a k e n  in  d i f f e r e n t  l a b o r a t o r i e s  s e p a r a te d  b y  a  p e r io d  o f  y e a r s .  I t  
can  o n ly  b e  c o n c lu d e d  t h e r e f o r e  t h a t  th e  d i f f i c u l t i e s  e x p e r ie n c e d  th ro u g h o u t  
th e  tw o -d im e n s io n a l  t e s t  program m e i n  a c h ie v in g  a c o n s i s t e n t  s e t  o f  r e s u l t s  
f o r  t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  i s  a t t r i b u t a b l e  t o  some fu n d a m e n ta l  
a s p e c t  o f  g e a r  d e fo rm a tio n  b e h a v io u r  w h ich  h a s  n o t  b e e n  c o n s id e r e d  a d e q u a te ly  
i n  t h e  t e s t s  c a r r i e d  o u t .
T h ro u g h o u t th e  t e s t  program m e a s o - c a l l e d  p r o x im i ty  e f f e c t  h as  b e e n  
o b s e rv e d  and a f t e r  c o n s id e r a b l e  d e l i b e r a t i o n s  i t  was d e c id e d  t h a t  one f u r t h e r  
e f f o r t  b e  made to  i n v e s t i g a t e  t h e  n a tu r e  o f  t h i s  e f f e c t .  E x a m in a tio n  o f  
p r e v io u s  t e s t  r e s u l t s  i n d i c a t e s  t h a t  t h e  e f f e c t  i s  p r i m a r i l y  c o n c e rn e d  w ith  
th e  t e n s i l e  f i l l e t  s t r e s s  c o n c e n t r a t i o n  and i s  th u s  a s s o c i a t e d  w i th  th e  
p r o x im i ty  o f  t h a t  f i l l e t  to  fthe p o in t  o f  a p p l i c a t i o n  o f  th e  lo a d  on th e  f la n k  
o f  t h e 7 g e a r  t o o t h .
I n  o r d e r  to  v e r i f y  t h i s  a s s u m p tio n  t e s t s  w e re  c a r r i e d  o u t  f o r  two 
lo a d in g  p o s i t i o n s  w ith  c o n s ta n t  lo a d  i n c l i n a t i o n  o f  2 3 ° . A t ea ch  lo a d  
p o s i t i o n  t h e  lo a d  was a p p l ie d  i n i t i a l l y  on  th e  f l a n k  o f  t h e  to o th  and 
s u b s e q u e n t ly  th ro u g h  a h o l e  d r i l l e d  i n  t h e  to o th  a t  t h e  p o in t  o f  i n t e r s e c t i o n  
o f  t h e  l i n e  o f  a c t i o n  o f  t h e  f l a n k  lo a d  and t h e  to o th  c e n t r e " l i n e .  The
l i n e  o f  a c t i o n  o f  t h e  lo a d  i n  each  c a s e  was th u s  t h e  same b u t  i n  th e  
sec o n d  c a s e  lo a d in g  was a p p l i e d  a t  a p o in t  e q u i - d i s t a n t  from  each  f i l l e t .
The two lo a d  p o s i t i o n s  w e re  s e l e c t e d  to  d e m o n s tr a te  th e  e f f e c t s  o f  lo a d in g  
b o th  to w ard s  t h e  t i p  and th e  r o o t  o f  th e  t o o t h .  The r e s u l t s  a r e  shown 
i n  F ig s .  L26 and L27 and th e y  i l l u s t r a t e  t h a t  t h e r e  i s  in d e e d  an  a p p r e c ia b le  
ch an g e  i n  t h e  f i l l e t  s t r e s s e s  a c h ie v e d  w ith  t h e  two lo a d in g  s y s te m s .
I t  was assum ed i n  th e  p la n n in g  o f  th e  t e s t  t h a t  t h e r e  m ig h t b e  some lo a d  
d i f f u s i o n  e f f e c t  a s s o c i a t e d  w i th  th e  d i s t a n c e  o f  t h e  p o in t  o f  a p p l i c a t i o n  
o f  th e  lo a d  from  a  p a r t i c u l a r  f i l l e t .  I t  a p p e a rs  from  t h e  r e s u l t s  t h a t  
t h i s  " d i f f u s i o n "  o r  " p ro x im i ty "  e f f e c t  i s  e q u iv a l e n t  to  th e  a d d i t i o n  o f  a 
t e n s i l e  b o u n d ary  s t r e s s  as t h e  lo a d  a p p ro a c h e s  a  f i l l e t .  T h is  i s  
c o n f irm e d  to  some degree , on c l o s e r  i n s p e c t i o n  o f  F ig .  L 19 w h e re  a t  th e  
lo w er lo a d  p o s i t i o n s  th e  n e a t  f a m ily  o f  c u rv e s  o b ta in e d  a t  o th e r  lo a d  
p o s i t i o n s  i s  n o t  m a in ta in e d ,  r e s u l t s  b e tw e en  0 < 0 < 45° h a v in g  a p p r e c ia b ly  
h ig h e r  t e n s i l e  v a lu e s  th a n  w ou ld  b e  0th e rv 7j .se  e x p e c te d  on th e  b a s i s  o f  th e  
c o m p re s s iv e  f i l l e t  r e s u l t s .  I t  i s  n o t  c l e a r  how w ver, why th e  e f f e c t  
does n o t  c o n t in u e  a t  h ig h e r  v a lu e s  o f  0 a s  w ou ld  b e  i n d i c a t e d  b y  th e  
" d i f f u s i o n "  t e s t  r e s u l t s .
I n  any c o n ta c t  s t r e s s  lo a d in g  c o n d i t io n  t h e r e  i s  a s u r f a c e  t e n s i l e  
s t r e s s  a t  th e  edge  o f  t h e  c o n ta c t  r e g io n  w h ich  c o u ld  b e  a c o n t r i b u t o r y  
f a c t o r  Lo th e  i n c r e a s e d  t e n s i l e - f i l l e t  s t r e s s  f o r  t h e  lo w e s t lo a d  p o s i t io n ,  
b u t  i f  seem s u n l i k e l y  t h a t  i t  w i l l  p ro d u c e  a s i g n i f i c a n t  c o n t r i b u t i o n  f o r  
lo ad  p o s i t i o n s  2 and 3 and i t  w i l l  c e r t a i n l y  h a v e  no i n f l u e n c e  on th e  s t r e s s e s  
i n  th e . c o m p re s s iv e  f i l l e t .
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C om paring th e  lo a d in g  s i t u a t i o n  to  t h a t  o f  a  c o m p re s s iv e  lo a d  011 t h e  
ed g e  o f  a  f l a t , p l a t e  th e  s t a n d a r d  s o lu t io n *  f o r  th e  l a t t e r  i n d i c a t e s  t h a t  
th e  s t r e s s  a t  any  r a d iu s  r  from  t h e  lo a d  p o in t  i s  p r o p o r t i o n a l  t o  coscf) / r  
w h e re  <j> i s  th e  a n g le  b e tw e e n  th e  l i n e  j o i n i n g  th e  p o in t  o f  i n t e r e s t  and
th e  lo a d  p o i n t  and th e  l i n e  o f a c t i o n  o f  th e  lo a d .  I t  i s  n o t  u n re a s o n a b le
t h e r e f o r e  t o  assum e t h a t  ainy d i f f u s i o n  e f f e c t  m ig h t a l s o  b e  p r o p o r t i o n a l  
t o  th e  same p a r a m e te r .
F o r  h ig h  o r  low  lo a d  p o s i t i o n s  th e  v a lu e  o f cos<j> r e l a t i n g  to  th e
t e n s i l e  f i l l e t  does n o t  ch an g e  s i g n i f i c a n t l y ;  th e  v a lu e  o f  r ,  h o w e v e r,
c e r t a i n l y  d o es  and a  r a p id  i n c r e a s e  i n  any e f f e c t  i s  t h e r e f o r e  t o  b e  
e x p e c te d  a s  th e  lo a d  a p p ro a c h e s  th e  t e n s i l e  f i l l e t .  F o r  th e  c o m p re s s iv e  
f i l l e t  t h e  v a lu e  o f cos <j) ch an g es  s t e a d i l y  as th e  lo a d  moves a lo n g  th e  t o o th  
f l a n k  as do es th e  v a lu e  o f  r .  The coscf>/r v a lu e  i s  n o t  changed
s i g n i f i c a n t l y ,  h o w ev er, and th u s  th e  d i f f u s i o n  e f f e c t  i s  a l s o  l i k e l y  to  b e  
l e s s  s i g n i f i c a n t  th a n  t h a t  a t  th e  t e n s i l e  f i l l e t .
I n  v iew  o f  t h e s e  comments t h e  r e s u l t s  o f  F ig s .  L 26 and L 27 a g a in  
c a u s e  c o n c e rn  s i n c e  t h e  e f f e c t  o f  th e  changed  lo a d in g  s y s te m  o n ly  c o n f irm s  
th e  p r e d ic t e d  b e h a v io u r  i n  p a r t .  The l a r g e s t  s i n g l e  e f f e c t  o f  t h e  ch an g e  
i s  o b se rv e d  a t  th e  t e n s i l e  f i l l e t  f o r  th e  lo w e s t lo a d  p o s i t i o n ,  a  d e c r e a s e  
o f  some 40% o f  t h e  maximum t e n s i l e  s t r e s s  v a lu e  b e in g  a c h ie v e d  as th e  f l a n k  
lo a d  i s  moved to  th e  c e n t r e  l i n e .
F o r  t h e  c o m p re s s iv e  f i l l e t ,  a g r e a t e r  p e r c e n ta g e  change i n  th e  
e f f e c t i v e  v a lu e  o f  r  p ro d u c e s  a  s m a l l e r  r e d u c t io n  i n  t h e  v a lu e  c f  th e  
maximum c o m p re s s iv e  f i l l e t  s t r e s s .
The e f f e c t  i s  a l s o  g r e a t e r  f o r  th e  h ig h e r  lo a d  p o s i t i o n  d e s p i t e
th e  f a c t  t h a t  th e  change i n  r  i s  s u b s t a n t i a l l y  l e s s  a t  t h i s  l o c a t i o n .  S in c e
th e  fo rm  o f  s t r e s s  d i s t r i b u t i o n  f o r  th e  lo w er lo a d  p o s i t i o n  i s  d i s t u r b e d  by
th e  lo a d in g  ch an g es i t  can  o n ly  b e  assum ed t h a t  th e  l o c a l  s t r e s s  c o n c e n t r a t i o n  
i
f a c t o r  e f f e c t  o f  th e  new lo a d in g  h o le  h a s  a d i s t i n c t  b e a r in g  on th e  r e s u l t .  
T im oshenko & G o o d ie r McGraw H i l l ,  "T h eo ry  o f  E l a s t i c i t y 1' P . 8 5 -6 .
T h is  i s  c o n f irm e d  on c l o s e r  e x a m in a tio n  o f  th e  m odel f r i n g e  p a t t e r n  i n  th e  
r e g io n  o f  th e  c o m p re s s iv e  f i l l e t .
W h i ls t  th e  above r e s u l t s  r e p r e s e n t  a d d i t i o n a l  kno w led g e  r e l a t i n g  t o  th e  
b e h a v io u r  o f  a  g e a r  to o th  u n d e r  lo a d  and i n  p a r t i c u l a r  t o  th e  e f f e c t  o f  lo a d  
p r o x im i ty ,  i t  i s  n o t  c la im e d  t h a t  a  f u l l  u n d e r s ta n d in g  o f  th e  e f f e c t  h a s  y e t  
b e e n  a c h ie v e d .  I t  seem s q l e a r  t h a t  f u r t h e r  w ork i s  d e s i r a b l e  b e f o r e  th e  
t r u e  n a tu r e  o f  th e  p ro x im i ty  e f f e c t  i s  f u l l y  u n d e r s to o d  and a d e q u a te ly  
q u a n t i f i e d .  I t  was d e c id e d  t h a t  t h i s  s t a g e ,  h o w e v er, t o  a t te m p t  th e  
p ro d u c t io n  o f  a  t h e o r e t i c a l  p ro c e d u re  f o r  t r a n s f e r r i n g  t h e  tw o -d im e n s io n a l  
t e s t  r e s u l t s  to  a th r e e - d im e n s io n a l  h e l i c a l  g e a r  i n  th e  h o p e  t h a t  th e  
t h r e e - d im e n s io n a l  m odel t e s t  r e s u l t s  w ould  n o t  b e  s o  g r e a t l y  i n f lu e n c e d  by  
th e  p ro x im i ty  e f f e c t .  T h is  b e l i e f  was b a s e d  upon th e  f o l lo w in g  a s s u m p tio n s .
(a )  B ecau se  o f th e  l i n e  lo a d in g  a c h ie v e d  i n  h e l i c a l  g e a rs  th e  c o n t r i b u t i o n  
o f  th e  lo w e r lo a d  p o s i t i o n s  to  th e  r e s u l t a n t  b e n d in g  s t r e s s e s  a t  th e  
r o o t  f i l l e t s  w ould  n o t  b e  l a r g e .  The m a jo r  i n f l u e n c e s  on th e  b e n d in g
. s t r e s s e s  w e re  b e l i e v e d  to  be  th e  lo a d s  to w ard s  th e  to p  o f  th e  t e e t h ,  
w h ere  th e  moment arms a r e  c o n s id e r a b ly  g r e a t e r ,  and th e  i n c r e a s e d  lo a d s  
w h ere  c o n ta c t  i s  l o s t  a t  th e  end o f  th e  t e e t h  a t  a p p ro x im a te ly  m id - h e ig h t ,
(b ) The tw o -d im e n s io n a l  t e s t s  a l lo w  d i f f u s i o n  o f  th e  lo a d  i n  one p la n e  o n ly  
w h e rea s  i n  th e  c o m p le te  m odel d i f f u s i o n  i s  m ore l i k e l y  t o  b e  a  t h r e e -  
d im e n s io n a l. p ro c e s s  and one w h ich  may t h e r e f o r e  b e  re d u c e d  w hen i n t e g r a t e d  
a c ro s s  th e  c o m p le te  b a s e  o f  th e  h e l i c a l  t o o t h .
F u l l  d e t a i l s  o f  th e  t h e o r e t i c a l  s tu d y  a r e  g iv e n  i n  th e  s u b s e q u e n t  
s e c t i o n .  W h i ls t  t im e  h a s  p r e c lu d e d  f u r t h e r  d e t a i l e d  s tu d y  o f  th e  p ro x im i ty  
e f f e c t  i t  i s  recom m ended t h a t  su ch  w ork s h o u ld  be  c a r r i e d  o u t .  One p o s s i b l e  
f u r t h e r  t e s t  w ould  in v o lv e  m o d i f i c a t i o n  o f  th e  m odel u se d  i n  th e  in d e p e n d e n t  
lo a d in g  t e s t s  to  a l lo w  lo a d in g  to  b e  a p p l i e d  a t  each  n o m in a l lo a d  p o s i t i o n  
i n  th e  same l i n e  o f  a c t i o n  as p r e v io u s ly  b u t  e l i m in a t in g  any  p h y s i c a l  c o n ta c t
.  •  * * .  0 * 0
wj t:h th e  to o th  i t s e l f ,  s e e  F i g ,  L 2 8 . F i l l e t  s t r e s s  d i s t r i b u t i o n s  a c h ie v e d
i
w ith  f l a n k  lo a d in g  may th e n  be  s u b t r a c t e d  from  th o s e  w i th  th e  m o d if ie d  r i g  
to  p ro d u c e  f u r t h e r  e v id e n c e  o f  th e  n a tu r e  o f  th e  p ro x im i ty  e f f e c t .
-  348 -
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C o r r e l a t i o n  o f  r e s u l t s from  t h e  tw o -d im e n s io n a l  g e a r  to o th  m odel t o  th e  f u l l  
t h r e e - d im e n s io n a l  e p i c y c l i c  g e a r  m odels -  d ev e lo p m en t o f  a d e s ig n  p r oce d u re  f o r  
H e l i c a l  g e a r s .
I n  o r d e r  t o  p ro v id e  an  i n t e g r a t e d  s tu d y  o f  g e a r  d e fo rm a tio n  b e h a v io u r
v
i t  i s  n e c e s s a r y  to  c o r r e l a t e  th e  r e s u l t s  a c h ie v e d  from  b o th  th e  tw o -d im e n s io n a l  
and th r e e - d im e n s io n a l  m o d e ls ,
I n  th e  th r e e - d im e n s io n a l  g e a r  th e  v a lu e  o f  th e  maximum f i l l e t  s t r e s s  
a t  any c h o se n  l o c a t i o n  a lo n g  th e  b a s e  o f  a to o th  w i l l  be a  f u n c t io n  o f  th e
co m p le te  lo a d  d i s t r i b u t i o n  a c ro s s  th e  f a c e  w id th ,  i . e .  th e  lo a d  a t  any one s e c t i o n
w i l l  n o t  o n ly  c o n t r i b u t e  to  th e  s t r e s s  c o n c e n t r a t io n s  a s s o c ia te d  w ith  th e  s t r e s s e s  
a t  t h a t  s e c t i o n  b u t  t o  th e  c o n c e n t r a t io n s  a t  a l l  o th e r  s e c t i o n s  a l s o .  I n  
p r i n c i p l e  th e  s t r e s s  a t  a  p a r t i c u l a r  l o c a t i o n ,  r ,  c o u ld  b e  e x p re s s e d  i n  th e  form
0 -  H ( n I r n  Pr  n rn  n
w h ere  a i s  th e  maximum f i l l e t  s t r e s s  a  p o s i t i o n  r
Pn i s  th e  lo a d  p e r  u n i t  l e n g th  a p p l ie d  a t  some o th e r  p o s i t i o n  n
i s  some c o n v e n ie n t  s t r e s s  c o n c e n t r a t i o n  f a c t o r  
I  i s  th e  i n f lu e n c e  c o e f f i c i e n t  w h ich  d e f in e s  th e  s t r e s s  a t  r  i n  te rm s  
o f  th e  lo a d  a p p l ie d  a t  n .
The fo rm  o f  th e  d i s t r i b u t i o n  f u n c t io n  u se d  to  e v a lu a t e  I r n , i . e .  th e
* * & lzr e l a t i o n  b e tw e e n  th e  f i l l e t  s t r e s s  a t  r  and th e  l o a d / p o s i t i o n  n ,  h a s  b e e n
a r b i t r a r i l y  s e l e c t e d  by  r e f e r e n c e  t o  th e  r e l e v a n t  s o l u t io n s  c o n c e rn in g  th e  d i f f u s i o n
o f lo a d  from  d i s c r e t e l y  lo a d e d  a r e a s  su ch  as th e  s ta n d a r d  c a se  o f  a  p o in t  lo a d
a p p l ie d  to  th e  ed g e  o f  a  f l a t  p l a t e * .  Xt i s  b e l i e v e d  t h a t  th e  i n t e g r a t i o n
p ro c e d u re  p ro p o se d  above to  d e te rm in e  th e  o v e r a l l  f i l l e t  s t r e s s  w i l l  n o t  in t r o d u c e
u n a c c e p ta b le  e r r o r s  i f  b a s e d  upon su ch  a s s u m p tio n , s in c e  i n t e g r a t i o n  p ro c e d u re s  o f
t h i s  ty p e  te n d  to  a v e ra g e  o u t  l o c a l  d i s c r e p a n c i e s  b e tw een  h y p o t h e t i c a l  and r e a l  b e h a v ii
*T im oshenko & G o o d ie r .  McGraw H i l l  P c 85 -6  «
-  3 5 0  -
I n  v iew  o f  th e  r e s u l t s  o f  t h e  tw o -d im e n s io n a l  t e s t s ,  h o w e v e r, w h ich  i n d i c a t e  
s u b s t a n t i a l  v a r i a t i o n s  i n  th e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  due t o  s h e a r ,  
b e n d in g  and r a d i a l  lo a d  a ro u n d  th e  b o u n d a ry  o f  th e  f i l l e t  r a d i i  i t  i s  e v id e n t
t h a t  th e  a d o p t io n  o f  a  s i n g l e  n o m in a l s t r e s s  c o n c e n t r a t i o n  f a c t o r  as
p ro p o se d  above r e p r e s e n t s  an o v e r - s i m p l i f i c a t i o n .  N e v e r th e le s s  th e  b a s i c
form  o f  t r e a tm e n t  p ro v e s  a p p l i c a b le  to  th e  p ro b lem  and a  f u l l  d ev e lo p m en t o f
th e  th e o ry  i s  g iv e n  i n  A ppend ix  9 > th e  r a d i a l  d i r e c t  s t r e s s  ( o r r )  a t  any\
s e c t i o n  b e in g  g iv e n  i n  t h e  form
_  < r \ ,  +  ~ •c  X- S in  © C ob*'0>o'r " z. \<n cos et 2 ,     - -
( '
S im i l a r ly  th e  s h e a r  s t r e s s  a t  th e  same s e c t i o n  i s  g iv e n  by
4o = , E k  cos 3 . c o t  s r  n
md th e  b e n d in g - s t r e s s  by
4 601 = E k  cos 3 . ~  (y c o te  -  x)b r  n  b J
The t o t a l  s t r e s s  a t  any p o s i t i o n  on a  r o o t  f i l l e t  w i l l  th e n  b e  g iv e n  i n
th e  fo rm . a -  cf + K a + k a th e  s t r e s s  c o n c e n t r a t i o ns s r  v  r r
f a c t o r s  a l l  b e in g  d e p e n d e n t upon th e  a n g u la r  l o c a t i o n ,  a ,  a ro u n d  th e  f i l l e t
and due a c c o u n t b e in g  ta k e n  o f  s i g n .
A co m p u te r program m e h a s  b e e n  d e v e lo p e d  to  e x e c u te  th e  m a th e m a tic a l
p ro c e d u re s  r e q u i r e d  to  e v a lu a t e  th e  d i s t r i b u t i o n s  o f  n o m in a l r a d i a l ,  b e n d in g  
on & shear eAonc} %<l. loo.ee, o f  Um •* •Hv4<L. «
d im e n s io n a l  to o th  and h e n c e  th e  d i s t r i b u t i o n  o f  t o t a l  s t r e s s  a ro u n d  b o th
th e  t e n s i l e  and c o m p re s s iv e  f i l l e t s  a t  i n t e r v a l s  a lo n g  th e  to o th  l e n g th .  
From th e  l a t t e r ,  th e  maximum s t r e s s e s  i n  each  f i l l e t  a r e  a v a i l a b l e  a t  any 
s e c t i o n .
S t r e s s  c o n c e n t r a t i o n  f a c t o r s  o b ta in ed , from  th e  tw o -d im e n s io n a l  t e s t s  t
h av e  b e e n  com bined w ith  lo a d  p e r  u n i t  l e n g th  v a lu e s  ta k e n  from  M odel 1 w hich  
was s u b je c t e d  to  to rq u e  lo a d in g  o n ly  to  d e m o n s tr a te  th e  r e s u l t s  w h ich  may b e  
ac h ie v ed *  F ig s *  L 29 and L 30 show th e  c o r r e l a t i o n  b e tw een  th e  p r e d ic t e d
v a lu e s  and th e  e x p e r im e n ta l  m odel r e s u l t s  f o r  maximum r o o t  f i l l e t  s t r e s s e s  
b a s e d  upon  th e  u s e  o f  th e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  o f  th e  in d e p e n d e n t  
lo a d in g  t e s t s .  The f o l lo w in g  f e a t u r e s  a r e  w o rth y  o f  n o te :
(a )  D e s p i te  th e  s im p l i f y in g  a s su m p tio n s  made i n  th e  d e r i v a t i o n  o f  th e  th e o ry  
th e  c o r r e l a t i o n  i s  e x c e p t i o n a l ly  g ood . Maximum t e n s i l e  s t r e s s  v a lu e s  
a r e  p r e d ic t e d  a c c u r a te l y  and maximum c o m p re s s iv e  s t r e s s e s  t o  w i t h i n  I2%„
(b ) D e s p i te  th e  a p p a re n t  d i f f e r e n t  sh a p e  o f  the. lo a d in g  d i s t r i b u t i o n s
and h e n c e  th e  b e n d in g ,  s h e a r  and r a d i a l  s t r e s s  d i s t r i b u t i o n s , t h e  fo rm  o f  
t h e  e x p e r im e n ta l  b e n d in g  . s t r e s s  v a lu e s  i s  a c c u r a t e l y  p r e d ic te d *
I t  s h o u ld  b e  n o te d  h e r e  t h a t  th e  c lo s e  ag reem en t i s  n o t  f o r t u i t o u s  f o r  
t h i s  p a r t i c u l a r  s e t  o f  e x p e r im e n ta l  d a t a , s i m i l a r  a g reem en t i s  o b ta in e d  w 
th e  r e s u l t s  ta k e n  from  o t h e r  s e t s  o f  m odel s l i c e s ,
(c )  I n  m o st c a s e s  th e  p r e d ic t e d  v a lu e s  o c c u r  on th e  s a f e  s i d e  o f  th e  
e x p e r im e n ta l  r e s u l t s ,  i . e .  th e  p r e d i c t e d  s t r e s s e s  a r e  g e n e r a l l y  g r e a t e r
• th a n  o r  e q u a l  to  th e  m odel v a l u e s . T h is  i s  c e r t a i n l y  t r u e  o f  th e  peak  
s t r e s s  v a l u e s .  I n  p a r t i c u l a r  th e  peak  t e n s i l e  s t r e s s  v a lise s  a r e  
a c c u r a t e l y  p r e d ic t e d  and w h i l s t  a s im p le  m o d i f i c a t io n  t o  t h e  program me 
in v o lv in g  th e  s e l e c t i o n  o f  a  m o d if ie d  to o th  datura d im e n s io n  w ould i n c r e a  
th e  p r e d ic t e d  v a lu e s  by  a  m a rg in  s u f f i c i e n t  t o  make a l l . p r e d ic t e d  s t r e s s  
s a f e ,  t h i s  i s  n o t  c o n s id e r e d  n e c e s s a r y .  Any r e s u l t i n g  d e s ig n  p ro c e s s  
w i l l  i n e v i t a b l y  i n c o r p o r a t e  an  a p p r o p r ia te  s a f e t y  f a c t o r  to  a c c o u n t f o r  
much g r e a t e r  s o u rc e s  o f  v a r i a t i o n  i n  s t r e s s e s  ow ing t o  lo a d  f l u c t u a t i o n s  
im p a c t c o n d i t i o n s ,  l u b r i c a t i o n  c h a n g e s , e t c ,  and t h e - r e l a t i v e l y * m in o r  
e f f e c t s  o f  to o th  datum  ch an g es  a r e  n o t  s i g n i f i c a n t .
(d ) The p o s i t i o n  o f t h e  maximum r o o t  f i l l e t  s t r e s s e s  a r e  n o t  n e c e s s a r i l y  
a s s o c ia te d  w i th  th e  h i g h e s t  l o c a l  v a lu e  o f  'lo a d in g .  I t  I s  c l e a r ,  hcw vve 
t h a t  th e  n o m in a l b e n d in g  s t r e s s  d i s t r i b u t i o n  p la y s  th e  m o st s i g n i f i c a n t  
p a r t  i n  th e  fo rm  o f  th e  b e n d in g  s t r e s s  c u r v e s .
-  -

The a c c u r a te  p r e d i c t i o n  o f  th e  t e n s i l e  s t r e s s e s  i s  re w a rd in g  s in c e  i t  i s  
t h e  maximum r o o t  t e n s i l e  s t r e s s  w h ich  w i l l  p la y  th e  m o st s i g n i f i c a n t  p a r t  
i n  th e  b e n d in g  f a t i g u e  l i f e  o f  th e  g e a r .
D e s p i te  th e  d i f f i c u l t i e s  e x p e r ie n c e d  th ro u g h o u t  th e  tw o -d im e n s io n a l  t e s t  
program m e w i t h ’p r o x im i ty 1 o r  ’ d i f f u s i o n ’ e f f e c t s  th e y  do n o t  a p p e a r  to  
a f f e c t  a d v e r s e ly  th e  m a g n itu d e s  o f  th e  p r e d ic t e d  s t r e s s e s  i n  th e  t h r e e -  
d im e n s io n a l  g e a r .  I t  seem s l i k e l y  t h e r e f o r e  t h a t  th e  a s su m p tio n s  l i s t e d  
on p ag e  347 r e g a r d in g  th e s e  e f f e c t s  a r e  l a r g e l y  c o n f irm e d .
A t low lo a d  p o s i t i o n s ,  i . e .  from  s e c t i o n  5 to  11 f o r  to o th  A, th e  co m p u te r 
program m e p r e d i c t s  a  su d d en  movement o f  th e  maximum s t r e s s  l o c a t i o n  from
a p p ro x im a te ly  a  = 30° t o  a.= 9 0 ° .  T h is  i s  n o t  r e p e a te d  f o r  to o th  B s i n c e
th e  l i n e s  o f  c o n ta c t  shown on F ig .  L 29 i n d i c a t e  • t h a t  th e  lo ad  f o r  t h i s
to o t h  does n o t  a p p ro ach  th e  lo w e s t p a r t  o f  t o c t h  c o n t a c t .  I n  t h i s
r e s p e c t  t h e r e f o r e  th e  a p p a re n t  a b n o r m a l i t i e s  a s s o c i a t e d  w i th  low lo a d  
p o s i t i o n s  and p r e v io u s ly  a t t r i b u t e d  t o  p ro x im ity  e f f e c t s ,  a r e  ( a t  l e a s t  
p a r t l y )  p r e d i c t a b l e .  T h is  s h o u ld  n o t  b e  ta k e n  to  i n d i c a t e  t h a t  o th e r  
p ro x im i ty  e f f e c t s  a r e  n o t  p r e s e n t ,  c o n s id e r a b le  e v id e n c e  h a s  b e e n  
in t r o d u c e d  e a r l i e r  t o  deny  t h i s  s u g g e s t io n .
No a t te m p t  h a s  b e e n  made t o  r e f i n e  th e  program m e to  t a k e  a c c o u n t o f changes 
i n  lo a d  i n c l i n a t i o n ,  e t c .  s i n c e  i t  i s  f e l t  t h a t  su c h  ch an g es  a r e  q u i t e  
m a rg in a l  and t h e r e  i s  l i t t l e  b e n e f i t  t o  b e  g a in e d  i n  c o m p l ic a t in g  th e  
a n a l y s i s .  The r e s u l t s  o f  t h e  p r e s e n t  a n a ly s i s  a r e  e n t i r e l y  a d e q u a te  and 
c a n .b e  u se d  as th e  b a s i s  f o r  a r e a l i s t i c  and s a f e  d e s ig n  p ro c e d u re  f o r  
h e l i c a l  g e a r s .  The f o l lo w in g  p ro c e d u re  i s  s u g g e s te d  as a  p o s s i b l e  
d e s ig n  p r o c e s s  i n  th e  l i g h t  o f  r e s u l t s  a c h ie v e d .
1. U se s t a n d a r d  d e s ig n  p ro c e d u re s  t o  p r e d i c t  th e  t h e o r e t i c a l  l i n e s  o f  
o f  c o n ta c t:  s in ce , t h e s e  h a v e  b e e n  shown to  a g r e e  c l o s e l y  w ith  th e  
e x p e r im e n ta l  v a l u e s .
2 . C a lc u l a t e  th e  t h e o r e t i c a l  u n ifo rm  lo a d in g  o f  t h e  g e a r  t e e t h
v •
u s in g  e x i s t i n g  d e s ig n  p ro c e d u re s .
3 . A pply  a  s u i t a b l e  lo a d  in c re m e n t f a c t o r  on  t h e  b a s i s  o f  t h e  t h r e e -  
d im e n s io n a l  m odel t e s t s  to  ta lce  a c c o u n t  o f  t h e  o b se rv e d  f l u c t u a t i o n  o f
lo a d  a c ro s s  t h e  c o n ta c t  l i n e s .  The m odel t e s t s  i n d i c a t e  t h a t  t h i s
f a c t o r  s h o u ld  b e  o f  th e  o rd e r  o f  1 .9  ( to r q u e  o n ly ) t o  2 .3  ( to r q u e  and
i n e r t i a ) . The maximum o r  p eak  lo a d in g  o f  th e  to o th  w i l l  th e n  h e
o b ta in e d .
4 . A pply  a  f u r t h e r  in c re m e n t i f  r e q u i r e d  to  a c c o u n t  f o r  dynam ic lo a d in g  
o r  m is a l ig n m e n t e f f e c t s .
5 , S e l e c t  a s u i t a b l e  sh a p e  f a c t o r  f o r  th e  assum ed lo a d in g  d ia g ra m  b a se d
on  th e  t h r e e - d im e n s io n a l  t e s t  r e s u l t s  w i th  th e  above maximum v a lu e
and h e n c e  o b ta in  th e  lo a d  (P ) v a lu e s  a t  s e l e c t e d  s e c t i o n s ,n
C hanges i n  to o th  g e o m e try , p a r t i c u l a r l y  o f  t h e  f l a n k ,  a r e  n o t  e x p e c te d
to  s i g n i f i c a n t l y  a l t e r  t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  o b t a in e d .
• F i l l e t  s t r e s s  d i s t r i b u t i o n s  a r e  e x p e c te d  t o  b e  s u b s t a n t i a l l y  th e  same 
f o r  f i l l e t  r a d iu s  ch an g es o f  up to  25% and t h e  K v a lu e s  f o r  su ch  
c a s e s  can  p ro b a b ly  b e  f a c t o r e d  p r o p o r t io n a te ly  t o  th e  s t a n d a r d  s t r e s s  
c o n c e n t r a t i o n  f a c t o r s  q u o te d  i n  su ch  r e f e r e n c e  t e x t s  as P e te r s o n  o r  
N e u b e r t .
7 . A pply  the. co m p u ter program m e d e t a i l e d  i n  A ppend ix  9 t o  y i e l d  th e  
p r e d ic t e d  maximum r o o t  f i l l e t  s t r e s s e s .
The a c c u ra c y  o f  th e  p r e d i c t i o n s  a c h ie v e d  u s in g  th e  above p ro c e d u re  w i l l  
o f  c o u r s e  h e  r e l a t e d  to  th e  a c c u ra c y  w ith  w h ich  th e  i n s ta n ta n e o u s  to r q u e  and
to o th  s e p a r a t i n g  f o r c e  a r e  known f o r  th e  p r o to ty p e  c o n f ig u r a t i o n .  I t  can
n e v e r t h e l e s s  fo rm  t h e  b a s i s  o f  th e  f i r s t  g e n u in e  d e s ig n  p ro c e d u re  f o r  h e l i c a l  
g e a rs  and th u s  r e p r e s e n t s  a  s i g n i f i c a n t  s t e p  fo rw a rd  i n  g e a r  te c h n o lo g y .
H av in g  th u s  d e v e lo p e d  a  p ro c e d u re  t o  c a l c u l a t e  maximum r o o t  f i l l e t  s t r e s s e s  
f o r  any g e a r  lo a d in g  c o n d i t io n ,  i t  was d e c id e d  t h a t  a f i n a l  e f f o r t  be. made t o  
e s t a b l i s h  w h e th e r  o r  n o t  th e  i n e r t i a  lo a d  r e s u l t s  h ad  b e e n  a f f e c t e d  b y  th e  
p re s e n c e  o f  f r i c t i o n a l  f o r c e s  a t  c o n t a c t .  I t  h a s  b e e n  p r e v io u s ly  c o n f irm e d
t h a t  c o e f f i c i e n t s  o f  f r i c t i o n  o f  b e tw e e n  0 .3  and 0 ,4  c o u ld  h a v e  e x i s t e d  i n  th e  
th r e e - d im e n s io n a l  m odels d u r in g  th e  s t r e s s - f r e e z i n g  program m e and t h a t ,  on th e  
b a s i s  o f  th e  tw o -d im e n s io n a l  f r i c t i o n  t e s t s ,  su ch  v a lu e s  c o u ld  p ro d u c e  th e  
a p p a re n t  d i s c r e p a n c i e s  i n  th e  m easu red  v a lu e s  o f  th e  f i l l e t  s t r e s s e s  ( t e n s i l e  
s t r e s s  v a lu e s  e x c e e d in g  c o r re s p o n d in g  v a lu e s  i n  th e  c o m p re s s iv e  f i l l e t ) , Thus 
f o r  an  a r b i t r a r y  v a lu e  o f  p = 0 .3 6  ( f r i c t i o n  a n g le  2 0 °) t h e  e f f e c t  o f  m o d ify in g  
th e  n o m in a l lo a d  i n c l i n a t i o n  o f  23° u se d  i n  th e  co m p u te r program m e to  d a te  can  
b e  r e a d i l y  o b ta in e d .  I t  s h o u ld  b e  a p p r e c ia te d  a t  t h i s  s t a g e  t h a t  an i d e n t i c a l  
r e - p r o d u c t io n  o f  th e  m odel s t r e s s  v a lu e s  was n o t  a n t i c i p a t e d  ow ing to  th e  
random  n a t u r e  o f  th e  f r i c t i o n  v a lu e  w h ich  i s  t o  b e  e x p e c te d  a c r o s s  a  s i n g l e  
h e l i c a l  to o th  and th e  ch o se n  v a lu e  o f  g u sed  i n  th e  program m e i s  an  a r b i t r a r y  
o n e , N e v e r th e le s s  i t  was h o p ed  t h a t  some t r e n d  w ou ld  be' p r e s e n t  i n  th e  r e s u l t s  
t o  c o n f irm  t h a t  f r i c t i o n  c o u ld  p ro d u c e  t h e  r e q u i r e d  e f f e c t  i n  th e  f u l l  t h r e e -  
d im e n s io n a l  lo a d in g  s i t u a t i o n .
The r e s u l t s  a r e  shown i n  F ig s .  I, 31 and L 32. and th e y  in d e e d  i n d i c a t e  
t h e  r e q u i r e d  t r e n d .  F o r th e  p a r t i c u l a r  v a lu e  o f  p s e l e c t e d  t e n s i l e  s t r e s s e s  
have, r i s e n  t o  b e  v e ry  n e a r l y  e q u a l  t o  t h e  c o m p re ss iv e  s t r e s s e s  a t  a l l  p o i n t s ,  
F u r th e r  i n c r e a s e  i n  the. s e l e c t e d  v a lu e  o f  g w ould  c l e a r l y  c o n t in u e  t h i s  t r e n d  
and i t  i s  e v id e n t  t h a t  f r i c t i o n  a t  c o n ta c t  c o n t r i b u t e s  s i g n i f i c a n t l y  to  th e  
o b se rv e d  f i l l e t  s t r e s s  v a lu e s  o f m odel No. 2 . I t  s h o u ld  b e  s t r e s s e d  on ce  a g a in  
t h a t  u n d e r  th e  h y d ro n d y n am ic  l u b r i c a t i o n  c o n d i t io n s  e n c o u n te re d  in  n o rm a l 
g e a r in g  a p p l i c a t i o n s  th e  v a lu e  o f  g i s  u n l i k e l y  to  ex c eed  0 .0 1 ,  w i th  mean 
o p e r a t i n g  v a lu e s  ly in g  i n  th e  r a n g e  0.02. t o  0 .0 4 ,  F r i c t i o n  a n g le s  a r e  th e r e fo r e ,  
o f th e  o r d e r  o f  2 to  4 d e g re e s  and a r e  n o t  e x p e c te d  t o  p ro d u c e  th e  s i g n i f i c a n t  
e f f e c t s  n o te d  ab o v e . The e f f e c t s  o f  su c h  s m a l l  ch an g es i n  th e  lo a d  i n c l i n a t i o n
rt 357 -
h av e  b e e n  q u a n t i f i e d  u s in g  th e  co m p u ter program m e, a l th o u g h  th e  a c c u ra c y  o f  
t h e  r e s u l t s  i s  q u e s t i o n a b le  i n  v iew  o f  th e  f a c t  t h a t  ch an g es o f  lo a d  i n c l i n a t i o n  
o f  t h i s  o r d e r  due to  th e  f l a n k  c o n to u r  h av e  b ee n  n e g le c te d  i n  d ev e lo p m en t 
o f  th e  th e o r y .  W ith  t h i s  l i m i t a t i o n  i n  m ind th e  program m e i n d i c a t e s  t h a t  th e  
r o o t  b e n d in g  s t r e s s e s  p ro d u ced  i n  th e  p re s e n c e  o f  c o n ta c t  f r i c t i o n ,  o f  th e  
o rd e r  a s s o c ia te d  w ith  hydro,, dynam ic l u b r i c a t i o n  c o n d i t i o n s ,  can  b e  up to  3.0% 
d i f f e r e n t  from  th o s e  o b ta in e d  w i th  n o rm al lo a d in g .
-  358 -
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D is c u s s io n .
B ecau se  o f  th e  n a tu r e  o f  th e  tw o -d im e n s io n a l  t e s t  program m e th e  d i s c u s s io n  
o f  each  t e s t  h a s  b e e n  in c lu d e d  i n  th e  d ev e lo p m en t o f  id e a s  f o r  f u r t h e r  t e s t s  and 
n eed  n o t  b e  r e - s t a t e d  h e r e .  H ow ever, th e  fo l lo w in g  g e n e r a l  comments a r e  o f f e r e d .
On p ag e  39 a l i s t  o f  tw e lv e  p o in t s  i s  made o f  th e  l i m i t a t i o n s  o f  th e
v
a v a i l a b l e  d a t a  on w hich  p r e s e n t  b e n d in g  s t r e n g t h  d e s ig n  p ro c e d u re s  a r e  b a s e d .
The t e s t  program m e w h ich  h a s  b e e n  c a r r ie d ,  o u t  h a s  c o n s id e r e d  a l l  o f  the. a s p e c t s  
l i s t e d  and th e  d e s ig n  p ro c e d u re  . r e s u l t i n g  from  th e  w ork i s  th u s  th e  o n ly  one 
w h ich  i s  b a s e d  upon a  t r u l y  e x te n s iv e  s tu d y  o f  g e a r  d e fo rm a tio n  b e h a v io u r .
The p ro c e d u re  c a t e r s  f o r  ch an g es i n  g e a r  g eo m etry  and lo a d in g  c o n d i t io n s  and i s  
th e  o n ly  p ro c e d u re  w h ich  h a s  b e e n  p ro d u c ed  p a r t i c u l a r l y  f o r  h e l i c a l  g e a r s .  I t  
p ro p o s e s  th e  u s e  o f  th e  in d e p e n d e n t  lo a d in g  t e s t s  to  e v a lu a t e  th e  s t r e s s  
c o n c e n t r a t i o n  f a c t o r s  and t h e i r  d i s t r i b u t i o n s  a ro u n d  th e  f i l l e t  b o u n d a ry  and 
n o te  m ust b e  ta k e n  o f  th e  d i f f i c u l t i e s  e x p e r ie n c e d  th ro u g h o u t  th e j tw o - d im e n s io n a l  
t e s t  p rogram m e, p a r t i c u l a r l y  w ik h  th e  p ro x im i ty  e f f e c t s ,  and o f  t i le  l a r g e  e f f e c t  
o f  r e l a t i v e l y  s m a l l  r e a d in g  e r r o r s  on th e  s e p a r a t e  d e te r m in a t io n  o f  th e  i n d i v i d u a l  
f a c t o r s .  I t  i s  d i f f i c u l t  to  e n v is a g e  any a l t e r n a t i v e  t e s t  p ro c e d u re  w h ich  
w i l l  overcom e th e  in h e r e n t  d i f f i c u l t i e s  e x c e p t  to  c a r r y  o u t  t l ie  f u l l  ra n g e  o f 
com bined  lo a d in g  c a s e s  d e s c r ib e d  ab o v e . Even t h e n , a d d i t i o n a l  lo a d  p o s i t i o n s  
above p o s i t i o n  4 sh o u ld  b e  u t i l i s e d  i n  o r d e r  to  p ro v id e  a d d i t i o n a l  r e s u l t s  o u t s id e  
th e  p ro x im i ty  e f f e c t  a r e a  on w h ich  to  b a s e  th e  c o n s t r u c t i o n  o f  th e  c u r v e s .
S in c e  t h e s e  lo a d  p o s i t i o n s  g iv e  r i s e  t o  t h e  c r i t i c a l  b e n d in g  s t r e s s e s  th e  
s u g g e s t io n  i s  e n t i r e l y  r e l e v a n t  to  s u c c e s s f u l  g e a r  d e s ig n .
D e s p i te  th e  d i f f i c u l t i e s  n o te d ,h o w e v e r ,  i t  i s  c l e a r  t h a t  th e  in d e p e n d e n t  
t e s t  r e s u l t s  can  b e  u sed  as  the. b a s i s  o f  a h ig h ly  s u c c e s s f u l  d e s ig n  m ethod  and 
th e  p o s s i b l e  m in im a l a d v a n ta g e s  to  be g a in e d  from  f u r t h e r  c o m p lic a te d  and t im e -  
consum ing  t e s t s  m ust b e  v iew ed  a g a in s t  th e  much l a r g e r  e f f e c t s  o f  th e  p o s s i b l e  
v a r i a t i o n s  i n  lo a d  c o n d i t io n s  a c h ie v e d  u n d e r  o p e r a t in g  c o n d i t i o n s .
One s p e c i f i c  p o in t  o f  i n t e r e s t  w h ich  h a s  n o t  b e e n  d is c u s s e d  i n  th e  
r e p o r t  p r e v io u s ly  i s  th e  d i f f e r e n t  s lo p e  o f  th e  t e n s i o n  and c o m p re s s io n  l i n e s  
o f f i g .  L 9 w h ich  i n d i c a t e s  d i f f e r e n t  b e h a v io u r  a t  th e  t e n s i o n  and c o m p re s s io n
f i l l e t s .  W h i ls t  t h i s  c a n n o t be  e x p la in e d  w ith  any c o n v ic t i o n ,  a  d i s t o r t e d
/
m odel te c h n iq u e  ap p ro ach  shows t h a t  t h e r e  i s  a  te n d e n c y  f o r  th e  t e n s i l e  f i l l e t  
r a d iu s  to  i n c r e a s e  u n d e r  lo a d  and h e n c e  to  p ro d u c e  a r e d u c t io n  i n  s t r e s s  
c o n c e n t r a t i o n  f a c t o r  an d , l i k e w i s e ,  f o r  th e  co m p re ss iv e  f i l l e t  r a d iu s  to  
d e c r e a s e  th e r e b y  i n t r o d u c in g  an in c r e a s e d  s t r e s s  c o n c e n t r a t i o n  f a c t o r .  The 
e f f e c t s  w ould  b e  l a r g e r  th e  h ig h e r  th e  lo a d  p o s i t i o n  and h e n c e  th e  g r e a t e r  
th e  b e n d in g  lo a d .  I t  i s  n o t  e x p e c te d  t h a t  th e  d e fo rm a tio n s  o f  th e  tw o - 
d im e n s io n a l  g e a r  g eo m etry  w ould  b e  s u f f i c i e n t l y  l a r g e  t o  p ro d u c e  e f f e c t s  
o f  th e  m a g n itu d e  shown b y  F i g .  L 9 b u t ,  n e v e r t h e l e s s ,  th e y  w o u ld  c e r t a i n l y  
p ro d u c e  t h e  t r e n d s  shown.
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1. The o b j e c t i v e s  o f  th e  tw o -d im e n s io n a l  t e s t  program m e l i s t e d  i n  th e  
i n t r o d u c t i o n  h a v e  b e e n  a c h ie v e d .  The t e s t s  h a v e  c o n f irm e d  t h a t  t h e r e  i s  
a  l a r g e  v a r i a t i o n  i n  th e  v a lu e s  o f  the. s t r e s s  c o n c e n t r a t i o n  f a c t o r s  a ro u n d  
the. r o o t  f i l l e t s  and a s i g n i f i c a n t  d i f f e r e n c e  i n  th e  l o c a t i o n  o f  th e  
p o s i t i o n s  o f  s t r e s s  m axima due t o  th e  s e p a r a t e  e f f e c t s  o f  b e n d in g ,  d i r e c t  
lo a d  and s h e a r .  The com bined  e f f e c t s  o f  t h e s e  lo a d in g s  m u s t, t h e r e f o r e ,  
b e  e v a lu a te d  a ro u n d  th e  co m p le te  f i l l e t  b o u n d a ry  to  e s t a b l i s h  th e  l o c a t i o n  
and m a g n itu d e  o f  th e  r e s u l t a n t  s t r e s s  maxima b e f o r e  any r e a l i s t i c  s t r e n g t h  
c r i t e r i a  can  b e  o b ta in e d .
2 . D i f f i c u l t i e s  h av e  b e e n  e x p e r ie n c e d  i n  p ro d u c in g  c o n s i s t e n t  v a lu e s  f o r  th e  
s t r e s s  c o n c e n t r a t i o n  f a c t o r s  and h e n c e  i n  o b t a in in g  c lo s e  c o r r e l a t i o n  
b e tw e e n  th e  p r e d ic t e d  s t r e s s e s  and th e  e x p e r im e n ta l  t e s t  r e s u l t s  f o r  th e  
tw o -d im e n s io n a l  m o d e l.
3 . C le a r  e v id e n c e  h a s  b e e n  p ro d u c ed  o f  s i g n i f i c a n t  p r o x im i ty  e f f e c t s  a s s o c i a t e d  
w i th  lo a d  p o s i t i o n s  as h ig h  as p o s i t i o n  4 . D e s p i te  a num ber o f  a t te m p ts
to  q u a n t i f y  th e  e f f e c t  t h i s  h a s  n o t  p ro v e d  p o s s i b l e  t o  d a te  and f u r t h e r
w ork i s  r e q u i r e d  b e f o r e  t h e  t r u e  n a tu r e  o f  th e  p ro x im i ty  e f f e c t  i s
■fe
e s t a b l i s h e d .  S u g g e s t io n s  h a v e  b e e n  made as j t h e  way i n  w hich su ch  w ork 
m ig h t p ro c e e d .
4 . D e s p i te  th e  d i f f i c u l t i e s  n o te d  i n  i te m  2. ab o v e , c o n s id e r a b le  s u c c e s s  h a s  
b e e n  a c h ie v e d  when th e  e x e r c i s e  i s  e x te n d e d  to  p r e d i c t  s t r e s s e s  i n  t h e  
t h r e e - d im e n s io n a l  lo a d in g  s i t u a t i o n .  A d e s ig n  p ro c e s s  f o r  h e l i c a l  g e a rs  
i s  p ro p o se d  w h ich  i s  b a s e d  upon a f i rm  f o u n d a t io n  o f  g e a r  d e f o rm a t io n  
s tu d y  and w h ich  ca n  a c c o u n t f o r  v a r i a t i o n s  o f  to o th  fo rm , p r e s s u r e  a n g le ,  
num ber o f  t e e t h ,  e t c .  T h is  i s  th e  f i r s t  t im e  t h a t  a p ro c e d u re  h as  beer 
p ro d u c e d  s p e c i f i c a l l y  f o r  h e l i c a l  g e a r  d e s ig n  and  i t .  r e p r e s e n t s  th e  f i r s t  
s i g n i f i c a n t  s t e p  fo rw a rd  i n  g e a r  d e s ig n  te c h n o lo g y  f o r  tw e n ty  f i v e  y e a r s .
TWO-DIMENSIONAL TEST CONCLUSIONS.
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5 . The a n o m a lie s  a s s o c i a t e d  w i th  th e  r o o t  f i l l e t  b e n d in g  s t r e s s e s  o f  th e
i n e r t i a  lo a d e d  m odel a r e  c l e a r l y  a t t r i b u t a b l e  to  th e  e f f e c t s  o f  f r i c t i o n a l
f o r c e s  a t  t h e  c o n ta c t  p o s i t i o n .  The m odel e f f e c t s  a r e  shown t o  b e
s i g n i f i c a n t l y  g r e a t e r  th a n  th o s e  w h ich  a r e  p r e s e n t  u n d e r  n o rm a l p r o d u c t io n
g e a r  l u b r i c a t i o n  c o n d i t io n s  when i t  i s  s u g g e s te d  t h a t  th e  p r e s e n c e  o f
v
c o n ta c t  f r i c t i o n  can  m o d ify  th e  r o o t  b e n d in g  s t r e s s e s  b y  up t o  10%.
\ /
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~  364 “
DISCUSSION
I n  d i s c u s s i n g  th e  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n ?  i t  i s  im p e r a t iv e  
t h a t  th e  d i f f i c u l t i e s  a s s o c i a t e d  w i th  a c c u r a te  m o d e l l in g  o f  g e a r  p ro b le m s  
an d  t h e  l i m i t a t i o n s  o f  th e  ch o se n  p h o t o e l a s t i c  te c h n iq u e  su e  f u l l y  
a p p r e c i a t e d .  I n  p a r t i c u l a r  th e  p ro b a b le  s o u rc e s  o f  e r r o r  m ust b e  exam ined  
an d  th e s e  may b e  c l a s s i f i e d  i n t o  f o u r  c a t e g o r i e s :
(a )  M o d e llin g  E r r o r s
The com plex  g eo m etry  o f  th e  d o u b le  h e l i c a l  e p i c y c l i c  g e a r  m akes 
i t  im p o s s ib le  t o  a n a ly s e  i n  an y  way o th e r  th a n  b y  p r o to ty p e  o r  s c a l e  
m odel t e s t i n g  s in c e  th e  s t r e s s  d i s t r i b u t i o n s  w i l l  be d i r e c t l y  r e l a t e d  
t o  t h e  g eo m e try  of. th e  com ponen t. Even w ith  th e  m o st ad v a n ced  n u m e ric  
te c h n iq u e s  th e  r e q u i s i t e  am ount o f  in f o r m a t io n  n e e d e d  to  d e s c r i b e  th e  
c o m p le x i t i e s  o f  t o o t h  fo rm  o f  th e  d o u b le  h e l i c a l  g e a r  e x c e e d s  t h e  
s to r a g e  c a p a c i t y  o f  th e  p r e s e n t  g e n e r a t io n  o f  d i g i t a l  c o m p u te r s . The 
p h o t o e l a s t i c  m odel te c h n iq u e  i s  th u s  i d e a l l y  s u i t e d  t o  t h e  p ro b le m  
s in c e  h i g h l y  a c c u r a te  s c a l e  m o d e ls  can  b e  a c h ie v e d  u s in g  i d e n t i c a l  
m a n u fa c tu r in g  p ro c e d u re s  an d  s i m i l a r  t o l e r a n c e s  a s  f o r  p r o d u c t io n  
g e a r  u n i t s .  The p h o t o e l a s t i c  te c h n iq u e  i s  t h u s  th e  o n ly  te c h n iq u e  
w h ich  w i l l  a l lo w  a  f u l l  d e te r m in a t io n  o f  th e  i n t e r n a l  and s u r f a c e  
s t r e s s e s  th ro u g h o u t  th e  co m p le te  g e a r  c o n f ig u r a t i o n .
The m o d el d e s ig n  s e l e c t e d  f o r  th e  t . e s t s  i s  d e l i b e r a t e l y  a r r a n g e d  
to  i n c o r p o r a t e  t y p i c a l  f e a t u r e s  o f  p r o d u c t io n  g e a r  u n i t s ;  t h e  m o d e ls  
a r e  n o t  o f  p a r t i c u l a r  p r o d u c t io n  u n i t s .  The o n ly  d i f f e r e n c e ?  how ever? 
i s  a  s i m p l i f i e d  a n n u lu s  a r ra n g e m e n t w ith  110 o u t e r  c o u p l in g  r i n g .  
C o n s id e r a b le  e f f o r t s  w ere  made t o  a c h ie v e  s i m i l a r  s t i f f n e s s e s  w ith  
th e  s i m p l i f i e d  m odel a n n u lu s  sy s te m  and  h e n c e  t o  o b t a in  t r u l y  
r e p r e s e n t a t i v e  d e f l e c t i o n  b e h a v io u r .
th e .  n o rm a l m a c h in in g - to le r a n c e s  a s s o c i a t e d  w i th  p r o d u c t io n  u n i t s .
S in c e  u n d e r  t e  s t , i n  o r d e r  t o  a c h ie v e  s a t i s f a c t o r y  f r i n g e  o r d e r s ,
t h e  t h r e e - d i m e n s i o n a l 'p h o t o e l a s t i c  m o d e ls  a r e  s u b je c t e d  to  l a r g e r
s t r a i n s  th a n  th e  p r o d u c t io n  u n i t s ,  th e  e f f e c t s  o f  th e  m a c h in in g
t o l e r a n c e s  a r e  much r e d u c e d .  F or t h i s  r e a s o n  th e  m odel a c c u ra c y
ca n  b e  c o n s id e r e d  t o  b e  s u p e r io r  t o  t h a t  o f  th e  p r o d u c t io n  u n i t s ;  
v
t h e  p o s s i b i l i t y  o f  m is a l ig n m e n t  on a s s e m b ly  i s  a l s o  much re d u c e d .
The m odel d e s ig n ,  a n d  i n  p a r t i c u l a r  t h e  f a c e - w id th  o f  t h e  g e a r s ,  
i s  a r r a n g e d  t o  p ro d u c e  a t  l e a s t  one f u l l  l i n e  o f  c o n t a c t  a c r o s s  th e  
• f a c e - w id th  a t  b o th  p l a n e t - s u n  and p l a n e t - a n n u lu s  c o n ta c t  a s  i s  n o rm al 
a c h ie v e d  on p r o d u c t io n  u n i t s .  The c o n ta c t  l i n e s  c o n s t r u c te d  fro m  
m easu rem en ts  o f  th e  m odel s l i c e s  i n d i c a t e  t h a t  " id e a l "  c o n ta c t  
c o n d i t i o n s  a r e  a c h ie v e d .
I t  h a s  b een  shown e a r l i e r  t h a t  i n  o r d e r  t o  a c h ie v e  m e a s u ra b lei
f r i n g e  o r d e r s  i n  t h e  s l i c e s  fro m  th e  m o d e ls  th e  m o d el s t r a i n s  a r e  
h ig h e r  th a n  th o s e  a s s o c i a t e d  w i th  p r o d u c t io n  g e a r s  u n d e r  n o rm a l 
o p e r a t i n g  c o n d i t i o n s .
The e f f e c t s  o f  t h e s e  i n c r e a s e d  s t r a i n s  c a n  be  c o n s id e r e d  i n  
t h r e e  p a r t s :
( i )  th e  l o c a l  e f f e c t  on s t r e s s  c o n c e n t r a t i o n  f a c t o r s ,
( i i )  th e  e f f e c t  on th e  r e le v a n c e  o f  H e r tz i a n  t h e o r y ,
( i i i )  l a r g e  d e fo rm a tio n s  o r  r o t a t i o n s  o f  t h e  c o m p le te  m o d e l.
W ide e x p e r ie n c e  o f  o th e r  p h o t o e l a s t i c  t e s t s  m e a s u r in g  s t r e s s  
c o n c e n t r a t i o n  f a c t o r s  i n d i c a t e  t h a t  th e  l o c a l  h ig h  s t r a i n s  o f  th e  
s o r t  e x p e r ie n c e d  i n  t h i s  i n v e s t i g a t i o n  do n o t  i n t r o d u c e  m e a s u ra b le  
" l a r g e  s t r a i n ,  e f f e c t s "  an d  w il l ,  n o t  t h e r e f o r e  a f f e c t  th e  s t r e s s  
c o n c e n t r a t i o n  f a c t o r s  a t  th e  r o o t  f i l l e t s ,
-  3^5 -
A ll  com ponents a re  m an u fa c tu red  a c c u r a te ly  t o  s c a le  and w i th in
Local high strain at contact, with associated increase in areas
( 7 co)of contact, have been shown by Monch and Roy J not to invalidate 
the application of Hertzian theory to photoelastic studies of contact 
stress problems. This is supported by the results of this investigation 
where calculations of the depth of the position of the maximum shear 
on the basis of the measured width of contact and fringe order have 
not proved inconsistent bearing in mind the practical difficulties 
associated with the precise measurements concerned.
The test results indicate that there have been no excessively 
large deformations or rotations of the models since there has been 
no change in the helix angle of the loaded gears, the correct contact 
ratio has been achieved and contact conditions have been shown to 
satisfy ideal contact for the undeformed gear geometry. Ideal force 
balances have also been achieved in both models and this would not 
have been possible in the presence of excessive deformation. The 
relatively large local model strains are not, therefore, a source 
of great - concern and have been shown earlier to be an advantage in 
respect of manufacturing tolerances, load sharing and alignment of 
the gears.
It can be claimed therefore that the models offer as complete 
and accurate a representation as is possible and modelling errors 
of the type discussed above are negligible.
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(b) Errors Outside The Scope OfrfThe Model
These are largely errors associated with uncontrollable factors 
in real gear operation which cannot be taken into account by the type 
of model testing used in this investigation. 'They include load, 
variations, overload and local yielding effects, .lubrication and 
metallurgical considerations. Ignoring for tho moment these effects 
the loading conditions of the models are considered to be otherwise 
entirely representative of prototype gear loading situations.
M odel to rq u e s ?  and  h en ce  lo a d s ?  w ere s e l e c t e d  t o  p ro d u c e  a c c e p ta b le  
f r i n g e  v a lu e s  i n  th e  g e a r  t e e t h  an d  t o  a c h ie v e  r e p r e s e n t a t i v e  g e a r  
d e f l e c t i o n  b e h a v io u r  an d  t h e  sp e e d  o f  r o t a t i o n  o f  t h e  se c o n d  m odel 
th ro u g h o u t  th e  s t r e s s - f r e e z i n g  c y c le  w as ch o se n  t o  p ro d u c e  i n e r t i a  
lo a d in g  o f  th e  c o r r e c t  r e l a t i v e  m a g n itu d e  t o  t h a t  o f  th e  to rq u e  
lo a d in g  a s  i s  n o rm a lly  e x p e r ie n c e d  i n  th e  s e r v ic e  o p e r a t i o n  o f  r e a l  
g e a r s .  C o n s id e ra b le  c a r e  was ta k e n  t o  a c h ie v e  e q u a l  lo a d  s h a r in g  
b e tw e en  th e  p l a n e t  w h e e ls  an d  t e s t  r e s u l t s  h av e  in d e e d  shown t h a t  
t h i s  was s u c c e s s f u l .  W h i ls t  t h e  tw o th r e e - d im e n s io n a l  m o d e ls  do 
n o t  tak e- i n t o  c o n s i d e r a t i o n  t h e  e f f e c t  o f  r o t a t i o n  o f  th e  p l a n e t  
w h e e ls  a b o u t  t h e i r  own a x is ?  t h i s  h a s  b e e n  shown t o  b e  n e g l i g i b l e .
E x c e p t b y  way o f  d i s c u s s io n ? ,  no  c o n s i d e r a t i o n  i s  g iv e n  t o  th e
e f f e c t s  o f  v a r i a t i o n s  i n  th e  a p p l i e d  l o a d in g s  c a u s e d  b y  dynam ic lo a d
e f f e c t s ?  m is a l ig n m e n t and ' v i b r a t i o n .  T hese e f f e c t s  p ro b a b ly  r e p r e s e n t
th e  m a jo r  s o u rc e  o f  g e a r  o v e r lo a d  and  m u st be ex am in ed  i n  d e t a i l  b e f o r e
j
an y  c o m p le te  a p p r e c i a t i o n  o f  g e a r  s t r e n g t h  an d  d e f o rm a t io n  b e h a v io u r  i s  
a c h ie v e d .  T h is  c a n  o n ly  b e  u n d e r ta k e n  t-ri.th t e s t s  on  p r o to ty p e  g e a r s .
The m o d e ls  do n o t  a c c o u n t  f o r  t h e  e f f e c t s  o f  l u b r i c a t i o n  b e tw een  
th e  g e a r  t e e t h .  T h is  d o es  n o t  p r e s e n t  a  p rob lem ? how ever? s in c e  i t
(5?)h a s  b e e n  shown t h a t  h y d ro d y n am ic  p r e s s u r e  d i s t r i b u t i o n s  a r e  
b a s i c a l l y  H e r tz i a n  i n  form  and? w i th in  l i m i t s ?  a r e  a d e q u a te ly  r e p r e s e n t !  
t h e r e f o r e ?  b y  th e  u n l u b r i c a t e d  m odel c o n t a c t  c o n d i t i o n s .
The c o e f f i c i e n t  o f  f r i c t i o n  b e tw e en  th e  A r a l d i t e  m odel s u r f a c e s  
r i s e s  s i g n i f i c a n t l y  a t  t h e  e l e v a t e d  te m p e r a tu r e s  o f  t h e  s t r e s s - f r e e z i n g  
c y c le .  F o r tu n a te ly ?  t h i s  was d i s c o v e r e d  p r i o r  t o  m a n u fa c tu re  o f  th e  
m odel an d  c o n s id e r a b le  e f f o r t s  h av e  b e e n  t a k e n  th ro u g h o u t  t h e  t e s t  
program m e t o  re d u c e  t h e  f r i c t i o n  e f f e c t s  t o  a  minimum.
The p h o t o e l a s t i c  m o d e ls  h av e  b ee n  s p e c i f i c a l l y  d e s ig n e d  t o  
i n v e s t i g a t e  th e  e l a s t i c  s t r e s s  d i s t r i b u t i o n s  i n  t y p i c a l  h e l i c a l  
g e a r  g e o m e tr ie s  and  c a n n o t  a c c o u n t  f o r  o v e r lo a d  o r  l o c a l  y i e l d i n g  
e f f e c t s .  T hese c a n  o n ly  be  c o n s id e r e d  b y  a  s u b s i d i a r y  t e s t  program m e 
a s  d e s c r ib e d  on p ag e  3 7 7 .
I t  s h o u ld  b e  n o te d  t h a t  th e  t e s t  r e s u l t s  c a n  be a p p l i e d  t o  
g e a r s  o f  u n ifo rm ^ m a t e r i a l  p r o p e r t i e s  an d  c a n n o t  a c c o u n t  f o r  th e  e f f e c t s  
o f  l o c a l  ch a n g e s  i n  t h e s e  p r o p e r t i e s ,  a s  c a u s e d  by n i t r i d i n g  o r  s i m i l a r  
p r o c e s s e s o  I n  o r d e r  t o  e s t a b l i s h  th e  f u l l  s i g n i f i c a n c e  o f  th e  t e s t  
r e s u l t s  t o  n i t r i d e d  g e a r  s t r e n g t h ,  i t  i s  im p e r a t iv e  t h e r e f o r e  t h a t  
f u r t h e r  t e s t i n g  be  c a r r i e d  o u t  t o  e s t a b l i s h  th e  th r e e - d im e n s io n a l  
s t r e s s  d i s t r i b u t i o n  i n  n i t r i d e d  l a y e r s c H ow ever, d e s p i t e  t h i s ,  th e  
r e s u l t s  so  o b ta in e d  r e p r e s e n t  a  d e t a i l e d  e f f e c t  su p e r im p o se d  on th e  
g e n e r a l  d e f o rm a t io n  b e h a v io u r  o f  th e  g e a r  an d  in . t h i s  c o n te x t  th e  
t e s t  r e s u l t s  o b ta in e d  i n  t h i s  i n v e s t i g a t i o n  a r e  im m e d ia te ly  r e le v a n t*
Me a s u re m e n t And R e p e a t a b i l i t y  E r r o r s
T h ese  e r r o r s  ca n  o n ly  be a s s e s s e d  on th e  b a s i s  o f  p a s t  e x p e r ie n c e  
b o th  o f  th e  te c h n iq u e  an d  o f  th e  o p e r a to r  an d  a r e  n o t  open to  l o g i c a l  
a rg u m e n t.  C e r t a i n l y  th e  tw o -d im e n s io n a l . p h o t o e l a s t i c  te c h n iq u e  i s  
w e l l  known f o r  i t s  i n h e r e n t  a c c u ra c y  a s  e v id e n c e d  by  i t s  u s e  i n  d e t e r ­
m in a t io n  o f  s t a n d a r d  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  u se d  a s  th e  b a s i s  
f o r  d e s ig n  o f  f i l l e t s ,  g ro o v e s ,  k ey w ay s, e t c .  A g e n e r a l l y  q u o te d  f i g ­
u r e  f o r  a c c u ra c y  i n  su ch  c a s e s  i s  +2%. R e p e a t a b i l i t y  i s  a l s o  g e n e r a l l y  
c la im e d  to  be  e q u a l ly  a s  good an d  i n  t h i s  c o n te x t  a t  l e a s t  t h e r e  i s  
q u a n t i t a t i v e  e v id e n c e  from  th e  r e s u l t s  o f  t h i s  i n v e s t  LgatJ o n *
D u rin g  th e  tw o -d im e n s io n a l  t e s t s  maximum r o o t  f i l l e t  s t r e s s e s  w ere  
r e c o r d e d  f o r  v a r io u s  p o s i t i o n s  o f  lo a d  on t h e  t o o t h  f l a n k .  As a  
ch e c k  o f  r e p e a t a b i l i t y  i t  was p o s s i b l e  t o  e x t r a c t  s i m i l a r  r e s u l t s  
f ro m  a  s e t  o f  d i f f e r e n t  t e s t s  on th e  same m odel some tw e lv e  m on ths 
l a t e r .  The c o r r e l a t i o n  was e x c e l l e n t ?  b o th  s e t s  o f  r e s u l t s  b e in g  
c o v e re d  b y  th e  same l i n e  w i th  maximum d e v i a t i o n s  o f  b e tw e en  2 an d  
5%. T h is  was t r u e  f o r  b o th  th e  t e n s i o n  an d  c o m p re s s io n  f i l l e t  
r e s u l t s .
I n  th e  c a s e  o f  th e  th r e e - d im e n s io n a l  t e s t s  s i m i l a r  m easu rem en t 
a c c u ra c y  c a n n o t  be  c la im e d  ow ing t o  th e  d i f f i c u l t i e s  a s s o c i a t e d  w ith  
g e n e r a l l y  much lo w e r  f r i n g e  o rd e r s ?  n o n - p e r p e n d ic u la r  s l i c e  e d g e s  • 
an d  r e l a t i v e l y  h ig h  l o c a l  c o n ta c t  s t r e s s e s  an d  d e f o r m a t io n s .  A 
r e a l i s t i c  e s t im a te  o f  th e  maximum e r r o r s  an d  h en c e  t h e  a c c u ra c y  
a s s o c i a t e d  w i th  t h e  t h r e e - d im e n s io n a l  t e s t s  i s  b e l i e v e d  t o  b e  * 1 0 $ .
(d )  E r r o r s  A ssoci a t e d  W ith  th e  T r a n s f e r  Of R e s u l t s  To P r ot o t y p e  Ge a r s
I n  tw o -d im e n s io n a l  p h o t o e l a s t i c  t e s t s ?  p ro v id e d  t h a t  lo a d s  a r e  
r e s t r i c t e d  t o  r e t a i n  s t r e s s e s  x ri.th in  t h e  e l a s t i c  l i m i t ?  th e  p h o to -  
• e l a s t i c  m o d e l m a t e r i a l  a c c u r a t e l y  r e p r e s e n t s  t h e  b e h a v io u r  o f  s t e e l  
g e a rs , o f  u n ifo rm  m a t e r i a l  p r o p e r t i e s ?  i . e .  w i th o u t  a n y  s u r f a c e  h e a t  
t r e a tm e n t  su ch  a s  n i t r i d i n g  o r  c a r b u r i s i n g .  R e l a t i v e l y  s im p le  
d im e n s io n a l  a n a l y s i s  a l lo w s  th e  m odel s t r e s s e s  t o  b e  t r a n s f e r r e d  t o  
t h e  e q u i v a l e n t  v a lu e s  i n  th e  s t e e l  p r o t o t y p e ,  I n  th r e e - d im e n s io n a l  
s t r e s s - f r e e z i n g  t e s t s ?  how ever? w here  th e  m odel i s  s u b j e c t e d  t o  a  
t h e r m a l  c y c le  up  t o  130°C? .th e  m odel m a t e r i a l  p r o p e r t i e s  c h a n g e .
I n  p a r t i c u l a r  P o i s s o n 's  r a t i o  a p p ro a c h e s  0*5 an d  th u s  i s  c o n s id e r a b ly  
d i f f e r e n t  fro m  th e  v a lu e  f o r  t h e  s t e e l  o f  t h e  p r o d u c t io n  g e a r  u n i t .
An e r r o r  i s ?  t h e r e f o r e ?  i n t r o d u c e d  w h ich  i s  d e p e n d e n t upon  th e  
g e o m e try  o f  b o th  th e  m o d el u n d e r  t e s t  an d  th e  a p p l i e d  l o a d i n g ,
-  369 -
T h ro u g h o u t th e  i n v e s t i g a t i o n ,  h o w e v e r, t h e r e  h a s  b e e n  n o th in g  t o  
s u g g e s t  t h a t  th e  behaviour*  o f  t h e  f u l l  t h r e e - d im e n s io n a l  g e a r  t e e t h  
i s  fu n d a m e n ta l ly  d i f f e r e n t  fro m  t h a t  o f  th e  e q u i v a l e n t  tw o -d im e n s io n a l  
s p u r  g e a r  c o n f ig u r a t i o n  e x c e p t  f o r  su ch  c o n s i d e r a t i o n s  a s  v a r i a t i o n s  
i n  l o a d in g  a lo n g  th e  c o n t a c t  l e n g t h s .  The p ro b le m , t h e r e f o r e ,  r e d u c e s  
t o  an  e q u i v a l e n t  tw o -d im e n s io n a l  p la n e  s t r a i n  s i t u a t i o n  a n d  th e  e r r o r s  
i n t r o d u c e d  b y  P o is s o i f f s  r a t i o  ch a n g e s  a r e  n e g l i g i b l e .  The tw o- 
d im e n s io n a l  t e s t  r e s u l t s  c a n  t h e r e f o r e  be a p p l i e d  t o  th r e e - d im e n s io n a l  
r e a l  g e a r  g e o m e tr ie s  i f  f a c t o r e d  b y  a  s u i t a b l e  lo a d  f a c t o r  w h ich  w i l l  
v a r y  w i th  t h e  p o s i t i o n  a lo n g  th e  t o o t h  f l a n k .
I t  i s  c l e a r ,  t h e r e f o r e ,  t h a t  t h e r e  a r e  in d e e d  l i m i t a t i o n s  on t h e  
m eth o d  c h o se n  f o r  a n a l y s i s  o f  t h e  s t r e s s  d i s t r i b u t i o n  i n  d o u b le  h e l i c a l  
g e a r s  an d  on th e  i n t e r p r e t a t i o n  o f  th e  r e s u l t s  o b ta in e d .  B e a r in g  i n  
m in d , h o w ev er, t h a t  no  a l t e r n a t i v e  m ethod  e x i s t s  w h ich  a p p ro a c h e s  th e  
m e r i t s  o f  th e  ch o se n  te c h n iq u e  an d  t h a t  th e  m a j o r i t y  o f  t h e  l i m i t a t i o n s  
can  b e  overcom e b y  a p p r o p r i a t e  s u b s i d i a r y  t e s t i n g  th e n  t h e  c h o ic e  o f  
t h e  p h o t o e l a s t i c  s t r e s s - f r e e z i n g  te c h n iq u e  i s  e n t i r e l y  j u s t i f i e d .
S in c e  th e  a n a l y s i s  o f  t h e  f a i l u r e  o f  e p i c y c l i c  g e a r  com ponents 
i n v o lv e s  n o t  o n ly  th e  s t r e s s  d i s t r i b u t i o n s  b u t  a l s o  th e  lo a d in g  
h i s t o r y ,  m e t a l l u r g i c a l  a s p e c t s ,  l u b r i c a t i o n  d e t a i l s ,  v i b r a t i o n  
s t u d i e s ,  a l ig n m e n t  t e s t s ,  e t c . ,  i t  i s  n o t  c o n s id e r e d  t o  b e  one o f  
t h e  p rim e  o b j e c t i v e s  o f  th e  t h e s i s  t o  i s o l a t e  t h e  c a u s e s  o f  su c h  
f a i l u r e s . N e v e r th e le s s  t h e  f o l lo w in g  comments a r e  c o n s id e r e d  
a p p r o p r i a t e  i n  th e  l i g h t  o f  t h e  l i t e r a t u r e  s u rv e y  and  t h e  t e s t  
r e s u l t s ;
due t o  n i t r i d i n g  on th e  s t r e n g t h  o f  n i t r i d e d  g e a r s  u n t i l  a c c u r a te
in f o r m a t io n  i s  a v a i l a b l e  a b o u t  t h e  f u l l  t h r e e - d im e n s io n a l  s t r e s s
s t a t e  i n  th e  n i t r i d e d  l a y e r .  T h is  h a s  n o t  b e e n  a c h ie v e d  b y  t h e
X ~ ray  t e s t s  r e p o r t e d  h e r e  o r  in d e e d  b y  a n y  o th e r  t e s t s  t o  th e
kno w led g e  o f  th e  a u t h o r .  T h is  i s  a  s e r i o u s  l i m i t a t i o n  o f  p r e s e n t
k n ow ledge and  m ore d e t a i l e d  i n v e s t i g a t i o n s  a r e  c a l l e d  f o r  i f  th e  
v
b e h a v io u r  o f  n i t r i d e d  g e a r s  i s  t o  b e  f u l l y  u n d e r s to o d .  I f  th e  
r e s i d u a l  s t r e s s e s  v a r y  s i g n i f i c a n t l y  fro m  a n  e q u a l  t r i - a x i a l  s t r e s s  
s y s te m , th e n  th e  r e s i d u a l  s t r e s s  r e s u l t s  p ro d u c e d  b y  D r. K irk  c a u se  
c o n s id e r a b l e  c o n c e rn  s in c e  t h e y  i n d i c a t e  t h a t  th e  maximum r e s i d u a l  
s h e a r  s t r e s s  p r e s e n t  i n  th e  n i t r i d e d  l a y e r  c o u ld  a p p ro a c h  v e r y  
c l o s e l y  th e  v a lu e  o f  t h e  y i e l d  s t r e n g t h  i n  s h e a r  o f  t h e  m a t e r i a l  
u s e d ,  G .K .3 . M ien c o n s id e r e d  t o g e t h e r  w i th  t h e  maximum a l t e r n a t i n g  
s h e a r  s t r e s s e s  in d u c e d  b y  t h e  a p p l i e d  lo a d in g  t h e  d i s t i n c t  p o s s i b i l i t y  
a r i s e s  t h a t  f a i l u r e s  o c c u r  f o l lo w in g  t h e  L u n d b erg  an d  P a lm g ren  th e o r y ,  
(p a g e  60 )* I f  one s u p p o r t s  t h i s  w i th  t h e  o b s e r v a t io n s  o f  A kaoka, 
A lm en, Jo h n so n  a n d  M cC onnell who a l l  o b s e rv e  t h e  p r e s e n c e  o f  p o c k e ts  
o f  m i c r o - p l a s t i c  d e f o r m a t io n ,  e s p e c i a l l y  i n  th e  p r e s e n c e  o f  i n c l u s i o n s ,  
w h ich  w i l l  a c t  a s  th e  n e c e s s a r y  f a t i g u e  c r a c k  s o u r c e ,  t h e  e x i s t e n c e  o f 
f a i l u r e s  i n i t i a t i n g  s u b - s u r f a c e  c a n n o t  b e  q u e s t io n e d .
S in c e  any  in f o r m a t io n  r e g a r d in g  t h e  s t r e s s  d i s t r i b u t i o n  i n  
n i t r i d e d  l a y e r s  i s  c r i t i c a l  t o  th e  d i s c u s s i o n  o f  n i t r i d e d  g e a r  
f a i l u r e s ,  i t  i s  im p o r ta n t  t h a t  t h e  X -ra y  r e s u l t s  b e  v iew e d  w i th in  
th e  c o n te x t  o f  th e  l i m i t a t i o n s  o f  th e  X--.ray te c h n iq u e  i t s e l f .
The e q u a t io n s  w h ich  a r e  u s e d  a s  th e  b a s i s  f o r  s t r e s s  c a l c u l a t i o n s  
i n  t h e  X -ra y  te c h n iq u e  a r e  d e r iv e d  on t h e  a s s u m p tio n  o f  m a t e r i a l  
i s o t r o p i c  e l a s t i c i t y .
-  371 -
I t  i s  d i f f i c u l t  t o  a s s e s s  th e  I n f lu e n c e  o f  th e  r e s i d u a l  s t r e s s e s
O b se rv in g  t h e  e l a s t i c  a n i s o t r o p y  u s u a l l y  a s s o c i a t e d  w i th  v a r io u s
( 2 r'3 )
e r y s t a l l o g r a p h i c  d i r e c t i o n s ?  K irk  ^ n o t e s  t h a t  t h e  m e a su re d  
s t r a i n s  I n  one p a r t i c u l a r  d i r e c t i o n  c a n n o t  t h e r e f o r e  b e  a c c u r a t e l y  
r e l a t e d  t o  s t r e s s  b y  m e c h a n ic a l ly  'm easu red  v a lu e s  o f  th e  o v e r a l l ,  
m a t e r i a l  e l a s t i c  c o n s t a n t s .  He a l s o  n o t e s  t h a t  t h e  e f f e c t i v e  v a lu e s  
o f  E an d  v a r e  a l s o  in c lu e n c e d  b y  th e  f a c t  t h a t  e a c h  g r a i n  i s  s u r ro u n d e d  
b y  o t h e r  g r a in s  an d  o th e r  p h a s e  p a r t i c l e s .  I n t e r a c t i o n s  b e tw e e n  g r a in s  
a r e  com plex  an d  K irk  s t a t e s  t h a t  th e  v a lu e s  o f  t h e  e l a s t i c  c o n s t a n t  
r e q u i r e d  i n  th e  X -ra y  a n a l y s i s  s h o u ld  b e  d e te rm in e d  e x p e r im e n ta l ly .
T h is  i s  n o rm a l ly  a c h ie v e d  b y  u n i - a x i a l  t e s t s  on t e n s i l e  o r  f o u r - p o i n t  
b e n d in g  sp ec im e n s  w i t h i n  th e  e l a s t i c  r a n g e .
I t  i s  c l e a r ?  how ever? t h a t  w h i l s t  t h i s  i s  a c c e p ta b l e  f o r ' i s o t r o p i c  
m a t e r i a l s ?  i t  d o e s  n o t  c o v e r  th e  p ro b lem s o f  a n i s o t r o p y  c a u s e d  b y  th e  
p re s e n c e  o f  a  num ber o f  p h a se s?  a s  i n  n i t r i d e d  l a y e r s .  I t  i s  p o s s i b l e  
t o  d e r iv e  t h e o r e t i c a l  X -ra y  e l a s t i c  m o d u li fro m  a  know ledge o f  th e  
a n i s o t r o p i c  b e h a v io u r  o f  s i n g l e  c r y s t a l s ?  b u t  t h i s  h a s  b ee n  shown by  
M a c h e r a u c h / t o  p ro d u c e  p o o r  a g reem en t w i th  e x p e r im e n ta l  v a l u e s .
K irk  t h e r e f o r e  e x p h a s is e s  t h a t  " i t  i s  p a r t i c u l a r l y  d a n g e ro u s  t o  a t te m p t  
t o  d e r iv e  t h e  m o d u li f o r  tw o -p h a se  m a t e r i a l s  when o n ly  one p h a s e  i s  t o  
b e  a n a ly s e d  f o r  s t r a i n " .  I t  i s  p re su m a b ly  on t h i s  b a s i s  t h a t  he 
e s t i m a t e s  a  p o s s i b l e  e r r o r  o f  up  t o  1.5$ f o r  h i s  r e s u l t s  a s  n o te d  o r 
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I t  i s  f u r t h e r  assu m ed  i n  X -ra y  a n a l y s i s  t h a t  t h e  e f f e c t i v e  
p e n e t r a t i o n  o f  th e  r a y s  i s  so  s m a l l  t h a t  i t  d o e s  n o t  i n f l u e n c e  th e  
s t r e s s  d e t e r m in a t io n .  ( 'T y p ic a l  d e p th s  o f  p e n e t r a t i o n  v a r y  b e tw e en  
2 and  + ym d ep e n d in g  on th e  ty p e  o f  r a d i a t i o n  an d  t h e  sp ec im en  
i n c l i n a t i o n . )  W h i l s t  t h i s  a s s u m p tio n  i s  v a l i d  -■•df t h e  s t r e s s  g r a d 5e n t s  
b e lo w  th e  s u r f a c e  a r e  s m a l l  t h e  beam p e n e t r a t i o n  m u st b e  ta k e n  i n t o  
a c c o u n t  i n  n i t r i d e d  la y e r ,  a p p l i c a t i o n s  w h ere  th e  s t r e s s  g r a d i e n t s  a r eJ
h i g h .
-  3 7 2  -
The p r e s e n c e  o f  th e  " w h ite  l a y e r "  i n  n i t r i d e d  g e a r s  a l s o  p r e s e n t s  
a  p ro b lem  an d  K irk  s u g g e s t s  t h a t  h i s  r e s u l t s  o v e r  t h e  f i r s t  0*002 i n  
b e  t r e a t e d  w i th  c a u t io n .
S in c e  th e  m easu rem en t p r o c e s s  i n v o lv e s  th e  s u c c e s s iv e  re m o v a l
o f  l a y e r s  u s in g  c h e m ic a l e t c h in g  p r o c e d u r e s ,  t h e s e  re m o v a ls  w i l l
e f f e c t  a  r e - d i s t r i b u t i o n  o f  s t r e s s  f o r  s u b s e q u e n t  m e a su re m e n ts . A ^
c o r r e c t i o n  m u s t t h e r e f o r e  b e  a p p l i e d  t o  t h e  m easu red  s t r e s s e s  a t  an y  J
s ta g e  t o  a l lo w  f o r  th e  e f f e c t s  o f  l a y e r s  rem oved  p r i o r  t o  t h a t  s t a g e .
(255)S ta n d a rd  fo rm u la e  p ro d u c e d  b y  M oore an d  E v an s a r e  a v a i l a b l e  f o r
t h i s  p u rp o s e  b u t  t h e s e  a r e  r e s t r i c t e d  t o  a  num ber o f  s im p le  g e o m e tr ic a l  
s h a p e s  o f  sp e c im e n . "W hilst t h e s e  a r e  a p p l i c a b l e  t o  t h e  t e s t  r e s u l t s  
on  t h e  r e c t a n g u l a r  sp ec im e n s  q u o te d  i n  t h i s  r e p o r t ,  t h e y  w ould  r e q u i r e  
m o d i f i c a t i o n  f o r  an y  e x te n s io n s  o f  th e  w ork  t o  a c t u a l  g e a r  t o o t h  
p r o f i l e s .
I t  i s  i n t e r e s t i n g  t o  n o te  h e r e  t h a t  i n  d i s c u s s i o n  o f  s i m i l a r  
t e s t s  on c a r b u r i s e d  g e a r s ,  D r. K irk  s t a t e d  t h a t  f o u r - p o i n t  b e n d in g  
f a t ig u e ,  t e s t s  w ere  c a r r i e d  o u t  on c a r b u r i s e d  sp ec im e n s  an d  f a i l u r e  
was o b s e rv e d  t o  o c c u r  on th e  c o m p re s s io n  s i d e  o f  t h e  sp ec im e n  owing 
t o  th e  c o m b in a tio n  o f  t h e  a p p l i e d  c o m p re s s iv e  s t r e s s e s  an d  th e  h ig h  
r e s i d u a l  c o m p re s s io n s  s e t  up  by  t h e  c a r b u r i s i n g  p r o c e s s .  T h is  i s  
e n t i r e l y  i n  a g re e m e n t w i th  t h e  p ro p o s e d  m echan ism  f o r  c o n t a c t - s t r e s s  
f a i l u r e s  o f  n i t r i d e d  gears®
T a n g e n t ia l  lo a d in g ,  l o c a l  y i e l d i n g  a n d  r a p i d  te m p e r a tu re  ch an g es  
a p p e a r  t o  b e  t h e  m o s t p l a u s i b l e  s o u rc e s  o f  l o c a l  t e n s i l e  s t r e s s  
n e c e s s a r y  f o r  s u r f a c e  c r a c k  i n i t i a t i o n  p r o p o g a t io n  p ro b a b ly  p ro c e e d in g
( 2? ? )a s  p o s t u l a t e d  b y  Way' ' '  » H ere a g a in  i t  i s  i n t e r e s t i n g  t o  n o te  th e  
phenom enon o f  c r a c k  b r a n c h in g  o r  d i r e c t i o n  change a t ,  o r  n e a r ,  th e  
maximum, s h e a r  s t r e s s  p o s i t i o n .
The m echan ism  w h ich  p ro d u c e s  t h e  d i r e c t i o n  change  i s  n o t  c l e a r  
u n l e s s  i t  i s  a s s o c i a t e d  e i t h e r  w i th  a  d i s t i n c t  c a s e - c o r e  j u n c t i o n  
o r  t h e  p r e s e n c e  o f  some i n c l u s i o n  o r  o th e r  l o c a l  m a t e r i a l  w e a k n e ss .
* / "1 ty O \
I t  i s  r e l e v a n t  t o  s t r e s s  th e  o b s e r v a t io n  o f  P age who n o te s  t h a t
t h e  d e p th  o f  t h e  maximum, s h e a r  p o s i t i o n  i n c r e a s e s  w i th  i n c r e a s e d  
r a d i u s  o f  c u r v a t u r e .
The l i m i t e d  c a s e  d e p th  o f  n i t r i d e d  g e a r s  m u s t t h e r e f o r e  l i m i t  
t h e  s i z e  o f  g e a r  t o  w h ich  n i t r i d i n g  i s  a p p l i e d  i f  th e  maximum s h e a r  
s t r e s s  p o s i t i o n  i s  t o  be  r e t a i n e d  w i th in  t h e  c a s e .  P a r t i c u l a r  
a t t e n t i o n  i s  a l s o  d raw n t o  th e  o b s e r v a t io n s  o f  Jo h n so n  an d  O berg , 
B a t e l l e ,  S c a p p le  and  Kn owl to n  on p ag e  "(2 , r e g a r d in g  th e  f a i l u r e
o f  n i t r i d e d  g e a r s .
CONCLUSIONS.
The. t e s t s  h a v e  shown t h a t  w i th  s u i t a b l e  c a re  i n  t h e  d e s ig n  and m a n u fa c tu re  
o f  m odels and  w i th  a d e q u a te  p r e c a u t io n s  to  overcom e th e  e f f e c t s  o f  f r i c t i o n ,  
th e  t h r e e - d im e n s io n a l  p h o t o e l a s t i c  s t r e s s  f r e e z in g  t e c h n iq u e  can  p ro v id e  
a  p o w e rfu l t o o l  " fo r  th e  a n a ly s i s  o f  h ig h ly  com plex  co m p o n en ts . The t e s t  
r e s u l t s  o b ta in e d  c o u ld  h o t  h a v e  b e e n  a c h ie v e d  b y  any  o t h e r  e x p e r im e n ta l  o r  
t h e o r e t i c a l  s t r e s s  a n a ly s i s  m ethod w ith  t h e  p o s s i b l e  e x c e p t io n  o f  s c a t t e r e d  
l i g h t  p h o t o e l a s t i c i t y ,  a  t e c h n iq u e  w h ich  i s  n o t  y e t  f u l l y  d e v e lo p e d  o r  
a c c e p te d  and w h ich  r e q u i r e s  h i g h ly  e x p e n s iv e  eq u ip m en t f o r  f u l l  t h r e e -  
d im ens i  o n a l  s t u d i  e s ,
The t e s t  program m e i n i t i a l l y  e n v is a g e d ,  t o g e t h e r  w i th  c e r t a i n  e x te n s io n s  
w h ich  w e re  c o n s id e r e d  n e c e s s a r y  i n  th e  l i g h t  o f  r e s u l t s  o b ta in e d  h a s  b e e n  
c o m p le te d  and th e  t e s t  o b j e c t i v e s  a c h ie v e d .
The w ork h a s  y i e ld e d  a  g r e a t e r  a p p r e c i a t i o n  o f  t h e  g e n e r a l  b e h a v io u r  o f  
h e l i c a l  g e a r  t e e t h  u n d e r  lo a d  and h a s  h i g h l i g h t e d  t h e  d e g re e  o f  n o n -u n ifo r m i t  
o f  lo a d  w h ich  can  b e  e x p e c te d  i n  p r o d u c t io n  u n i t s ,  th e  n eed  f o r  c o n s id e r a b le  
end r e l i e f  and th e  r e q u ir e m e n t  f o r  f u r t h e r  d e t a i l e d  c o n s i d e r a t i o n  o f  b o th  
t h e  s u r f a c e  s t r e n g t h  c r i t e r i a  u se d  i n  p r e s e n t  d e s ig n  p ro c e d u re s  and th e  
s i g n i f i c a n c e  o f  th e  r e s i d u a l  s t r e s s  d i s t r i b u t i o n s  e v a lu a t e d .
The r e s u l t s  i n d i c a t e  th e  maximum s u b -s u r f a c e ,  s t r e s s e s  a t  c o n ta c t  to  b e  
c o n s id e r a b ly  above th o s e  e s t im a te d  by  p r e s e n t  d e s ig n  p ro c e d u re s  b a se d  on 
th e  a s s u m p tio n  o f  u n ifo rm  l i n e  lo a d in g .  The t e s t s  a l s o  i n d i c a t e  t h i s  
a s s u m p tio n  to  b e  f a r  from  a c c u r a te  and i t  i s  recom m ended t h a t  a  lo a d  f a c t o r  
o f  a t  l e a s t  2 .3  b e  in t r o d u c e d  i n t o  th e  d e s ig n  p ro c e d u re s  to  a l lo w  f o r  
v a r i a t i o n s  i n  maximum to  mean lo a d  a lo n g  th e  c o n ta c t  l i n e .  I t  i s  a l s o  
recom m ended t h a t  f u r t h e r  s e r io u s  c o n s i d e r a t i o n  b e  g iv e n  t o  th e  dynam ic lo a d  
e f f e c t s  w h ich  h a v e  b e e n  d is c u s s e d  a t  l e n g th  e a r l i e r  ( p a g e 269 ) .
The tw o -d im e n s io n a l  t e s t  program m e h as  p ro d u ced  a  w e a l th  o f  new in f o r m a t io n
• J f
r e g a r d in g  th e  fu n d a m e n ta l g e a r  to o th  d e fo rm a tio n  b e h a v io u r  and h a s  le d  to  
th e  p r o p o s a l  f o r  a new b e n d in g  s t r e n g t h  d e s ig n  p ro c e d u re  f o r  h e l i c a l  g e a r s .
C le a r  e v id e n c e  i s  p ro d u c ed  o f p r o x im i ty  e f f e c t s  and f u r t h e r  w ork  i s  
r e q u i r e d  b e f o r e  a  c o m p le te  u n d e r s ta n d in g  o f  t h i s  phenom enon i s  a c h ie v e d .  
I t  does a p p e a r ,  h o w ev er, fro m  th e  r e s u l t s  o f  th e  co m p u ter program m e u sed  
as  p a r t  o f  th e  d e s ig n  p ro c e s s  r e f e r r e d  to  ab o v e , t h a t  a  m a jo r  p a r t  o f  
th e  a n o m a lie s  a s s o c i a t e d  w i th  low lo a d  p o s i t i o n s  a r e  i n  f a c t  p r e d i c t a b l e  
a s p e c ts  o f  g e a r  b e h a v io u r  and a d e q u a te ly  c a te r e d  f o r  by  t h e  program m e. 
The re m a in in g  a n o m a lie s  do n o t  a p p e a r  t o  h a v e  a  s i g n i f i c a n t  e f f e c t  
w hen i n t e g r a t e d  a c ro s s  th e  c o m p le te  to o th  b a s e .
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1 . I n v e s t i g a t i o n  Of The E f f e c t  Of O v e rlo ad
POSSIBLE EXTENSIONS TO THE WORK;
T h ere  i s  some e v id e n c e  to  s u p p o r t  th e  v iew  t h a t  a  s i g n i f i c a n t  
num ber o f  th e  f a t i g u e  f a i l u r e s  w h ich  o r i g i n a t e  i n  th e  f l a n k s  o f  
h e l i c a l  g e a r  t e e t h  a r e  a s s o c i a t e d  w ith  t h e  a p p l i c a t i o n  o f  m om entary  
o v e r lo a d s .  C u r re n t  th in k in g  i n  f r a c t u r e  m e c h a n ic s  p o s t u l a t e s  t h a t  
th e  g r a in s  i n  p o l y c r y s t a l l i n e  m a t e r i a l s  in v o lv e  s u b s t a n t i a l  s t r e s s  
c o n c e n t r a t i o n s  on a  m ic ro s c o p ic  s c a le ?  an d  t h a t  t h e s e  w i l l  b e  
a s s o c i a t e d  w i th  t h e  d ev e lo p m e n t o f  c o r r e s p o n d in g  r e g io n s  o f  p l a s t i c  
d e fo rm a t io n  when t h e  m a t e r i a l  i s  s u b j e c t e d  t o  r e l a t i v e l y  lo w  mean 
s t r e s s  l e v e l s .  I t  I s  c o n s id e r e d  t h a t  t h e  o n s e t  o f  su c h  m ic ro ­
p l a s t i c i t y  i s  n o t  i n  i t s e l f  h a rm fu l  u n t i l  s u f f i c i e n t  lo a d  i s  
a p p l i e d  t o  c a u s e  th e  volum e o f  one o f  t h e  p l a s t i c a l l y  d e fo rm ed  
zo n e s  t o  ex c eed  a  c e r t a i n  c r i t i c a l  s i z e .  A t t h i s  p o i n t  th e  e x t e n t  
o f  th e  l o c a l  p l a s t i c a l l y  d e fo rm ed  m a t e r i a l  becom es s u f f i c i e n t  t o  
p e r m i t  i n i t i a t i o n  o f  a  f a t i g u e  c r a c k .  I n e v i t a b l y  h ig h  s t r e s s  
c o n c e n t r a t i o n s  w i l l  b e  a s s o c i a t e d  w i th  th e  g e o m e tr ic  p r o f i l e  a t  
t h e  end  o f  su ch  a  c r a c k  an d  t h e  s u b s e q u e n t  a p p l i c a t i o n  o f  a  l o a d  
w h ich  i s  c o n s id e r a b ly  l e s s  th a n  t h a t  r e q u i r e d  f o r  c r a c k  i n i t i a t i o n  
w i l l  c a u s e  th e  f r a c t u r e  t o  p r o p a g a te  an d  u l t i m a t e l y  r e s u l t  i n  a  
f a t i g u e  f a i l u r e  h a v in g  th e  c o n v e n t io n a l  m ic ro s c o p ic  a p p e a ra n c e .
The c o n c e p t  o f  c u m u la t iv e  dam age may a l s o  b e  a p p l i e d  t o  th e  p ro p o s e d  
se q u e n c e  o f  e v e n ts  an d  i t  f o l lo w s  t h a t  t h e  im p o s i t io n  o f  o c c a s io n a l  
l o a d  c y c le s  o f  l a r g e r  m a g n itu d e  upon a  f l u c t u a t i n g  lo a d  o f  c o n s t a n t  
a m p l i tu d e  w i l l  h a v e  t h e  e f f e c t  o f  s h o r t e n in g  th e  f a t i g u e  l i f e  o f  th e  
co m p o n en t,
For bodies in which the material strength is a function of 
geometric position, it is apparent that failure will initiate at 
the point in the body for which:
local stress concentration prevailing stress , ^ ,
_____   factor_____   x   field     maximum
local strength
This point need not be in the surface of the body and for 
nitrided materials subjected to high compressive loads could well 
occur beneath the surface.
'flie failure mechanism proposed here provides a very plausible 
explanation for the observed behaviour of nitrided gears which have 
failed in service. Although it is difficult to obtain reliable data 
concerning the loading history of a gear train prior to failure, it 
is known that one very severe or, more often, a series of smaller 
overloads is often followed by a short period of apparently 
satisfactory running before failure occurs. In such cases it seems 
very probable that damage initiated at the time of the over-load is 
caused to propagate during subsequent normal running until a fatigue 
crack reaches the .surface of the tooth. It should perhaps be 
explained that fatigue damage of the type being discussed here 
would almost certainly not be visible to the naked eye at the time 
of initiation.
Clearly the conditions under which a real gear operates are 
extremely complex, both in terms of the loading conditions and the 
environment in which the assembly operates. It is felt, however, 
that the effect of transient overload in activating potential 
failure sources is likely to be the critical factor in determining 
the fatigue performance of a particular gear. Many additional 
factors will influence the actual life, and the details of the 
failure surface, but these are expected to be of secondary Importance
1 .  I n  o r d e r  to  t e s t  th e  u t i l i t y  o f  t h i s  f a i l u r e  h y p o t h e s i s ,  i t
C o n t.
i s  s u g g e s te d  t h a t  a t t e m p ts  b e  made t o  e s t a b l i s h  th e  r e l a t i o n s h i p  
b e tw e e n  t h e  o c c u r re n c e  o f  a  t r a n s i e n t  o v e r lo a d  an d  th e  s u b s e q u e n t  
f a t i g u e  p e r fo rm a n c e  o f  a  n i t r i d e d  m a t e r i a l .  I t  i s  r e c o g n i s e d  t h a t  
v e r y  many d i s c  t e s t s  h av e  a l r e a d y  b e e n  c o n d u c te d  upon  th e  m a t e r i a l s  
w h ich  a r e  u s e d  i n  th e  m a n u fa c tu re  o f  g e a r s .  I t  i s  f e l t ,  h o w ev er, 
t h a t  t h e s e  h av e  l a r g e l y  b e e n  u n d e r ta k e n  w i th  th e  o b j e c t i v e  o f  
a c c u m u la t in g  f a t i g u e  d a t a .  I n  th e  p ro p o s e d  t e s t s  i t  i s  i n t e n d e d  
t h a t  th e  i n i t i a t i o n  o f  f a i l u r e  be  s tu d ie d  i n  much g r e a t e r  d e t a i l  
i n  an  a t te m p t  t o  g a in  an  u n d e r s ta n d in g  o f  t h e  f r a c t u r e  m echanism  
w h ich  g o v e rn s  th e  f a i l u r e  o f  n i t r i d e d  m a t e r i a l s  u n d e r  h ig h  t r a n s i e n t  
c o m p re s s iv e  l o a d s .
I t  i s  s u g g e s te d ,  t h e r e f o r e ,  t h a t  t h e  f a i l u r e  c h a r a c t e r i s t i c s  
o f  a  t y p i c a l  g e a r  m a t e r i a l  s h o u ld  b e  s t u d i e d  b y  c o n d u c tin g  a  s e r i e s  
i o f  f a t i g u e  t e s t s  on n i t r i d e d  s t e e l  r o l l e r s .  The t e s t s  w ou ld  be
u n d e r ta k e n  i n  a  s p e c i a l l y  d e s ig n e d  r i g  i n  w h ich  a  s i n g l e  t e s t  r o l l e r  
i s  s u b j e c t e d  t o  e q u a l  an d  o p p o s i te  d i a m e t r a l  l o a d s  im p o sed  b y  two ‘ 
l a r g e r  b a c k in g  r o l l e r s .  A p o i n t  on th e  s u r f a c e  o f  t h e  t e s t  r o l l e r  
w o u ld  b e  s u b j e c t e d  to  tw o lo a d  cycJ.es p e r  r e v o l u t i o n  a s  th e  lo a d e d  
r o l l e r  r e v o lv e s  an d  w ou ld  th u s  p ro v id e  a  s i m p l i f i e d  r e p r e s e n t a t i o n  
f o r  t h e  i n t e r m i t t e n t  lo a d in g  o f  th e  m a t e r i a l  i n  th e  p r o to ty p e  g e a r  
t o o t h  f l a n k .
A s t e a d y  d i a m e t r a l  lo a d  c o u ld  be s u p p l i e d  m o s t s im p ly  b y  m eans 
o f  a  s p r in g  sy s tem  an d  th e  t r a n s i e n t  lo a d  s im u la te d  b y  lo a d in g  th e  
r o l l e r  a s s e m b ly  b e tw e en  s u i t a b l y  sh ap e d  p a d s  i n  a  c o m p re s s io n  t e s t i n g  
m a c h in e . T h is  w ou ld  a l lo w  b o th  th e  m a g n itu d e  an d  t h e  p o s i t i o n  o f  th e  
t r a n s i e n t  lo a d  t o  b e  d e te rm in e d  w i th  a d e q u a te  p r e c i s i o n .  The m agnitad<  
o f  b o th  t h e  s t e a d y  an d  t r a n s i e n t  lo a d s  s h o u ld  be  c h o se n  t o  s im u la te  
t y p i c a l  g e a r  o p e r a t i n g  c o n d i t i o n s .
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F o llo w in g  th e  a p p l i c a t i o n  o f  th e  t r a n s i e n t  l o a d  t h e  r o l l e r s  c o u ld  
b e  r u n  u n d e r  s t e a d y  lo a d  u n t i l  f a i l u r e  i s  d e t e c t e d  b y  a  s e n s i t i v e  
v i b r a t i o n  t r a n s d u c e r  m o u n ted  upon  th e  r o l l e r  s u p p o r t s .
Im m e d ia te ly  t h e  f i r s t  s ig n s  o f  s u r f a c e  dam age becom e a p p a re n t?  
th e  t e s t  w ould  b e  s to p p e d .  The dam aged r o l l e r  w o u ld  b e  s e c t io n e d  
an d  a t t e n t i o n  fo c u s s e d  upon th e  h i g h l y  s t r e s s e d  m a t e r i a l  b e n e a th  
t h e  s u r f a c e  o f  t h e  r o l l e r  a t  th e  d e p th  w here  th e  s t r e n g t h  o f  t h e  
n i t r i d e d  l a y e r  i s  b e g in n in g  t o  d im in i s h .  I f  n e c e s s a r y  a n  e l e c t r o n  
s c a n n in g  m ic ro s c o p e  w ould  be  u s e d  t o  exam ine th e  d e t a i l s  o f  a n y  su b ­
s u r f a c e  c r a c k s  w h ich  a r e  o b s e rv e d .  An a t t e m p t  w o u ld  b e  made t o  
c o r r e l a t e  t h e  p r o p a g a t io n  o f  f a t i g u e  c r a c k s  w i th  th e  num ber o f  lo a d  
c y c le s  t o  f a i l u r e  and  f u r t h e r  t e s t s  c o u ld  c o n s id e r  t h e  e f f e c t  o f  
v a r i a t i o n s  i n  th e  m a g n itu d e  an d  f r e q u e n c y  o f  th e  t r a n s i e n t  o v e r lo a d s .
No r e c o r d  c a n  be  fo u n d  o f  t e s t s  t o  e v a lu a t e  th e  e f f e c t  o f  h ig h  
i n t e r m i t t e n t  lo a d s  011 t h e  f a t i g u e  l i f e  o f  g e a r  com ponen ts a n d  th e  
r e s u l t s  w ou ld  b e  p a r t i c u l a r l y  r e l e v a n t  t o  th e  e l e c t r i c a l  o v e r lo a d  
ty p e  o f  g e a r  p ro b le m  n o te d  i n  t h e  i n t r o d u c t i o n  to  t h i s  t h e s i s .
E ff e c t  Of  End R e l i e f
The s t r e s s - f r e e z i n g  t e s t s  c a r r i e d  o u t  on b o th  m o d e ls  i n d i c a t e  
th e  r e q u ir e m e n t  f o r  en d  r e l i e f  on p r o d u c t io n  g e a r  u n i t s .  I n  o r d e r  
t o  q u a n t i f y  th e  e f f e c t s  o f  en d  r e l i e f ?  f u r t h e r  t e s t s  a r e  r e q u i r e d  
w h ich  c a n  o n ly  be i n  th e  n a tu r e  o f  f u r t h e r  t h r e e - d im e n s io n a l  s t r e s s -  
f r e e z i n g  s t u d i e s .
The ex p e n se  a s s o c i a t e d  w i th  t h e  n e c e s s a r y  i n s t r u m e n t a t i o n  o f  
p r o to ty p e  u n i t s  i n  o r d e r  to  a c h ie v e  an y  r e c o r d  o f  t h e  e f f e c t  o f  
ch a n g e s  i n  en d  r e l i e f  would, b e  e x c e s s iv e  a s  w ould  t h e  num ber o f
u n i t s  w h ich  w ould  r e q u i r e  t e s t i n g  i n  o r d e r  t o  a c h ie v e  a  f u l l
.1
q u a n t i t a t i v e  a s s e s s m e n t .
Three-dimensional photoelastic models using planet wheels with 
varying amounts of end relief provide a much more flexible, direct 
and accurate means for analysis. After stress-freezing and slicing 
of the planet wheels the remainder of the model can be utilised for 
further tests with new planet wheels.
Extensions To The Residual Stress Investigation
The test programme carried out by Dr. Kirk evaluates the 
residual stress magnitudes uni-axially. These tests should be 
extended to obtain rosette readings, i.e. readings in three known 
directions, in order to determine the true principal residual stress 
magnitudes present in a nitrided component. Additionally, alternative 
methods of residual stress measurement should be carried out on 
similar specimens to those chosen for the X-ray analysis to establish 
confidence levels for the results obtained. Such methods could include 
strain gauge experiments using layer removal, sectioning or hole 
drilling techniques.
Assuming that suitable development of the X-ray technique takes 
place in the near future, extension of the investigation to real gear 
profiles could then be attempted and efforts made to obtain full three- 
dimensional stress distributions throughout the nitrided layer. Such 
information would then allow the full application of the results cf 
the elastic stress distributions obtained in the present investigation 
to the strength considerations of nitrided gears.
Hardness - Residual Stress Relationship
Considerable advantages could be obtained if the work of 
previous investigators^"^7,5 on the relationship between hardness
4measurement and residual stress were exbonded with particular reference 
to nitrided layers.
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Tests designed to develop a valid theoretical relationship between 
these two quantities would yield, if successful, a powerful non­
destructive test method for the measurement of residual stress.
The method could prove invaluable in examining production units for 
the presence of suspected overload and in quantifying the effects of 
such overloads.
Theoretical analysis should be carried out to determine the effect 
of prototype loadings on the depths of the maximum shear stress and the 
maximum alternating shear stress. With due allowance for the effects 
of non-unform loading, dynamic increments, etc., the result could be 
considered together with the residual stress distribution to establish 
likely failure criteria.
The two-dimensional tests should be extended to models of other 
external and internal gear profiles to establish the relevance, or j 
otherwise, of the stress concentration factors shown by this \
investigation to be appropriate for the particular tooth geometry 
tested. Such tests should consider in detail not only the effects . 
of changes in flank geometry, but particularly changes in root fillet i 
radius.
Investigations into the true nature of the "proximity" or "load 
diffusion" effects should he extended using the procedure outlined on 
page 347 <
Efforts should be made to determine the precise relationships between 
the "time-edge" effect and nitriding mechanisms in the hope of 
establishing a 1 : 1 relationship, or similar, between the amount of 
infused material and the resulting stress distribution. It is then 
possible that a full photoelastic analysis of models containing an 
appropriate amount of ‘time-edge’ effect would allow evaluation of 
the total stress Viistribution in nitrided gears.
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DERIVATION OF CONTACT LOADS FROM MEASURED FRINGE ORDERS 
Method. I
Tlie theory of Herts applied to parallel cylinders in contact shows 
that the maximum principal stress difference 03 ~ Oq = -0*6 pQ occurs
at a depth z below the contact surface given by:
z = 0 *78a
where pG = maximum contact pressure
2a = contact width
Further, providing the area of contact is assumed proportional to 
load, the following values of the separate principal stresses will apply 
at depth z for all values of Poisson’s ratio:
cr-j = -0*188 pQ - stress transverse to cylinder axis
02 ~ -0*088 pQ •= stress parallel to cylinder axis
03 = -0*788 p Q = stress in direction of contact normal.
Also, the contact width is given by:
2a - 0 Pq where Pq =• load/unit length
Po
Pq = TV p0 a = " PQ 2 = TT Z X (03 -Gq)
2 2 x 0*78 2 x 0*78 0*6
Now (a 3  ~  a q )  is obtained from the maximum fringe order 11 ,  at contact since
nf where f “ material fringe value
03 . 0 1 't~ (lb/in /fringe/in)
and t = slice thickness (in)
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i.e. ’ Load/unit length may be calculated from a knowledge
of z, the depth of the maximum shear stress position, 
and n, the maximum fringe order at that point.
Method 2
The theory of Hertz also states thati
Pt where P2 ~ load/unit length
rt 4u4 -
i.e. r!he load per unit length can also be calculated from
a knowledge of the maximum fringe order and of the 
relative radius of curvature RR at contact.
The method of calculation of RR values is given in 
Appendix. 2«
EVALUATION OF LOAD AND TORQUE IN TERMS OF THE 
NOMINAL STRESS IN THE TORQUE TUBE
In order to aid a general appreciation of the stress, torque and 
load magnitudes involved in the work of this thesis, an assumed material 
fringe value Tf ' has been used to establish absolute values. To obtain 
more realistic and accurate results, however, the values should be 
expressed in terns of the 'nominal1 stress value (in this case the 
maximum stress in'the outer surface of the torque tube). Results 
included in the thesis are thus given both in absolute units and in 
terms of the nominal stress °‘nom«
The following equations have been derived for contact .loads per 
unit length in terms of fringe order at the maximum shear position -
P-, = 3*357 fnz .......... (1)
~t~
and ?2 = 2^ (1 - y2) x f2 n2 R.R.............. ........... (2)_
0*36 Et-2
. Substituting for f in (1) the load/unit length can now be obtained
in terms of the nominal stress
/
Pi = 3-357 x 0-0282 a nom x nz
"b
0-09l|6 nz onom   (3)
t
and from (2)
?2 = tt (1 “ v) x 2 (1 + v) f x f x i f f Rr a nom
0 ‘36 F °nom 6
it x 0*52 x f x 0-0282 x n2 Rp anom
“ # 1 6 "  a
X i f p l 2 x  -Jr- x  ° ' 028Z x 2~ M  x °nom
0*36 656 # 1 2
= 1*880 x 10 2 n2 pR a nom   (0)
p
With f = 1*0 as assumed previously P2 ~ 0*97 nc Rp
Now, in terms of crnom P2 = 1 * 88 x 10~2 n2 Rj^  a
. ’. To convert load and torque values of graphs in terms of «'nom 
Multiply all torque and load values by:
1-88 x 10-2 n2 Er anom 
0-97 n2 Rr
i.e. 1-9U x icr2 anom   (5)
nom
-  4 0 6  -  
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CALCULATE ON OF NORMAL RELATIVE RADIUS OF CURVATURE
The radius of curvature in the normal plane is calculated from the 
radius of curvature in the transverse plane by the relationship:
%  = RI r 2 sec oo
'(e£ + 1 4
where Rp is the radius of curvature of one gear in the 
transverse plane.
R2 is the radius of curvature of its mating gear 
in the transverse plane.
Rp is the normal relative radius of curvature.
cr0 is the base helix angle.
In order to calculate the transverse radii of curvature? it is 
necessary to find the point of contact from a measurement taken in the 
normal plane. The following method Is used to find the co-ordinates of
the point on the normal line of path and hence the co-ordinates of the
point in the transverse plane.
Explanation Of Figure PI;
Figure PI shows a section through a gear normal to the teeth at the 
pitch line of generation at top dead centre of the diagram. The line 
(z = x tan a + re) is the line of path of contact In this 'normal* plane. 
The line? length y? is the measured distance perpendicular to the tip to 
a point of contact (xg? zg).
to the line of centres of two gears in mesh and can be shown 
to have a value of tan"-1- (tan i|>e cos cr); where is the 
transverse pressure angle of engagement and a is the helix 
angle.
a is the helix angle and is the angle at which the section is 
taken relative to the end face of the gear.
re is the pitch circle radius of engagement of the gear.
r is the tip radius of the gear.
;y is the measured distance perpendicular to the tip to a point
of contact, i.e. (xp, zp) to (xg, Z2) <
Required
Values of (x2, Z2) are required for tabulated values of y.
Method
The equation of the tip ellipse is satisfied by (xp, yp).
*p2 + zi2 = p
” g 2 ” 2
r sec c r
xp2 cos2 0+ Zp2 = r2 .......... £p)
a is the angle the line of path of contact makes to a normal
Differentiating the equation of the ellipse with respect to x gives;

Gradient of normal at (xp? zp) = z4 sec2 g
xp
(zp - zp) = zp sec^ g (x2 - Xp)
X1
xp (z2 - zp) = (x2 - xp) zp sec2 a  * * (2)
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Tie equation of the line of path of contact is satisfied by (xp? z2)
.". z2 = x2 tan a + re *.*....... (3)
Since the distance between (xp? zp) and (x2? zp) is y
(z2 - zi) 2 + (xp - x2) 2 = y2 .......... (4)
Substituting for zg from (3) in (2) we get;
xp (xp tan a + re - zp) = (x2 - Xp) zp sec2 a
/  2  1  (r - z-, + zn sec a). . x2 = xp v e 1 1 ___
~  2  zp sec a - xp tan a
(r + tan2 a) ......... c ri. . Xp = xp ' e 1 /   ‘ ' (+)
Zj sec2 a - Xp tan a
Summary Of Important Equations:
Z1 I  r2 -- Xp2 cos2 a (3.)
xp (re + zp tan2 a) 
zp sec2 a - xp tan a
(+)
z2 = xp tan a +’ r0 .......... (3)
y = / (zp - z?Y~ * (xp - xg)^ .......... (+)
The above equations can be solved by a numerical method for 
X2 and Z2 as follows:
1. Estimate a value for xq
2. Calculate zq from (l) using estimate of xq
3. Calculate X2 from (5) using estimate of Xq
and calculated value of zq2
0. Galculate Z2 from (3) using calculated value of X2
5. Calculate a value for y using estimate of xq and
calculated values of X2* zq and Z2
6. Compare calculated value of y with actual value 
and apply a proportional correction to xq
7. Return to stage 2 if correction is relatively large; 
if correction is small, values of X2 and Z2 are 
recorded against the tabulated values of y
~ 410 -
Having thus determined X2 and Z2 the equations shown in Figure p2 1
may be used to determine Rq and R2 and hence the normal radius of curvature.
J
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The load, per unit length, P, normal to the tooth face is calculated 
using the method of Appendix 1. This is converted to torque using the 
relationship.
Torque T = (P.cos a) sin \|;.CX per unit length
where a = helix angle
ijj = angle between normal line of path of contact
and the line from the axis of the gear 'bo the 
point of contact, see Figure P3*
'■ CX - distance from gear axils to point of contact,
i.e. torque arm. See Figures P3 and Ph*
CALCULATION OF TORQUE ON THE GEAR
rt 415 ~
From the normal relative radius of curvature calculations X2 and Z2 
are tabulated against values of y.
Now- tan-1 *2 
z 2
and ij; = 1800 - (a + 90°)
- 90° - (a + 6)
Also CX =  J  X g 2 z2
Figure '3 Angle Between Normal Line Of Path Of Contact 
Aid The Line From The Axis Of The Gear To The 
PoTnt~0f Contact ~~ ”
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Sim-Planet Contact? y+jp 0^ £un Wheel Measured
Ytip % ♦ CX
(in) (in) degrees (in)
0-00 0-+7++ +6 * +0 2*70+
1 *+821 +6*7+ 2*69+
2 •+88+ +7-09 2*68+
3 •+9+7 +7 *++ 2*673
+ •6007 +7-80 2*663
5 •606+ +8-1+ 2*6+2
6 *6119 +8*+3 2*6+2
7 •6171 +8*90 2*631
8 •6220 +9'28 2*621
9 •6266 +9*67 2*611
0*10 *6310 60 *06 2*600
1 *63+0 60 * +6 2 *+90
2 *6388 60*87 2-+80
3 •6+23 61*28 2 *+69
+ ■ 6+++ 61*71 2-559
+ •6+82 62 *1+ 2 *++9
6 •6+07 62 *+8 2 *+38
7 •6+28 63*02 2 *+28
8 * 6++6 63*+8 2* +18
9 • 6++9 63*9+ 2 *+08
0*20 •6+69 6+*+2 2 *+98
1 •6+7+ 6+*91 2 *+88
2 •6+77 6+-+0 2 *+7 8
3 •6+7+ 6+*91 2 *+68
h •6+67 66 *+3 2 *++8
5 •6+++ 66-95 2 *++9
6 •6+38 67-50 2-+39
7 *6+1+ 68-05 2-+29
8 *6+88 68*63 2 *+20
9 • 6+++ 69-21 2 *+10
0*30 •6+1+ 69 * 83. 2-+01
Ytip
(in)
Rr
(in)
*
degrees
CX
(in)
0-30 * 6+3.+ 69*81 2-+01
1 •6368 70 *+3 • 2*391
2 *631+ 71*07 2*382
3 *62++ 71-72 2-373
+ •618+ 72 -+0 2-36+
+ •610 8 73-09 2*3++
6 •6022 73*81 2-3++
7 *+92+ ?+•++ 2*338
8 •+818 75'33 2-32+
9 •+699 76*3.3 2*321
0*+0 •++67 76-9+ 2-313
1 *++20 77*8+ 2 -30+ftrf. •+2+6 78*7+ 2-297
3 •+07+ 79*71 2 • 290
+ •+869 80*73 2 • 2 83
+ * +6+0 81 • 81 2-27+
6
7
8 
9
0*+0
•+379 82*9+ 2-27C-
f c
TABLE 3 SUMMARY OF Rr , tJj M D  CX VALUES 
Sun-Planet Contact, y+Hp Of Planet Measured
J rtip rR * CX
(in) (in) degrees (in)
0-00 o*590o 55 • 88 2*592
1 •5998 56*23 2*582
2 •6050 36 *58 2*571
3) • 6107 56-90 2*560
0 *6158 57 ■ 31 2*550
5 *6205 57-68 2*539
6 •6251 58-05 2.* 529
1 7 •6295 58-00 2*518
8 •6335 58*83 2*508
Q 
»- ✓ •6373 59-23 2*097
0*10 *6007 59-60 2*087
I 1 "*6039 60*05 2*077
2 •6068 60 *07 2*065
*6090 60*90 2*055
.  h *65l6 6l • 30 2*005■ 5 •6535 61*78 2*035
6 *6551 62*20 2*025
7 • 6563 62*70 2*015
8 •6571 63-17 2-005
9 ‘6575 63*55 2-395
0-20 •6577 60*15 2*385
1 •6573 60 • 65 2*375
2 •6566 65-17 2*365
3 •6550 65-69 2*355
k •6537 66* 23 2*305
5 •6515 66*79 2*335
6 •6088 67-35 2*325
7 •6055 67-93 2*316
8 •6018 68*53 2*306
9 ■ 6370 69*10 2*296
O' 30 •6320 69-77 2*287
Ytip
(in)
r r
(in)
9
degrees
CX
(in)
0*30 •6320' 69-77 2*287
1 •6257 70*02 2*278
2 •6203 71*08 2*268
3 •6131 71-77 2*259
0 *6051 72*08 2*250
5 •5962 73-21 2*201
6 •5863 73-97 2*233
7 •5750 70*75 2*220
8 *5633 75*58 2*216
9 •5099 76*00 2*208
0*00 •5351 77*33 2*200
1 *5187 78-25 2*192
2 •5000 79-20 2*180
3 •0800 80-28 2*177 -
0 •0572 81-39 2*170
5 *0310 82*57 2*160
6 
7 
. 8 
9
0*50
•0019 83-80 2*158
*JLOJLO_IJL-_.L
CALCULATION OF THE STRESSES IN A DISC 
SUBJECTED TO COMBINED INERTIA AND RIM LOADING
417 -
NOTATION:
r? 9? z cylindrical polar co-ordinates
rQ outer radius of disc
rp inner radius of disc
thickness of disc
specific mass of disc material
Poissons ratio for disc material
angular velocity of disc 
to = 2ttN 
where N  = rotational speed In r.p.s.
rim load
q
2tt rQ t
w  total weight of rim load
r radius of centre of mass of rim load
o
rQ radius at which rim load is applied to
the disc of thickness t
f0Q hoop stress in disc
crrr radial stress in disc
(l + 3v) 2 2 , A B
o'ee   g—  p“ r + a -  - 2
For the uniform disc subjected to combined rim loading and inertia load
ffrr
- W L v) 2 r2 4
thus
a Q Q  -  a  09 rr
( l - v) 2 2 2B
4  r c
At r = rp ; arr = 0
/
0  =
(3 + v) ? ? « n  pojf r i  + A +
8
At r = rD ; a rr = q
(3 + v) 2 p . B
q  =  _ A _ _ ^  P w  r o  +  A  +  — j r
o  r 0
1. e. B
2 2 r *  .
1  O  X 1
2 2 T* V  « c
X 0  X 1
(3 + v)
PO)2 O q2 “ rp2) - q
ana
B (3 + v) 2 2=  1 -   _ i  n / n  ^  r ‘ r-purf Qu rp - q
2 2 
r o  r i
-  2  „  p ,  2
o  x
in which case:
tl' ~v)  2 2 ,
a00 " a rr = po) r h- ^
2 . 2q
ro - ri
r 2 r .2
" 2 ~  r
(1)
For the photoelastic observations;
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Substituting in (l) and dividing through by r2 we have
(2)
where A = po>2 (1 - v) t
and
B = h + v) 2p w
4
+  — 2q
~ i
J r 2 r •2 t 
„ X > — — ...
From equation (2) it follows that a plot of rfr against -~h- should be a
r u r
straight line with a slope s = B.
Putting rQ = 5"j = 1*25"; t = 0*221" and q 3,90*5 with
v = 0*88 .
B =
f
2 3^*88
8
+ 2 x 190*5
6*25 x 3*75
25 x 1*56 x 0*221 = 187*7 QJlL- 
i x
From the graph slope s = 5*57 fringes in£
If the disc is rotating at 200 r.p.m. and the specific mass of Araldite 
CT 200 is taken to be 1*3.3 x 10"8 ibf in“8 sec2, then pw*-"- = 0*0896 3bf in”8 
in which case
f 3.1(7 *7 x 0*0896  ^ T r 5 r » _ 1*33 Ibf in fringe
\
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TABLE 0 ISOCHROMATIC FRINGE NUMBERS IN THE CALIBRATION DIS(
Radial ' isochromatic Fringe
>sition Number
in. Ni n 2 Nmean
N
r2
1
r0
1*3 . 3*28 3*3 3*29 1*95 0*35
1-0 2*92 Z-9h 2*93 1*095 0*26
1-5 2*50 2-56 2*55 1*13 0*198
1*6 ' 2*23
-riOOCM 2*20 0*88 0*153
1-7 1*98 2*00 1*99 0*69 0*120
1*8 1*78 1*80 1*79 0*55 0*095
1*9 l*6l 1*63 1*62 0*05 0*077
2-0 1*06 1*08 1*07 0*37 0*063
2*2 .1*23 1*25 1*20 0*26 ;i 0*003
2*0 1*06 1*09 1*07 0*18 J' 0*030
2*6 0*93 0-97 0*95 O * 10 0*022
2*8 0*85 0*88 0*86 0*11 0*016
3*0 0*77 0*83 0*80 0*09 0*012
3-2 0*70 0*70 0*72 -0*07 0*009
3*0 0*63 0*70 0*67 0*058 0*008
3*6 0*53 0*65 0*59 o*o55 0*006
3*8 0*03 0*57 0*50 0*035 0*005
0*0 0*30 0 *06 0*38 0*020 0*000
J
PLAIN RING IN A GRAVITATIONAL FIELD MITH 
“ POINT SUPPORT ON THE INNER BOUNDARY
CASE 1
The Bending Moments, Tension, and Stresses in a thin ring subject 
to a gravitational field and supported at a single point 011 the inner 
circumference may be calculated from elastic theory. (Roark. Formulas 
for Stress and Strain, p. 176, Case 18.)
W  Weight of the ring in the 
gravitational field.
{lb/linear inch/
R Radius of ring to centroid 
of cross section area.
inches )
Bending Moment
■ M = wR2 
Tension
(tt - 0) Sin 9 - 0 * 5  Cos G - 1
- J
H = wR [ U  - 9) Sin 0 + 0*5 Cos 0
(1)
(2)
Positive Bending Moments give tension on the inner boundary of 
the ring.
Positive H gives tension in the ring.
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CASE 2 PLAIN RING IN A GRAVITATIONAL'FIELD WITH_A 
DISTRIBUTED SUPPORT"oF tHE INNER BOUNDARY'
Bending Moment and Tension equations for a thin ring loaded by a 
gravitational .field, and supported on the inner periphery by a circular 
pin, have been developed by G. Lack of Research Department, ¥. JL Allen, 
Bedford.
¥  Weight, of ring in
gravitational field.
R Radius of ring to centroid 
of cross section area.
(finches )
C Radial clearance between 
ring and support.
/  \  
finches)
I Second Moment of Area of 
ring cross section about 
axis of bending
( inches^
E Youngs Modulus for ring 
material
/  o  \
( lb/in2 j
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Substitutions
c i  “
0 Sin2 0 2
W~~ Sin 0~Cos ~0
(a + 1) Cos 0 + 0  Sin 0
The angle 0 in these substitutions is related to:
W  R3 by the formula
c e T
2 i r 2  C E I  
WR3
(Sin 0 - 0 Cos 0) (a + 2) - 02 Sin 0
For the unsupported section of ring (9 = 0 to 6 = 0)
Bending Moment
M  = CEI + WR 
I? 2tt
+ (a + l) Cos 0 + 9 Sin 0)
(3)
Tension
H W 2 if a Cos 0 + 0  Sin 9 (b)
Over the support arc (0 = 0 to 9 = ir)
Bending Moment
M = “ ~   *** (5)
Tension
H = W2it e - Cos 0 (6)
Positive bending moments give tension on the inner boundary of 
the ring.
Positive values of H give tension in the ring.
JrJLBJLO „L .?  6_
STRESSES IN PLANET AT BOUNDARIES DUE TO CENTRIFUGAL 
LOADING AND FORCES AGOING AT TOOTH CONTACT
Assuming point support for the planet 011 the spindle. 
Assuming thin ring theory applicable.
Neglecting effect of 'curved beam'.
M  = R + +Ft 2 
2 IT
H = / r 2 + +F+2
7r Sin x - x Sin x - Cos x - 3.
2 IT
it Sin x - x Sin x + Cos .x j
v/R^T + Ft 2 R = W  Rc N 2 - a = Tan”1’ 2 F.
35,23+ p
M  = JLI (Rp - Nc) 2 
A "‘221? 390
H = W  R (NB - Nc) 2P ~ ±Cp 
221?390
M  = F.{. R Tan p p I Sin“ ' 2
Ii = - Fp Tan pp Sin 0
Skew - symmetrical
M  = Ft R
i r
H = Ft
T T
3 Sin 0 + / Tr - Q\ Cos 0
2 I?
Sin 0 + /tr - 0 \ Cos G
" T ~  I2
Skew - symmetrical 
M  = Ft h 2 Sin 9 - J-
II = 2 Ft h Sin 0
“ iriT“
Where M
H
R
R,c
h
W
RTc
N p
Ft
I
A
t
Bending Moment (- M  gives tension on outside) 
Tension
Radius of Planet Neutral Axis
Pitch Circle Radius of Planets
Ph.stance from Neutral Axis of Planet to
line of action of tangential tooth force.
Weight of planet
Carrier speed - r.p.m.
Planet speed about spindle - r.p.m.
Tangential tooth force
Second Moment of Area of Planet Cross Section 
Area of planet cross section 
Transve -so pressure angle
rv
> 
[ 
=3
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0 M H 9 M H
0 ++•20)
0 *00)
+ + *++) 
+1 1-10)
190 +0-80 - +*20
10 -l*+0 + 9*9+ 200 ' -0 -6+ - 3-37
20 -3*++ + 8-++ 210 -1-7+ - 3-17
30 -6*0+ + 6-6+ 220 -2-+0 - 2-8+
+0 -6-90 + +-67 230 -2-73 - 2*2+
+0 -+•+0 + 7*07 2+0 -2-6+ - !-++
60 -2*20 + 8-0+ 2+0 -2-3+ - 0-+2
70 ~0 *++ + 8-80 260 -1-7+ + 0-+8
80 +0*93 + 9*30 270 -0*93 + 1*68
90 +1-93 + 9 *+1 280 0-0 + 2*78
100 +2-++ + 9 ’+2 290 +0-9+ + 3-83
3.10 +2-82 + 9*07 300 +1-92 + +*72
120 + 2-80 + 8-60 310 +2-82 + +'37
130 +2*++ + 7*9+ 320 +3-++ + +*?+!
1+0 + 2*07 + 7*27 330 ++•08 j + +*88 1
1+0 +1-+2 + 6-++ 3+0 ++•38
vl60 +0-+3 + +-32 3+0 ++-+0 + +'2?
170 -0-+3 + +*9+ ‘360 ++*20)
0 *00)
+ +*++) 
+1 1-10)
180 -!•++)
+2-6+)
+ +*2+) 
- 2 -++)
BENDING MOMENT M D  TENSION VALUES FOR PLANET
1
T e s ars M o d i fled Sh ea r Slope M e t ho d 
T h e  st an da rd e q u a t i o n  for F r o c ht 's  shear slope m e t h o d  is
APPENDIX^/
cfXXg’ 83 oxx - i d (a x y ) dx
** . \ dy
'  1*1 *
oxx.^ - I d ( ™  sin 2a) dx
oxx.. - £ \d(n sin 2a) „ dx
A  2 1 J “ 'dy
f r n
= oxx., f i sin 2a. dn + 2n cos 2a da { dx
A 2t 1 L  dy dy
A  solu tion is thus o b t a i n e d  b y  gr a p h i c a l  in t e g r a t i o n  of the 
s e c o nd  terra *
T h e  fo ll o w i n g  r e l a t i o n s h i p s  t h e n  y i e l d  the r e m a i n i n g  stress 
c o m p o n e n t s :-
oxx - oyy » nf cos 2a y i e l d s  ayy
t
axy ~ nf sin 2a y i e l ds  axy
2t
a p f aq = axx + ayy -I-/S oxx -  ayy] + a x y2
2' “ " j L  ' 2 '“ J
yiel ds th e p r i n c i p a l  stresses
N, B oxx A h (ap -t aq) f h (ap -■ aq) cos 2 a.A
and since aq = O
t—
JTA
/
/ / '
0 «« J2E9 cos 2 aA
V
/ k
_A__P_P_E_N_D_I_X___§_ll„
EVALUATION OF STRESS CONCENTRATION FACTORS FOR TWO-DIMENSIONAL 
GEAR MODEL UNDER COMBINED LOADING TAKING ACCOUNT OF THE MOVEMENT OF THE
POSITIONS OF STRESS MAXIMA
The notation and the definition of nominal stresses used in this work
are given on page 87 and in figure P5>.
The geometry of the two-dimensional model tooth flank is shown in
figures L3 and Po with the relationships between the flank co-ordinates
and the load position p being given in figure P7.
Figure P7 indicates that the eccentricity e will be linear with load 
position for a constant inclination 0.
Writing e sin 0 - ^ y  cot 0 - x and putting 0 = 23°
y cot 0 - x = 2*5'6p - 2*02
it may be confirmed that:
6 
b
which can be expressed in terms of an arbitrary datum as; 
6
(y + 7n) cot 0 ~ X = 2*£6p + a (i)
■where ’a ’ is some constant.
Critical Stress In The Tensile Fillet
It is assumed that the fillet stress distribution due to each of the 
separate forms of loading may be described by a cosine function which will 
be symmetrical about the location of the maximum stress position for that 
particular form of loading. When transverse, radial and bending.loads act 
simultaneously 'the principle of superposition may be employed in deriving 
the value of the fillet stress acting at a location specified by the angle 
« as:
W  sin 0
bt { K c ,  cot 0  sin (ct+as) +
6 /' \  I
£ ((y+;y0) cot Q - x$ K-b - Kyjcos (a-ab)}
from which the distribution of the isochromatic fringe number around the 
fillet is obtained as:
Nb = ™  sin 9 Kcj (cot 0 sin (a+as) -i- |  ( w  cot 6 - f:  •- r/ cos (»-ab)3
(2)
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^Figure N : T O O T H  F L A N KVAR IATIO N
INCLINATION  •'-•■WITH-' L O A D  i PO S IT IO N
nonyvav
Figure P 7  r "R E LA T IO N S H IP  T  B E T W E E N  F L A N
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Differentiating^the location of the critical stress in the tensile 
fillet is given by;
tan of -
cos as +
"6 f N K+ . Kw
5  (y + y° - x tan ®) -  k ; tan 0 sin ap
V \ K+ K'v . U(y + y Q - x tan 9) tan 0 cos ap + sin ag
(3)
When 0 = 23° it has been shown that equation (l) applies.
e, Nt “ ]“ sin 0 Ks (cot 0 sin (a+a^) *5-
9N+ „ a , v
* Up" = il sin ® Ft cos (a"ab)
( 2 . S 6 p + a )  g  _ g cos (ct-ap)}
(h)
0*063 Kp cos (a-ab) (5)
on substitution of the known values of load and material constant, etc., 
applicable for the tests.
f  p=6 j
i.e. <$Nq = 0*063 Kp / cos (a-ap) dp
J  P=1
= increment in Nt as the load is moved from position 
p=l to p=6 with 0 = 23°.
If it is now assumed that ap = 15° the experimental results for Nt and 
at may be tabulated and the integrals performed graphically, as illustrated 
in figure P8.
Then r r  _ 3 * 65 ~ 1 * 50 _ - p g
h  -  -  1  2 9
Critical Stress In The Compressive Fillet
An exactly similar procedure may be carried out for the compressive 
fillet when equations 2, 3, 0 and 5 becomes
N c - sin 0 Ks (cot 9 sin (a+as) + I ( ( W o )  cot 0 - x) g  + g cos (a-0'b)}
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cos ou +
tan ac =
6 / v Kc Kv
b (y + yo ~ x ‘tan o) k~ + y r o sin ab
,  s  K f »  K i r
(y + Yo " x tan o) v + ir tan 0K-s Ks
cos ab + sin as
and? as before? when 6 = 23°
N c = - ~ s i n  0 Ks {cot 0 sin (a + as) + (2-S6p+a) §£• + |s 
K-S Ks
cos (a - ab)
( m
3NP . .
 = -0*+63 ICc cos (a - % )
3p
Hence? from figure PQ 
+•6 ~ 1*6
K = 1-70
Evaluation Of Shear Stress Concentration Factor
Equation 2 may be re-written
Ic Np Ks cob 0 sin (afc + as)
'0 sin 0 cos’Tafc ~ 1+) ^ ^  " cos' (ap" - a
i.e. in the form: Yb = K s X t + (a Kt - kv)   (6)
t- •'
It follows that a plot of Yt against Xp will yield the value of K s.
Similarly equation 2a for the compression fillet yields an equation <■ j
Li
of the form:
T0 = Ks X0 + (a K c + Ky) ..... m
and a plot of Yc against Xc again has a slope'equal to Ks .
It is necessary to assume a value of as in order to complete the 3 ,
necessary calculations? but it can be shown that the resulting value of 
K8 is not unduly sensitive to changes in ag. The analysis has been complete/, 
for «B = 30° and tlie results are shown in figures T9 and P10.
Figure P10 confirms that the slopes of the curves of Yt against Xp and
jfc against Xc are equa.l and that;
K s = 3*1+
lV ‘
FIG URE  P 8
. n s i o n
L o a d  Pos
A G A IN S TS i P L O T  O F  ; k
8T"k  j  X p  ' AGAI N S T "  p
q-gqi:
igure E V A L U A T IO N ;  :O F :
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Inspection of equations 6 and 7 show that the values of the constant 
’a 1 and the direct stress concentration factor Ky can be determined directly 
from the Intercepts of the curves of figure P IQ c
Evaluation Of Ky And 'aT
Hence:
a Kt - Ky = -5*05
a K c - Ky = -6 '66
from which a - -0. ‘02
and Ky = 0*3
Comparison Between Experimental Observations And Empirical Predictions
Substituting the values of the constants determined above into 
equations 0 and 0a, the values of the critical fillet stress are given as:
Nf = 0*181 (7*0 sin («t + 30) + (3*3p - 5*08) cos (at - 15)}
I .   (8)
and
i
»
Nc = -0*181 (7-0 sin (ac + 30) + (0*35p - 6*53) co^ (ac - 15)}
  (9)
for 0 = 23° with «p = 15° and as = 30°
Thus, for a constant load inclination of 0 = 23° the empirical and 
experimental values may be compared as shown in figure Pll.
NB. Experimentally observed values of « c and at have been used in the 
empirical relationships of equations 8 and 9 rather than values 
given by equations 3 and 3a which would involve further use of 
assumptions for %  and as .
Agreement here is excellent.
Effect Of Variation In 6
Restoring the variable 0 to equations 8 and 9 yields general values 
of Nt and Nc ass J
Nt “ 1*05 cos 0 sin (oq+30) + 1*99 ((y+y0) cos 9 - x sin 0} - 0 ‘Jj cos (cry-ls)
and
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Nc - 1 *++ cos 0 sin (ac+30) +J2*62 {(y+yQ) cos 0 - x sin 0} + 0 *3jcos (“c-l+)1
This allows comparison to be made between the experimental values for ?
varying friction tests and the corresponding empirical values. *
Figure P12 shows the comparison which is not good? particularly for *
the results of the compression fillet, *
It is evident from the method of analysis used that the values of 
Kv and Ks are heavily dependent on the accuracy of the values of Ky and 
Kc; the value of K\r lower than unity being particularly suspect. Whilst 
this low value of Ky has little effect on the subsequent working? the 
direct load effect being small in comparison with other terms? further 
testing was deemed advisable.
It was decided? therefore? that further tests be carried out to 
determine the separate stress concentration factors for bending and direct 
stress experimentally. The tests would also provide confirmation? or other­
wise? of the assumptions used in the above analysis? namely: r
(a) the angle «s defining the position of the maximum fillet stress due f
to transverse shear alone = 30°? *
(b) the angle %  defining the position of the maximum fillet stress due *|
to bending alone = 1+°? *
(c) the fillet stress distributions due to each of the separate forms of *
loading can be described by a cosine function? symmetrical about the v
location of the maximum stress position for that particular form of 
loading; further? that similar functions apply to both tensile and 
compressive fillets. •<
J
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ANALYSIS OF THE RESULTS OF THE TWO-DIMENSIONAL PHOT O E M S  TIG 
ANALYSIS OF TOOTH ROOT FILLET STRESSES USING A MODIFIED MODEL
Introduction
Two dimensional photoelastic models have been analysed in determining 
the tangential stress distribution around the root fillet radius of a 
particular gear profile under independent radial bending and transverse 
loads. The observed stress values have been normalised in terms of the 
nominal stresses acting upon an arbitrarily chosen cross section close 
to the tooth root. Stress concentration factors? which will be functions 
of angular position around the 'tensile* and 'compressive* fillets may be 
defined in terms of a general load P? inclined at angle 0 to the tangent 
to the pitch circle and applied at a co-ordinate position (x? y) 011 the 
tooth flank by the relations;
a.
a-
„ P sin 0 
Y = -KV bd--
6P (y cos 0 - x sin 0)
as ±K s bd
P sin 0Defining the nominal stress a = — —  the stresses cp and ac
which are developed in the ’tensile' and 'compressive' fillets respectively 
by combined loading are given by:
0 1 ss 0 M Ch -h CTt. Y b s
“ a {-Ky + — Kb + K s cot 0 *' • * • * * (8.2.1
and
c t o  =  a , ,  -  c s  -  a ,v b ~ us
r v  . 6  (y cot 0  -  x) , ,, , p-,{Ky + — Kb + Ks cot. 0}
Independent tests have been undertaken to evaluate Ky and Kb . These 
values are then substituted into the results of a test under combined 
loading in deriving the values of Ks.
Considerable effort has been expended in fitting simple empirical  ^>
formulae to the experimental data. These are required both in expressing * J
the effect of load obliquity and in attempting to transfer the results to 
the three dimensional configuration.
Figure PI3 shows a graph of the experimentally determined values of .
Kp which; by inspection, can be seen to follow an expression of the form: _ :
Kp = ap + bp sin 3 (a + 10) ...... .(8.2.3)j
*  * 
‘J
The best curve fit for the experimental results was found to be:
Kp = 0*93 + 0*55 sin 3 (a + 10)  (8.2.0)
Similarly the best curve fit for the experimental values of Ky proved 
to be: • t
r
Ky = 1*325 x 0*635 sin 3 (a - 3)
y
and the results of plotting both these expressions are compared with the 
experimental results in figure P13 and P10,
*  ■
Using the relationship derived earlier:
at ~ ac I2 (y co't- © - x) | . *
_   = ------ .----—  • Kp + 2 Ks cot 0
a b x
I t  was possible to determine the values of Ks from the known values of the 4
root fillet stresses and Kp. Again, curve fitting procedures were carried ” |
out to fit these derived results for the shear concentration factor. The *. j
H  * • 1results are shown in figure P15> the resulting best fit expression being:
K s = -0*033 + 0*0037 + 0*535 sin 6 (a - 36)  (8.2.5 )
K
Recalculating the fillet stresses by substituting the values for the „
stress concentration factors determined from the above expressions into 
equations, 8.2.1 and 8.2.2 allows the comparison between the empirical and 
emperimental results to be compared in figure L12. The graph indicates
*  m
discrepancies of the order of 10$ in the peak -stress values.
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E V A L U A T I O N  O F  M E A N  V A L U E S  O F  K b  A N D  K y
To m in im is e  e r r o r s  a s s o c i a t e d  w i th  th e  e x p e r im e n ta l  p r o c e d u re s  an d  
th e  m e th o d  o f  s u p p o r t in g  t h e  m o d e l, a  num ber o f  c o m p a ra tiv e  t e s t s  w e re  
u n d e r ta k e n  w i th  th e  se c o n d  model, s u b j e c t e d  t o  com bined  b e n d in g  and  a x i a l  
lo a d .  By m aking  o b s e r v a t io n s  o f  th e  f i l l e t  s t r e s s  d i s t r i b u t i o n s  f o r  b o th  
p o s i t i v e  an d  n e g a t iv e  l o a d  o f f s e t s  on e a c h  o c c a s io n  o f  s e t t i n g  up  t h e  
m o d e l, i t  w as p o s s i b l e  t o  a v o id  t h e  d i s c r e p a n c i e s  n o te d  i n  e a r l i e r  t e s t s .  
The r a n g e  o f  e x p e r im e n ta l  r e s u l t s  a c h ie v e d  i s  shown i n  f i g u r e  P l6 .  The 
a v e ra g e  o f  th e  e x p e r im e n ta l  o b s e r v a t io n s  was ta k e n  f o r  c a l c u l a t i o n  p u rp o s e s  
and  a  c o r r e c t i o n  made f o r  t h e  d i s t o r t i o n  o f  th e  m o d e l. The c o r r e s p o n d in g  
f i l l e t  s t r e s s e s  w ere  fo u n d  t o  s a t i s f y  th e  f o l lo w in g  r e l a t i o n s h i p s :
2k = Ky + 0*79 Kb a n d  2s. « Ky ~ 0*79 Kb 
a a
w here  a = r r  = m ean t e n s i l e  s t r e s s  on th e  n o m in a l s e c t i o nb t
a t  t h e  t o o t h  r o o t .
C urve f i t t i n g  p r o c e d u re s  w ere  c a r r i e d  o u t  t o  f i t  t h e  v a lu e s  o f  Kb 
an d  Ky d e r iv e d  from  th e  e x p e r im e n ta l  r e s u l t s  y i e l d i n g  th e  f o l lo w in g  
e x p r e s s io n s ,  ( s e e  f i g u r e  P17)s
ICb = 0-88 + 0-61 s i n  2*5 (a + 15)
Ky = 1*19 + 0*88 s i n  2*5 (a  + 7)
E x p e r im e n ts  w ere  t h e n  commenced t o  o b t a in  in d e p e n d e n t  e v a lu a t io n
o f  th e  s h e a r  f a c t o r  Ks a s  d i s c u s s e d  i n  A ppend ix  8*8 .
The a v e ra g in g  p r o c e s s  w h ich  was em ployed  i n  th e  ab o v e  t e s t  e l i m in a t e s  
th e  e f f e c t  o f  i n i t i a l  s t r e s s  i n  th e  m odel a s  f a r  a s  t h e  b e n d in g  s t r e s s  
c o n c e n t r a t i o n s  a r e  c o n c e rn e d , b u t  d o e s  n o t  h e lp  i n  t h e  c a s e  o f  t h e  r a d i a l  
lo a d .  T h is  may a c c o u n t  f o r  t h e  d i f f e r e n c e  b e tw e en  th e  v a lu e s  o f  Ky o b ta in e d  
h e r e  an d  th o s e  d e r iv e d  fro m  th e  com bined  b e n d in g  an d  r a d i a l  l o a d  t e s t s .
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I N D E P E N D E N T  E V A L U A T I O N  O F  K g
I n  an  a t te m p t  to  d e te rm in e  in d e p e n d e n t  v a lu e s  o f  t h e  s h e a r  c o n c e n t r a t i o n  
f a c t o r  K.s ? lo a d s  w ere  a p p l i e d  t o  t h e  m odel o f  f i g u r e  L13 t o  p ro d u c e  th e  
f r i n g e  v a lu e s  shown i n  f i g u r e  P 18 . A ch e ck  on th e  e x p e r im e n ta l ly  o b ta in e d  
s h e a r  i n  th e  m odel and  t h a t  n o m in a l ly  a p p l i e d  i s  o b ta in e d  a s  f o l lo w s :
Maximum b e n d in g  s t r e s s  a t  s e c t i o n  A
6 W %  = Na f
t d 2 . t  ,
w h ere  NA i s  th e  i s o c h r o m a t ic  f r i n g e  num ber a t  t h e  exbrem e f i b r e ,
f  d 2 Na 
T h u s: W = —7—  x  ™
6 £A
A s i m i l a r  e x p r e s s io n  h o ld s  f o r  s e c t i o n  B so  t h a t  w i th  a  m ean v a lu e  o f  
N /£ o f  1*9++ a t  s e c t i o n s  A an d  B: '
0 .7 tg2
W = f  x  — y  x  1 -9 + +  = 0*182 f
Now th e  maximum s h e a r  s t r e s s
t 2  W_ Nc f
c 2 d t  “ t
w h ere  Nc i s  t h e  i s o c h r o m a t ic  f r i n g e  num ber a t  th e  m id - s e c t io n
w _ 3 . W „  3 x  0*182  __ 
i . e .  Nc d x  f  0*7+
T h is  co m p ares  f a v o u r a b ly  w i th  th e  o b se rv e d  v a lu e  o f  0*7+ .
C a lc u la t i o n  Of Nomln a l  S t r e sise s
, , 2 No f  p oi o fMean s h e a r  s t r e s s  os “ v  t c  ” 3 x  T  “  ^
4 4 7
T h u s, f o r  an y  p o i n t  i n  t h e  f i l l e t  w here  a = ~ LU
a _ N f  ' 3 t  , ..— = ~i— x  zz— ™ = i f l l  N 
as  t  Nc i
A lso Wb t
%  f  
t
Kh WI T ?
B ut Og -  n o m in a l b e n d in g  s t r e s s  = 6 We Nb f  
"b^tT t
Nb =
6 Wfi = W 
b 2f  3*6 f
ov. 2k
Ns
W 1 -8  f  nx  — - = o*53 h T f
Now O = Ks a + Kb ab
= Ks ±  ' Kb
= Ks  + 0 - 5  K>
(IJa+Mb) = Kg + 0 -5  ICb
T hus, w i th  t h e  e+ q p erim en ta l v a lu e s  o f  th e  f r i n g e  o r d e r s  a t  s e c t i o n s  
A an d  B an d  th e  e x p e r im e n ta l  v a lu e s  o f  Kp e x t r a c t e d  from  A p p en d ix  8*2 , i t  
was p o s s i b l e  t o  d e te rm in e  th e  r e q u i r e d  d i s t r i b u t i o n  of Ks a s  shown i n  
f i g u r e  P i p .
The f o l lo w in g  e x p r e s s io n  was th e n  fo u n d  t o  p ro v id e  th e  c l o s e s t  f i t  
t o  th e  e x p e r im e n ta l  r e s u l t s :
J
K s  -  1 * 1 2  s i n  ( a  »  1 5 )
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S e c t i o n  A 6 - 0 4
j L t y v j i  _ _ s e c to n  ‘
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RECALCULATION OF FILLET STRESSES FOR COMBINED LOADING 
FROM INDEPENDENT VA LUES OF Ky, Kb AND K s
Talcing the empirical relationships derived in previous appendices:
KV = 1*19 + 0-80 sin 2*5 (a - 7)
!1& 0-80 + 0 *61 sin 2-5 (a -1- 15)
Ks = 1-12
. 15sin (a -- 15)
an d  assu m in g  t h a t  th e  f i l l e t  s t r e s s e s  an d  a c a r e  g iv e n  b y :
X I _ £ c  = -2  IQ
a+ -  a„  12 (y  c o t  0 -  x )•™-~- ~ = ---- -- -— -— — --- Kb + 2 cot 0 K s
F o r f l a n k  lo a d  p o s i t i o n  0 , w i th  th e  l i n e  o f  a c t i o n  in c l in fe d  a t  23° t o  
t h e  t a n g e n t  p la n e ;
12 (y  c o t  Q -  x )  = 
b
an d
2 c o t  9 = 0*72
i n  w h ich  c a s e  th e  v a lu e s  o f  ™ an d  —k
a cr a a
, 2 ± _ L £ °  s £ t  and i
o
may be d e te rm in e d  a t  s e l e c t e d  l o c a t i o n s  a ro u n d  th e  f i l l e t s .
T hese a r e  p l o t t e d  i n  f i g u r e  Ll6 an d  L17 and  i n d i c a t e  s i g n i f i c a n t  d i f f e r e n c e s  
fro m  th e  e x p e r im e n ta l l y  o b ta in e d  v a lu e s  f o r  com bined  lo a d in g .
A P P E N D I X  9 .
T R A N S F E R  O F  T W O - D I M E N S I O N A L  M O D E L  T E S T  R E S U L T S  T O  T H R E E - D I M E N S I O N A L  G E A R  C O N F I G U R A T I O N
C o n s id e r  a lo a d  o f  Pn a p p l i e d  to  a  th r e e - d im e n s io n a l  h e l i c a l  g e a r
to o th  a t  some p o s i t i o n  1n ’ , a t  an  a n g le  6 and a t  a h e i g h t  a  above th e  datum
b a s e  o f  t h e  t o o t h ,  s e e  F ig .P  20 »
I f  t h e  e f f e c t  o f  t h i s  lo a d  on  a d ja c e n t  s e c t io n s  i s  assum ed co m p arab le
t o  t h a t  o f  a lo a d  on th e  edge o f  an  i n f i n i t e  f l a t  p l a t e  th e n  t h e  r a d i a l  s t r e s s
d i s t r i b u t i o n  a lo n g  th e  b a s e  o f  t h e  to o th  may b e  w r i t t e n  i n  t h e  form
4
a = . lc cos 3 r  n
w h ere  a i s  t h e  s t r e s s  a t  some o th e r  p o s i t i o n  *rV a d i s t a n c e  z = a t a n  3 r  1 J n from
p o s i t i o n  ’n ! and k  i s  some c o n s t a n t ,  n
The sum o f  t h e  v e r t i c a l  com ponents o f  lo a d s  on a l l  a le m e n ts  a lo n g  th e  
to o th  p ro d u c e d  b y  t h i s  s t r e s s  m ust e q u a te  to  th e  v e r t i c a l  com ponent o f  P . 
T hus, a ssu m in g  0 i s  c o n s ta n t  f o r  a l l  p o s i t i o n s  o f  a p p l i c a t i o n  o f  Pn we h a v e ;
P s i n  n l a x  b d z  r
= S a x  b x  a s e c  8 .d 3  r  n
p 8? 4 2= b lc co s  8 . a s e c  8d8n  n
31
= b lcn $
« b k n an  
2
= b k n a
82
81
”82
81
cos 3 d8
(1  + co s2 8 )d 3
2
s i n  23 
2
3B
8n
b lc a n n ( s i n  23t+ + sin.23A)
—
The n o m in a l r a d i a l  o r  d i r e c t  s t r e s s  a t  th e  r ^  s e c t i o n  f o r  a  lo a d  a t  th e  n ^  
s e c t i o n  i s  t h e r e f o r e
4
a = Ic cos S r  n
ti land th e  t o t a l  r a d i a l ?  s t r e s s  a a t  t h e  r  s e c t i o n  f o r  a t o t a l  o f  ’m! lo a d sr r
w i l l  b e  4 '
a •■= £ k  cos 3 r r  n
f o r  a l l  v a lu e s  o f  n  b e tw e e n  1 and m.
n=m . _ . „ 4n2 4 P srnO  co s 3 n ___r r b a rt( s i n  2 ^  + Biv2& + 2 (3 A + 3fi) )
n = l
S im i l a r l y  t h e  s h e a r  s t r e s s  d i s t r i b u t i o n  w i l l  b e  g iv e n  by
4
a £k cos 3 .c o s 0s r  n 4
4 P cos 0 cos 3 n=m n
- 2 i  , b a n ( s i u 2 g A + s i n 2 6 B + 2(B A + PB)) 
n = l
and th e  b e n d in g  s t r e s s  d i s t r i b u t i o n  w i l l  b e  g iv e n  by
4 6o. = £ k cos 3 . s i n  0 . — (y  c o t0  -  x) hr n b
4 P^ s in 0  (yco tO  — x ) j  c o s 43n=m
^ n = l  W T ^ ^ 7 ^ i r 2 3 7 T 2 r 3 ” ^ " 3 : ) )n A B A B
The t o t a l  s t r e s s  a t  any p o s i t i o n  on th e  b o u n d a ry  o f  a  r o o t  f i l l e t  r a d iu s  w i l l  
th e n  b e  g iv e n  by
o = 1C 0, + 1C cr + IC a
d b r  v  r r  s s r
th e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  a l l  b e in g  d e p e n d e n t on  th e  a n g u la r  l o c a t i o n
a* a r o u n d  t h e  f i l l e t .

I n  o r d e r  to  e v a lu a t e  t h e s e  e x p r e s s io n s  f o r  th e  th r e e - d im e n s io n a l  m odels 
a co m p u ter program m e h a s  b e e n  w r i t t e n  u s in g  t h e  FORTRAN la n g u a g e , s e e  p ag e  455
The program m e i s  u se d  i n i t i a l l y  to  d e te rm in e  th e  v a lu e  o f  lc f o r  each  
o f  t h e  e le v e n  s e c t i o n s  i n t o  w h ich  th e  m odel t e e t h  h av e  b e e n  d i v i d e d .  T hese  
s e c t i o n s  th e n  r e f e r  to  th e  m odel s l i c e  p o s i t i o n s  u se d  i n  th e  t h r e e - d im e n s io n a l  
t e s t s .  The d a t a  r e q u i r e d  f o r  e x e c u t io n  o f  t h i s  p a r t  o f  th e  program m e i s
P = lo a d  a t  each  s e c t i o n  = lo a d  p e r  in c h  ta k e n  from  e x p e r im e n ta ln
d a t a  x  s e c t i o n  t h i c k n e s s  q f  0 .1 6  i n .
0 = c o n s ta n t  = 2 3 °  (assum ed)
a “  h e ig h t  o f  lo a d  above s e l e c t e d  b a s e  datum  -  d e te rm in e d  from  th en
e x p e r im e n ta l  c o n ta c t  l i n e s .
b = w id th  o f  to o th  a t  b a s e  datum  = 0 .5  i n
L = le n g th  o f  t o o t h  -- 1 .7  i n  (assum ed)
thz - = d i s t a n c e  from  one end o f  t h e  to o th  to  th e  n  s e c t i o nn i
x “  h o r i z o n t a l  d i s t a n c e  o f  c o n ta c t  p o in t  from  t o o th  c e n t r e - l i n e
n I|
d e te rm in e d  from  a  know ledge, o f  th e  t o o th  p r o f i l e  and th e
c o r re s p o n d in g  y v a lu e .
y = a.n n
Z = d i s t a n c e  from  one end o f  t h e  to o th  t o  th e  r ^ 1 s e c t i o nr
Then B -  t a n  3 (Zn -  Z r ) / y n
* _1 Zl1/B. = t a n  / y  A An
B ta n  1 (L -  zn ) /y n -
The program m e th u s  r e q u i r e s  an  in p u t  o f  3 c o n s t a n t s  and f i v e  v a r i a b l e s ,
P , z , z . y and x each  h a v in g  e le v e n  d i f f e r e n t  v a lu e s  f o r  th e  e le v e n  s e c t i o n  n n ' r ? n  n
.  ,  4p o s i t i o n s .  Ii; t h e n  c a l c u l a t e s  the. v a lu e s  o f a “  T. k cos B a t  each  o f 1 r r  n
t h e  e le v e n  s e c t i o n s .
i . e .  W ith known v a lu e s  o f  k and B a t  a l l  e le v e n  s e c t i o n s  vt h e  program me m u I t ip 3i
k c o s ^ f i .c o t  0 and k  co s^B .”  (ycotG  -  x)
• n n b
at: each  s e c t i o n  and sums th e  r e s u l t s  to  o b t a in
S i m i l a r l y  i t  a l s o  e x e c u t e s  t h e  c a l c u l a t i o n s
a = E k c o s ^ p .c o tS  s r  11
4 6at = £ lc cos p . 7" (ycot©  -  x)b r  n  h 7
The d i s t r i b u t i o n s  o f  t h e  n o m in a l r a d i a l ,  b e n d in g  and s h e a r  s t r e s s e s  
a lo n g  th e  b a s e  o f  th e  h e l i c a l  to o th  a r e  th e n  p r i n t e d  o u t ,  v a lu e s  b e in g  o b ta in e d  
f o r  each  o f  th e  e le v e n  s e c t i o n s .
S in c e  th e  r e s u l t a n t  s t r e s s  a t  any p o i n t  i n  t h e  r o o t  f i l l e t  i s  th e n  
g iv e n  b y  e i t h e r
k. . K „0 = b o ,  + s a - K gt  b r  s r  v  r r
a  = -  (K, a, + K a  + K a ) o r  c d b r  s s r  v  r r
t h e s e  v a lu e s  a r e  com puted a t  e a c h  o f  th e  e le v e n  s e c t i o n s .  V a lu es  o f  K^, K and 
K b a s e d  on t h e  in d e p e n d e n t  lo a d in g  tw o -d im e n s io n a l  t e s t s  a r e  fe d  i n t o  th e  
program m e w h ich  i s  a r r a n g e d  to  a c c e p t  a s e t  o f  s e v e n  v a lu e s  f o r  each  f a c t o r  
a t  15° i n t e r v a l s  a ro u n d  t h e  f i l l e t  b o u n d a ry . The program m e th u s  f i n a l l y
p ro d u c e s  d i s t r i b u t i o n s  o f  s t r e s s e s  a ro u n d  b o th  th e  t e n s i l e  and c o m p re s s iv e  
f i l l e t s  a t  a l l  e le v e n  s e c t i o n s .
S l i g h t  m o d i f i c a t io n s  to  th e  program m e a llo w  t h e  s im u lta n e o u s  e n t r y  o f  
lo a d  v a lu e s  f o r  any  num ber o f  to o th  c o n ta c t  c o n d i t i o n s ,  i , e .  t o o th  A and to o th  B 
r e s u l t s  can b e  o b ta in e d  on one Tuns o f  t h e  program m e.
+J)J
G E A R  D E S I G N  C O M P U T E R  P R O G R A M M F  
' F O R T R A N '
TRACE 1'
MASTER PUFF
DIMENSION P N ( 1 1 ) » Y ( 1 1 ) f X ( 1 1 ) r Z N ( 1 1 ) r R R ( 1 1 ) f S R ( ^ l 1 ) # B R ( 1 1 ) f Z ( 1 1 ) r  
1 CB( 7 > f  C V( 7 ) , C S ( 7 ) f S I G T C 7 ) , S I GC<7 )
1 N ) EGER R , A L P H A 
REAL I fKN 
WRITE ( 2 , 1 7 )
1 7  FORMAT( // , 5X, 7HSECTI ON,  6X, 5  H SIG R R, 1  OX, 5  H SIG B R, 1 0  X , 3  H SIG S R)
L = 1 . 7 
B = 0 . 5
TH*2 3 . 0 / 5 7 . 2 9 6  
DO 5 4 J = 1 , 7
READ ( 1 , 5 4 )  C B ( J ) , . C V ( J ) , C S ( J )
54 FORMAT(3F0. 0)
READ ( 1 , 5 6 ) NUT 
56 FORMAT ( 1 0 )
DO 49 M“ 1 r NUT 
DO 43 N --1 , 1 1
READ ( 1 , 4 3 )  P N( N) , Y ( N) , X ( N) , Z N( N) , Z ( N)
43 FORMAT( 5 FO. 0)
R - 1  
62 ZR-7.CR)
B R ( R ) = 0 . 0 
R R ( R ) = 0 . 0 
N - 1
52 A N ~ Y ( N ) +0 . 00000001
I F ( Y ( N) . LE. 0 . 0 0 00 0 01 ) Y ( N ) = 0 . 000 0001  
C = 6 . 0* ( Y < N ) * COT U'  IO - X ( N ) ) / B 
6FTA-ATAN( ( ZN( N) - ZR) / Y ( N))
BETA A-A TAN( ZN( N) /Y( N) )
BETAB=ATAN<( L - 2 N( N) ) / Y ( N))
ION = 4 . 0 * P N ( N) * S I N ( T H ) / ( B * A N * ( S I N < 2 . 0 * B E T A A) + S IN ( 2 . 0 * B t T A B)
1 + 2 . 0* ( BETAB+BETAA) ))
R R ( R ) « K N * ( C 0 S ( B E T A ) * * 4 ) + R R( R)
BR <R) =KN*( COS( BETA)**4> *C + BR( R)
N = N +1
IF < N. LE . 1 1 ) GOTO 52 
SR( R) =RR( R) *COT<T H)
WRITE ( 2 , 5 0 )  R , R R ( R ) , B R ( R ) , S R ( R)
50 FORMAT ( 6 X, I 3 , 3 ( 6 X , F 9 . 5 )  )
R as R 1
IF ( R . LE .  VI ) GOTO 62 
DO 49 R ~ 1 , 1 1  
WRITE ( 2 , 4 5 )  R
4 5 FORMAT ( / //  f t  5X , 7H SECT ION , 1 4 ,  / / , 3X , 5 II ALPHA r 8X, 2HKB , 1 1 X , 2HKV,  & X,
1 2HXS, 1 1 X, 6HSI GMAT,  7 X , 6HSIGMAC , /)
DO 48 , 1 - 1 / 7
S I G ! ( , ( ) - " (  C13 ( J ) * BR( R) “ CV( J )  * R R ( R ) + C S < J ) * S R ( R ) ) / 1 4 . 0 
S I G C ( J > = ~ ( ( C B ( J ) * B R ( R ) + C V ( J ) * R R ( R > + C S < J ) * S R ( R ) ) ) / 1 4 . 0
ALPHA- 1 5*  < J - 1 )
WRITE ( 2 , 4 8 )  A L P H A , C B ( J ) , C V ( J ) , C S ( J ) r S I G T C J ) , S I GC( J )
48 FORMAT < 5 X , 1 2 , 5 ( 3 X # F 1 0 . 5 ) , / )
4 9 C 0 N T I N U C-.
5 T 0 P
6 H D
